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Abstract

Machine learning systems perform well on pattern matching tasks, but their ability1

to perform algorithmic or logical reasoning is not well understood. One impor-2

tant reasoning capability is algorithmic extrapolation, in which models trained3

only on small/simple reasoning problems can synthesize complex strategies for4

large/complex problems at test time. Algorithmic extrapolation can be achieved5

through recurrent systems, which can be iterated many times to solve difficult6

reasoning problems. We observe that this approach fails to scale to highly complex7

problems because behavior degenerates when many iterations are applied – an8

issue we refer to as "overthinking." We propose a recall architecture that keeps an9

explicit copy of the problem instance in memory so that it cannot be forgotten. We10

also employ a progressive training routine that prevents the model from learning11

behaviors that are specific to iteration number and instead pushes it to learn behav-12

iors that can be repeated indefinitely. These innovations prevent the overthinking13

problem, and enable recurrent systems to solve extremely hard extrapolation tasks.14

1 Introduction15

Figure 1: A ‘thinking’ network trained on 9 × 9 mazes and their solutions (left) autonomously
synthesizes a scalable algorithm. By running this algorithm for longer, it reliably solves problems of
size 59× 59 (center), 201× 201 (right), and much larger (appendix) without retraining. Standard
architectures, and even existing primitive thinking models, fail to tolerate this domain shift.

Humans solve complex logical reasoning problems through logical extrapolation – they assemble16

simple logical primitives into complex strategies. For example, a person taught to prove simple17

lemmas can in turn prove more complex theorems simply by expending more cognitive effort. Neural18

networks have achieved great success at pattern matching tasks, often exceeding human performance,19

but they lack the ability to solve complex reasoning tasks in a scalable, algorithmic way. Recently,20
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Deep Thinking systems have been proposed as a way to represent and learn scalable reasoning21

processes using recurrent neural networks [22]. The word ‘thinking’ in this context refers to sequential22

processing to solve discrete/logical problems. These systems train recurrent models (networks that23

recycle parameters between layers) to solve reasoning problems. Unlike traditional feed-forward24

models, which are limited in the complexity of problems they can solve by their finite depth, the25

effective depth of recurrent models can be expanded after training simply by iterating the recurrent26

unit for longer. When trained properly, thinking systems learn scalable algorithms for solving classes27

of problems. After training to solve small/easy problem instances with few recurrent iterations, the28

algorithm is then extended to run for more iterations at test time. In doing so, the system can achieve29

algorithmic extrapolation, solving problems of greater difficulty than those in the training set.30

To date, the level of algorithmic extrapolation observed in thinking systems has been quite modest.31

For example it has been demonstrated that a system trained on 9×9 mazes can extrapolate to solve32

a 13×13 maze. These systems fail to achieve greater extrapolation because of a problem we call33

overthinking; recurrent systems, when extended too far outside their training regime, often deteriorate34

and fail to produce interpretable outputs.35

In this work, we design purpose-built neural architectures and specialized training loops to make36

it possible to train systems that do not suffer from overthinking and instead converge to a fixed point37

when iterated for thousands of iterations. By doing so, we are able to build thinking systems that38

exhibit extreme algorithmic extrapolation behaviors, and leap from solving small/simple training39

problems with tens of iterations to solving large and complex problem instances at test time using40

thousands of iterations.41

We experiment on benchmark problems for measuring extrapolation behavior. These tasks include42

computing prefix sums, finding optimal solutions for two-dimensional mazes, and solving chess43

puzzles [21]. Our architectures and training routines significantly outperform existing methods on all44

tasks in the benchmark suite. Additionally, we demonstrate that iterative methods for these reasoning45

problems are susceptible to overthinking, a problem that is overcome by our new architectures and46

training loops.47

Our contributions can be summarized as follows.48

I. We provide a recurrent architecture for algorithmic extrapolation, in which the problem input is49

concatenated directly to the feature stack of certain layers in the recurrent thinking module. This50

prevents the problem instance from being forgotten if deep features become noisy, corrupted, or lossy.51

II. We develop a new training routine that incentivizes recurrent networks to make incremental52

improvements towards a solution, improving the feature representation after each iteration. This53

training process removes information about how many times the recurrent module has been applied,54

preventing the network from learning iteration-specific behaviors and instead allowing models to55

learn scalable behaviors that can be iterated indefinitely for extrapolation.56

III. We analyze the overthinking problem and show that our models overcome this phenomenon.57

In some cases, the algorithms learned by the proposed networks appear to be capable of solving58

problems of arbitrary size, despