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Abstract

We study the behavior of the Combinatorial Thompson Sampling policy (CTS) for
combinatorial multi-armed bandit problems (CMAB), within an approximation
regret setting. Although CTS has attracted a lot of interest, it has a drawback that
other usual CMAB policies do not have when considering non-exact oracles: for
some oracles, CTS has a poor approximation regret (scaling linearly with the time
horizon T) [Wang and Chen, 2018]. A study is then necessary to discriminate the
oracles on which CTS could learn. This study was started by Kong et al. [2021]:
they gave the first approximation regret analysis of CTS for the greedy oracle,
obtaining an upper bound of order O (log(T)/A?), where A is some minimal
reward gap. In this paper, our objective is to push this study further than the simple
case of the greedy oracle. We provide the first O(log(T")/A) approximation regret
upper bound for CTS, obtained under a specific condition on the approximation
oracle, allowing a reduction to the exact oracle analysis. We thus term this condition
REDUCE2EXACT, and observe that it is satisfied in many concrete examples. In
particular, it can be extended to the probabilistically triggered arms setting, thus
capturing even more problems, such as online influence maximization.

1 Introduction

Stochastic multi-armed bandits (MAB) Robbins [1952], Berry and Fristedt [1985], Lai and Robbins
[1985] are decision-making problems in which an agent acts sequentially in an uncertain environment.
At each round ¢ € N*, the agent must select one arm from a fixed set of n arms, denoted by
[n] £ {1,...,n}, using a policy, based on the feedback from the previous rounds. Then it gets
as feedback an outcome X;; € R — a random variable sampled from Py, independently from
previous rounds — where 4 is the selected arm and Py, is a probability distribution — unknown to
the agent — of mean p;. The goal for the agent is to maximize the cumulative reward over a total of
T rounds (T is the time horizon and may be unknown). The performance metric of a policy is its
regret R, which is the expectation of the difference over 7" rounds between the cumulative reward
of the policy that always picked the arm with the highest expected reward and the cumulative reward
of the learning policy. MAB models the so called dilemma between exploration and exploitation, i.e.,
whether to continue exploring arms to obtain more information (and thus strengthen the confidence
in the estimates of the distributions P, ), or to use the information gathered by playing the best arm
according to the observations so far.

In this paper, we study stochastic combinatorial multi-armed bandit (CMAB), with semi-bandit
feedback, a.k.a. stochastic semi-bandit (still abbreviated as CMAB here), an extension of MAB where
the agent plays an action (also called super-arm) A; € A C P([n]) at each round ¢, where A is
fixed and called action space. The feedback includes the outcomes of all base arms in the played
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super-arm.' The expected reward, given Ay, is assumed to be in the form® r(A;, u*) (traditionally,
the reward is linear and equal to e}, ™). In recent years, CMAB has attracted a lot of interest (see
e.g. Cesa-Bianchi and Lugosi [201 2] Gai et al. [2012], Chen et al. [2013, 2016], Kveton et al. [2015],
Wang and Chen [2017], Perrault [2020]), particularly due to its wide applications in network routing,
online advertising, recommender system, influence marketing, etc.

Many CMAB policies are based on the Upper Confidence Bound (UCB) approach, extending the
classical UCB policy [Auer et al., 2002] from MAB to CMAB. This type of approach uses an
optimistic estimate p, of p* (i.e., for which the reward function is overestimated), lying in a well-
chosen confidence region. Then, the action is chosen by plugging p, inside an oracle (typically,
Oracle(p*) is a maximizer of the reward function A — r(A, u*)). An example of such policy
is Combinatorial Upper Confidence Bound (CUCB) [Chen et al., 2013, Kveton et al., 2015], that
uses a Cartesian product of the individual confidence intervals of each arm as a confidence region.
For mutually independent arms, Combes et al. [2015] provided the UCB-style policy Efficient
Sampling for Combinatorial Bandit (ESCB), building a tighter axis-aligned ellipsoidal confidence
region around the empirical mean, which helps to better restrict the exploration. Degenne and Perchet
[2016] provided a policy called OLS-UCB, leveraging a sub-Gaussianity assumption on the arms to
generalize the ESCB approach. These policies have been further extended to more general settings
afterwards [Perrault et al., 2020b,c, 2019]. Although improving CUCB, all these generalizations are
inefficient in terms of computation time.

Another paradigm that has recently gained interest (and which will be our focus in this paper) is to rely
on Thompson Sampling (TS) instead of UCB. Although introduced much earlier by Thompson [1933],
the theoretical analysis of TS for MAB is quite recent: Kaufmann et al. [2012], Agrawal and Goyal
[2012] gave a regret bound matching the UCB policy theoretically. Moreover, TS often performs better
than UCB in practice, making TS an attractive policy for further investigations. For CMAB, TS extends
to Combinatorial Thompson Sampling (CTS). In CTS, the unknown mean p* is associated with a
belief (a prior distribution, that could be e.g. a product of Beta or Gaussian distributions) updated to a
posterior with the Bayes’rule, each time a feedback is received. In order to choose an action at round ¢,
CTS draws a sample 6, from the current belief, and plays the action given by Oracle(6;). CTS is an
attractive policy because it has similar advantages to the previously mentioned policies working with
ellipsoidal confidence regions while being, like CUCB, computationally efficient. Indeed, recently, for
mutually independent arms and sub-Gaussian arms respectively, Wang and Chen [2018], Perrault
et al. [2020a] proposed tight analyses of CTS.

Unlike UCB-based policies, the analysis of CTS is valid only when Oracle is exact, i.e., when

Oracle(p) € argmaxr(A, ).
AcA

Although this holds true for many combinatorial problem described by the pair (r,.4) (we recall that
r is usually linear), there exist some problems where the requirement on Oracle has to be relaxed in
order to make it tractable. This is usually done considering an a-approximation oracle [Chen et al.,
2013, 2016, Wen et al., 2016], for a € (0, 1):

r(Oracle(w), p) > amax r(A, ). (1)

Under an a-approximation oracle, the benchmark cumulative reward is the a-fraction of the optimal
reward, leading to the notion of approximation regret [Kakade et al., 2009, Streeter and Golovin,
2009, Chen et al., 2016].

Aware of the limitation of their CTS analysis (that works only with exact oracles), Wang and Chen
[2018] also proved, in their Theorem 2, that this limitation is not a technical artifact. More precisely,
they provided a specific CMAB instance with an associated approximation oracle, such that CTS on
this instance and with this oracle must have a regret scaling linearly in 7. Although this negative
result is of great interest to the research community, some concerns limit its consideration. Indeed,
not only the CMAB instance provided by Wang and Chen [2018] is actually a MAB one (meaning

"Note that we will consider the probabilistically triggered arms extension in this paper, i.e., where the
feedback is on triggered arms. For brevity, we do not present this generalization in the introduction.

2Henceforth, we typeset vectors and matrices in bold and indicate components with indices, e.g., a =
(ai)iem) € R™. We also let e; be the i*" canonical unit vector of R™, and define the incidence vector of any

subset A C [n] asea £ ZL ca ©i- We denotebya®b £ (a;b;) the Hadamard product of two vectors a and b.
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that there is an efficient oracle that simply enumerates the arms), so the use of an approximation
regret is not justified, but above all, both the oracle and the instance are uncommon and designed for
the proof.

Interested in the question of whether the example provided by Wang and Chen [2018] is pathological
or generalizable, Kong et al. [2021] recently initiated a study, which revealed that linear approximation
regret for CTS seems to be pathological. More precisely, they obtained a O (log(T")/A%) bound for

the specific case of a greedy oracle®, where A is some reward gap. Notably, they obtained this result
by bounding the approximation regret by a greedy regret, that simply replaces c« max 4¢ 4 (A, pu*)
with (Oracle(p*), p*), using equation (1). They also gave a tight lower bound on the greedy regret.

In this paper, we want to explore another class of oracles covering more problems in practice. Our
goal is to demonstrate that although there are instrumental examples of problems where CTS has a
linear regret, the majority of concrete problems do not follow this regime, and are in fact similar to
the exact oracle case.

Contributions With a specific condition on Oracle, we describe a general set of CMAB problems
where the approximation regret of CTS has a O(log(T")/A) bound, improving by a factor 1/A over
the bound of Kong et al. [2021]. This does not contradict their lower bound, which is focused on
the greedy regret. We call this set of CMAB problems REDUCE2EXACT, because, as we will see, a
REDUCE2EXACT problem can be approximated using a reduction to exact subproblems. We note that
REDUCE2EXACT is compatible with the probabilistically triggered arms setting, which allows us to
capture even more problems, such as online influence maximization [Wen et al., 2017, Wang and
Chen, 2017]. We want to focus on concrete problems, so we provide several real-world examples
that belongs to REDUCE2EXACT. In particular, REDUCE2EXACT includes concrete problems with a
greedy oracle, which was the focus of Kong et al. [2021].

Further related work We refer the reader to Wang and Chen [2018] for more related work on TS
for combinatorial bandits. Briefly, one can mention Gopalan et al. [2014], that gave a frequentist
high-probability regret bounds for TS with a general action space and feedback model — Komiyama
et al. [2015], that studied TS for the m-sets action space — Wen et al. [2015], that studied TS for
contextual CMAB problems, using the Bayesian regret metric (see also Russo and Van Roy [2016]).

Other known limitations of CTS Apart from the limitation related to the approximation regret that
interests us in this paper, there are some other existing limitations of CTS highlighted in the literature,
which we review here: The CTS policy has an exponential constant term in its regret upper bound
[Wang and Chen, 2018, Perrault et al., 2020a], and Wang and Chen [2018] proved in their Theorem 3
that this is unavoidable. A similar behavior have been demonstrated in Zhang and Combes [2021],
where it is shown that CTS does not scale polynomially in the ambient dimension n in general. In
addition, Zhang and Combes [2021] also proved that CTS is not minimax optimal.

The strengths of CTS Despite the weaknesses mentioned above, CTS remains a widely used policy,
mainly because of its empirical performance. Indeed, CTS generally outperforms other policies such
as CUCB and ESCB [Wang and Chen, 2018, Perrault et al., 2020a]. Moreover, it is relatively simple to
implement, and is computationally efficient (just like CUCB). On the theory side, another advantage
is that for an exact oracle, CTS is asymptotically quasi-optimal* for many settings where CUCB is
not, and where ESCB is computationally inefficient [Perrault et al., 2020a]. It would be desirable that
these advantages also apply to the case of approximation regret, thus motivating our investigations.

2 Model and definitions

For more generality, we consider the probabilistically triggered arms extension of CMAB [Chen
et al., 2016, Wang and Chen, 2017], abbreviated to CMAB-T. In this context, the action A € A
selected is not necessarily equal to the triggered super-arm S. More precisely, the action space A is
no longer necessarily a subset of P([n]), and can be infinite. At round ¢, the agent selects A; € A,

31t is worth mentioning that this oracle is one of the most common, so it is logical to focus on it first.
“This means that it has a distribution-dependent regret upper bound whose leading term in 7 has an optimal
rate, up to a poly-logarithmic factor in n.
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based on the history of observations H; e O’(X1 Oes,. .., X1 0O estfl) and a possible extra
source of randomness (we denote by F; the filtration containing H; and the extra randomness of
round ¢ — in particular, A; € F3). Then, an independent sample X; ~ Px, X; € R™ is drawn and a
random subset S; € S C P([n]) of arms are triggered (S is called super-arm space or subset space).
We assume that S; is drawn independently from a distribution Dyie( A, X;). For the feedback, the
outcomes of each triggered arm is observed, i.e., eg, ® X; is observed. The expected reward is of
the form r(A;, p*), where r is a function defined on a domain A x M, with M C R™. Quantities
A, Dyig, r are known to the agent. Under an a-approximation Oracle, we use the approximation
regret to evaluate the performance of a policy 7, defined as follows.

Definition 1 (Approximation regret). The T-round a-approximation regret of a learning policy m
that selects action A, € A at round t is defined as follows, where the approximation gap is defined as
Ay = A(A) 20V (ar(A, w*) —r(Ag, p*)), with A* € argmax 4 4 7(A, p*).

Rro(m) 2 E| Y Al

te[T)

To approach the problem of minimizing Rr ., assumptions are often made [Wang and Chen, 2017]:

Assumption 1 (Approximation oracle). The agent has access to an Oracle such that for any mean
vector p € M, r(Oracle(p), ) > ar(A*, p).

Assumption 2 (1-norm triggering probability modulated bounded smoothness). There exists B € R’}
such that for all A € A, forall p, ' € M,

(A, ) — (A, ") <> pi(A)Bilui — pj,

i€[n]

where the triggering probabilities are defined as p;(A) = P[i € S, with S ~ Dy;e(A,X), X ~ Px
(we thus have 3 ;¢ pi(A) Bilpi — pi| = E[les © B © (1 — p)],])-

Assumption 3 (Sub-Gaussianity of the outcome distribution). Px is such that VA € R™,

E{J(X—u*)} < M3/,

For example, Px = ®;c[nPx,, and X; ‘& [0, 1] (from Hoeffding’s Lemma [Hoeffding, 1963]).
Definition 2 (Other useful definitions). We also define: ® B £ max;c,,) B;, ® Vi € [n], Ajmin =
ianG.A: pi(A)>0, A(A)>0 A(A)a ® Anin £ minie[n] Ai,min, ® Apax £ maxaeA A(A>7 e For A €
A A2 {icn]:pi(A) >0}, e m2 maerA’A’, o« m* £ >iem Hpi(A7) > 0 = A~

o p* £ minjen): aca p;(4)>0Pi(A).

)

3 Combinatorial Thompson Sampling and exact regret analysis

In this section, we present the CTS policy, focusing on two versions, one working with a Beta prior,
and the other with a Gaussian prior. Then, we present an associated analysis for the exact regret (i.e.,
with a = 1).

3.1 Algorithms

Based on the above assumptions, we focus on two versions of CTS. The first version is CTS-BETA
[Wang and Chen, 2018] (Algorithm 1), working when we assume furthermore that Px = ®;c,Px;

and X € [0,1]™. For each arm ¢ € [n], CTS-BETA maintains a Beta prior distribution with
parameters -y; and ¢; (initialized to 1). At each round ¢, for each arm ¢, the algorithm sample 6; ; from
the corresponding prior, representing the current estimate of 1} . Then the oracle outputs the action
A, to play according to the input vector 8;. Based on the observation feedback, the algorithm then
updates the corresponding Beta distributions. The second version is CTS-GAUSSIAN [Perrault et al.,
2020a] (Algorithm 2), that works under the more general Assumption 3. It is essentially the same as
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Algorithm 1 CTS-BETA
Initialization: For each arm ¢, let y; = §; = 1.
Forallt > 1:
Draw 6; ~ ®;c[n)Beta(v;, ;).
Play A; = Oracle(8;).
Get the observation X; © eg,, and draw Y; ~ ®;¢g,Bernoulli(X; ;).
Forall i € S; update y; «— v, + Yisand 6; < 6; + 1 — Y, ;.

Algorithm 2 CTS-GAUSSIAN
Input: 3 > 1.
Initialization: Play each arm once (if the agent knows that u* € [a, b]™, this might be skipped)
For every subsequent round ¢:
Draw 6; ~ @;e N (Fi 1, N1~ 18/4) 0i¢ ~ Ula, b] if N; 11 = 0).
Play A: = Oracle(8;).
Get the observations X; © eg, and let Y; = X;.
Update 1z,_; and counters accordingly.

CTS-BETA, except that the prior distributions are Gaussian. For both algorithms, and an arm i € [n],
we define the number of time ¢ has been triggered at the beginning of round ¢, called counter of arm ¢,
as N; 41 = Zt,e[t_l] I{i € Sy }. We also define the empirical mean at the beginning of round ¢ as

— N H{z’eSt/}Yi,tl
“z}tflfzt'e[t—l] Nii1

3.2 Analysis of CTS: the oo = 1 case

Although this is close to some known results in the current literature [Huyuk and Tekin, 2019, Perrault
et al., 2020a], there is no proof for the classical O <log2 (m)1og(T) 3 B2/ Az;,min) regret bound

under the above assumptions in the CMAB-T setting. We thus provide such a result in Theorem 1
(the proof is postponed to Appendix A). We can notice a notable difference with the work of Huyuk
and Tekin [2019] concerning the Assumption 2, where the triggering probabilities do not appear (and
are present in their final regret bound). The main difference with Perrault et al. [2020a] is that they
do not consider probabilistically triggered arms.

Theorem 1. For a = 1, the policy w described in Algorithm 1 (under Assumptions 1, 2 and Px =

®RienPx; X ‘& [0,1]™) or Algorithm 2 (under Assumptions 1, 2 and 3) has regret of order

B?log”(m)log(T)

Rrq(m) =0 Z A

1€[n]

In addition to being a new result in itself, Theorem | will be useful for the o < 1 case.

4 The o < 1 case for REDUCE2EXACT problems

We will now look at the & < 1 case. Our strategy is based on the following observation: many
approximation algorithms involve a relaxation, or a reduction to one or more problems that can be
solved exactly. Thus, just as the approximation relation is obtained by linking the original problem
to exact subproblems, here we want to link the approximation regret, in a similar way, to exact
subregrets. We formalize this idea through the following assumption.

Assumption 4 (REDUCE2EXACT). Oracle is of the form Oracle = Oracles o Oracle;. The aim of
Oracle; is to solve one or more exact subproblems, while the aim of Oracley is to build an action for
the original approximation problem using the intermediate solutions provided by Oracle;. Formally:
e Oracle; : There are { reward functions (r;);eq). For p € M, Oracle;(u) is a sequence of
exact subactions (Ej) jciq: for all j € [{], Ej belongs to a subaction space &;, E; can depends on
Ey,...,Ej_1 (the subproblems can be nested) and E; € argmaxpee, 7 (E, p).
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e Oracley : There is some vector ¢ € Rﬁ such that the following is true. We fix the input as
Ei€&,...,Ey €& Forall j € [{), let EY € arg maXpeg, T (E, u*). We have:

A(Oracleg( ]6[[] Z 0 \/ r] *) — rj(Ej,u*)) - ¢j. 2)
J€le)

Each r; must satisfy Assumption 2 with some constant B; € R"} and with the triggering probabilities
pi(Oracles ((E;)jeqq))-

At first sight, this Assumption 4 seems very specific and rather difficult to fulfill. However, we will
see in subsection 4.2 that many problems satisfy it.

4.1 Analysis

In this section, we give in Theorem 2 the main result of this paper. It basically states that under
Assumptions 4, the CTS policy have a regret bound comparable to the exact oracle case. The proof is
postponed to Appendix B.

Theorem 2. The policy m described in Algorithm I (under Assumptions 4 and Px = ®Q;cn)Px,,
X € [0,1]™) or Algorithm 2 (under Assumptions 3 and 4) has regret of order

eatr) =0 £ 52 9%

Z min
[n] €

2B? log m) log(T)

The idea of the proof is quite simple once Assumption 4 has been made. We can see that the
approximation regret can be decomposed into ¢ exact sub-regrets, according to equation (2). The
point to note with these sub-regrets is that they can be nested and depend on each other, so we must
be careful handling them.

4.2 Examples of REDUCE2EXACT problems

Here, we present several problems belonging to REDUCE2EXACT. Each time, after a quick introduc-
tion of the problem, we translate it into our CMAB-T context, and finally show how it satisfies the
REDUCE2EXACT criteria.

Probabilistic maximum coverage (PMC) This is one of the main examples proposed by Kong
et al. [2021]. Given a weighted bipartite graph G = (L, R, E), with weights pu* £ (u?uﬁv))(uyv)eE,

the goal is to find an action A € A £ {A C L: |A| = k} maximizing the expected number
of influenced nodes in R, where each node v € R can be independently influenced by v € A

with probability 41f,, . i.e., maximizing f (A, p*) £33 er (1 —Iuea: @wowerl — N?u,v))) . This
problem can be applied to the semi-bandit framework called the ad placement problem, where L
are the web pages, R are the users and /LZ‘u_’U) is the probability that user v clicks on the ad on web
page u. In this application, the user’s click probabilities are unknown and must be learned as the
rounds progress. The Greedy oracle can provide an approximate solution with approximation ratio
a =1 — 1/e [Nemhauser et al., 1978]. It fits REDUCE2EXACT as follows:

o Oraclel(p,) :Fori € [k], we define &; £ {(a1, ey ai) : (61,17 - ,ai_l) =F; 1,a; € L\Ei_l}
and r;((ay,...,a;), 1) = f({ai,...,a;}, ).

e Oracles ((Ej)je) : Let (a1,...,ar) = Ej. Oracleg returns A = {ay,...,a,}. Let A" =
{ai1,...,a;} for some i € [k] and by abuse of notation, let f = f( - ,u*). The following is true
using that f is monotone submodular” (this is actually the way Nemhauser et al. [1978] proved the
approximation guarantee, and is true for any monotone submodular function):

A = FAY < 3T (F(ay UAY) = FATY) + k(f(ATY) = F(AY)).

a€A*\ Al

3 f is monotone if for every A C B, we have f(A) < f(B). It is submodular if for every A, B we have that
f(AUB) + f(ANB) < f(A) + f(B).



230
231
232

233

234
235
236

237
238
239

240
241
242
243

244

245
246
247

248
249
250

251
252

253
254

256
257

259

Once the above relation is obtained, we can actually continue the original proof from Nemhauser
et al. [1978], skipping each step where we would need to use property of Oracle; (p*), thus leaving
a term in the right-hand side for each time we skipped.

F(A") = f(A")

= f(A") = F(AMY) = (f(AF) = (AR
< (J(A") — F(AF)) (1 ) ST (F({a} U AR - F(4Y)
aGA*\Akil
* 1 ¥ a (1_%)i_1 k—i k—i4+1
sf(A)(l—k) TS (fapu At At
i=1 €A\ Ak~

Finally, since (1 —

k i—1
Z ) Z (Ph—it1 (B _ig1s %) = ki1 (Bi—ig1, 1))

=1 a€A*\ Ak—i

x|

)k < e !, we getthat A((Ej)jem) = (1 —e 1) f(A*) — f(A) is bounded by

- ?’r\»a

Note in passing that we recover the classical approximation if the right-hand-side was bounded by 0.
It is proved that the reward function satisfies Assumption 2 [Chen et al., 2016], which directly implies
that each r; satisfies Assumption 2.

Online influence maximization (OIM) As the analysis mentioned above only uses submodularity,
it can be extended to the problem of online influence maximization in a social network. A social
network is modeled as a directed graph G = (V, E'), with nodes V' representing users and edges E
representing connections. For anode ¢ € V, a subset A C V, and a vector x € {0, 1}E, the predicate
A % i holds if, in the graph defined by Gy = (V,{ij € E, x;; = 1}), there is a forward path from
anode in A to the node i. If it holds, we say that i is influenced by A under x. The goal is to find
anaction A € A 2 {ACV : |A| = k} maximizing (A, p*) = EH{Z ev, A% z}
X ~ Qe EBernouHi(,u’(“u v)). This model is called the independent cascade model. A notable

property to use the greedy oracle is that o is monotone submodular. As the exact calculation of
o is prohibitive, it is estimated by a Monte Carlo simulation, resulting in an approximation factor
a =1—e"! — ¢ [Feige, 1998, Chen et al., 2010] in the above greedy oracle analysis.

} , Where

Metric k-center Given a set of cities, one wants to build k£ warehouses in different cities and
minimize the maximum distance of a city to a warehouse. Formally, given a complete undirected
weighted graph G = (V, E)) whose distances d(v;, v;) satisfy the triangle inequality, the goal is to
find an action A € A = {A C V : |A| = k} that minimizes max,cy d(v, A). We can consider the
semi-bandit setting where the set of base arms is E, p* = (d(v;,v;)) (vi,0;)€E and the feedback set
S includes the edges of the graph induced by the chosen action. We can target an approximation
regret with a = 1/2 using the following oracle (which is simply the standard greedy algorithm).

L] Oraclel(u) :Fori € [k], we define 51' £ {(Cll, ey CL,L') : (al, ey ai_l) = Ei_l,ai S V\Ei_l}

and r;((ay,...,a;), ) = minje(;—1) fla;,a; (With 71 = 0). One can notice we thus have E €
argmax,, g ee, dai,{a1,...,ai—1}) = argmax,, .. dai, Bi—1).
e Oraclex((Ej)je) : Let (a1,...,a,) = Ej. Oracle; returns A = {a1,...,a;}. Letw €

arg max,cy d(v, A). We thus have:

1 1
—maxd(v,A) — maxd(v,A") < = (max d(v,A) — min min d(a,a ))
veV veV 2\ vev acAU{w} a’ € A\{a}

:* max

5 e max d(v, A) — (ajH,Ej))

veV

<1 d(v, Bj) — d(aj41, E;
< ]g[lgxl (ryeag (v, (@41, j)>

= *Jg[llfxl (rjs1 (Bjyr, ") = ripa (B, p")).
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Where the first inequality is deduced as follows: the map f : v — argmin,.c 4. d(a*, v) defines
a partition of V' into k = |A*| clusters. By the the pigeonhole principle, one cluster contains
2 different points a,a’ € AU {w} (simply because its size is k + 1). We can assume a’ € A
without loss of generality. Thus, since f(a) = f(a’), we get d(a,a’) < d(a, f(a)) +d(d’, f(a')) =
d(a, A*) + d(a’, A*) < 2max,cy d(v, A*).

Vertex cover The problem consists, given an undirected graph G = (V, E), in finding a set of
vertices with minimal cost to cover all the edges of E. Formally, with u* € RY, the goal is to find an

action A € A £ {ACV :¥Y(u,v) € E,u € Aorv € A} that minimizes e’ u*. The semi-bandit
feedback is defined directly as S = A. We can target an approximation regret with a = 1/2 using
the following linear programming (LP) relaxation oracle.

e Oracle; () : Let® & = {x €{0,1/2,1}" :V(u,v) € B, x4+ 2 > 1} and 7y (x, pu) = —x"p.

e Oracley(E) : Let x £ Ej. Oracleg returns A = {v € V : 2, > 1/2}, that belongs to A since
Y (u,v) € E,xy +xy > 1,502, >1/20rx, >1/2,50u € Aorv e A. Letx* £ E}. We have:
1 * * * *
JeaK —ejpt SXTpt —ep
S XTH'* _ X*T/-"’*
=r1(E7, p") — (B, pt).

Notice, r; satisfies Assumption 2 with the constants being 1, using x € {0,1/2, 1}V7 sothat x < ey4.

Max-Cut Given an undirected weighted graph G = (V, E), with weights p* £ (N?u,v))(u,v)e o
the goal is to find an action A € A £ {A C V} maximizing the total weight of the edges between
A and its complement, i.e., § Z(u,v)EE Hu0) (1 — yuyo), wherey 2 e4 — ey 4. We consider the
semi-bandit context where E is the set of arms, and the feedback set includes the edges between A
and its complement, i.e., S = {(u,v) € E, y,y, = —1}. To include randomization within the oracle,
we can extend the action space A to the set of probability measures on {A C V'}, replacing A(A)
by its expectation on A, as a function of the distribution of A. The polynomial-time approximation
algorithm for Max-Cut with the best known approximation ratio [Goemans and Williamson, 1995]
uses semidefinite programming and randomized rounding, and achieves an approximation ratio of
a= % ming<g<r ﬁoose ~ 0.878. In our context, it can be defined as follows.

e Oracle; (u) : We define & = {(Vu)uev e{veRY:|v|,= 1}V} and 71 (Vi) uev, ) =
% Z(u,v)eE vy (1 = Vi Vo).

e Oracley(F) : Let (vy,)uev 2 Ei. Oracley returns the distribution of A = {u € V, v,Z > 0},
where Z ~ U({v € RV : ||v||, = 1}). The following is proved by Goemans and Williamson [1995]:

1 —sign(v],Z)sign(v,Z
Z M(u,v)]}b[(uvv) € S] =E Z Ho(u,v) ( ) ( )

(u,v)EE (u,v)EE 2
arccos(v,,vy)
LT v
(u,v)EE
1—vlv,
>a Y Pun)— — = ar((Va)uev, p).
(u,v)EE

Thus, 7 satisfies Assumption 2 with the constants being 1/a. We also get, with y* £ e+ — ey\Ax:

A(Oracles(Er)) — P
(Oracley(E1)) = o Z Huw) 9
(u,v)EE (u,v)EE
< Oé(Tl(Ef, l"’*) - Tl(Ela IJ’*))
SThe LP relaxation of vertex cover is half-integral, so that we can allow each variable to be in {0,1/2,1}
rather than the interval from O to 1.

. 1 —sign(v]Z)sign(v,Z)
“E| D Huw 5
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4.3 A counter-example

We give here a case that does not belong to REDUCE2EXACT, while being concrete (compared to the
example provided by Wang and Chen [2018]). The goal is to show that some concrete examples do
not belong to our oracle class.

Travelling salesman problem (TSP) Given a complete undirected weighted graph G = (V, E)
whose distances p* £ (d(u,v)) 4,0\ p satisfy the triangle inequality, the goal is to find an Hamilto-
nian cycle A € A= {(vi,...,vv)) : {v1,..., vy} = V} of minimum cost 35,y d(vi-1,vi),
with vy = v}y,|. We consider the following oracle from the Christofides [1976] algorithm (o = 2/3).
e Oracle; (i) : The algorithm of Christofides and Serdyukov combines & = {spanning trees of G'}
and & £ {perfect matchings of the subgraph G’ of G induced by the vertices of odd order in F, },
with r; being the weight of the spanning tree and r5 the weight of the perfect matching.

e Oracley(E1q, F5) : Oracles combines the edges of E; and E5 to form a connected multigraph in
which all vertices have even degree (so it is Eulerian), forms an Eulerian circuit in this multigraph, and
finally, outputs the Hamiltonian cycle obtained by skipping repeated vertices (shortcutting). Thanks
to the triangle inequality, shortcutting does not increase the weight, so we have

ey’ <ri(Er,p) +ra(Ba, pt).

Let’s now deal with A*. Removing an edge from A* produces a spanning tree, so el,.pu* >
r1(ET, u*). On the other hand, by the triangle inequality, the weight of the optimal TSP solution for
G’ is lower than ey, p* (visiting more nodes does not, in any case, reduce the total cost). Taking
every second edge of this cycle (which is of even length since it has an even number of vertices) we

obtain a matching that has a weight less than half the weight of the cycle (if this is not the case we
can take the complementary), so €7y u*/2 > ro(E3, p*). To summarize, we have

2 * * 2 * * * * * *
gehu —ej.pu’ < g(rl(Euu ) = r1i(ET, 1) +ro(EBa, u*) — ra(E3, u*)).

From the above, we can see that all the criteria of REDUCE2EXACT are satisfied, except Assumption 2.
Indeed, we assume that we receive feedback from A, while we would need feedback from the larger
set F/1 U E». We could probably have foreseen that the TSP would pose a difficulty in our assumption:
indeed, among the many operations performed by the oracle to build the final solution, shortcutting is
the one that does not imply an optimization, but rather makes the solution feasible. In other words,
if we allowed the tour to pass over the same vertex several times, then the TSP would belong to
REDUCE2EXACT by skipping the shortcutting step. Although this gives more information, the fact
that it is better to go through the same vertex multiple times is rather counterintuitive, suggesting that
perhaps another approach can overcome this issue.

5 Conclusion

In this article, our main objective is to further expand the scope of the CTS policy. We not only
expand CTS to probabilistically triggered arms (which was one of the open questions in the Kong
et al. [2021]), but we also consider a broader class of oracle compatible with CTS. More precisely, we
propose a condition, REDUCE2EXACT, which may seem unnatural at first, but which in fact simply
expresses that exact sub-problems must be hidden in the original approximation problem, and that
the approximation oracle exploit them to output the final solution. Knowing that the majority of
approximation algorithms use one or more relaxations to an exact problem (e.g., solving a convex
programming relaxation to obtain a fractional solution and then rounding this fractional solution to
get a feasible solution), our assumption falls within the range of many CMAB-T settings. From this
reduction to exact problems, we naturally obtain the standard tight regret bound O(log(T")/A). This
is the first tight bound for the approximation regret on non-exact oracles.

As future work, it may be interesting to explore other types of assumption leading to a similar
bound. Through the exploration of new assumptions, we can hope to see some counterexamples
disappear (like the TSP for our case). Another point deserving further work would be to better
understand/reduce the ¢ dependency in the approximation regret bound given in Theorem 2. Finally,
we have that the approximation regret is in some way concervative compared to the greedy regret.
For a given oracle, we can easily consider the equivalent of the greedy regret for that oracle. An
interesting question would then be to extend the work of Kong et al. [2021] to other types of oracle.
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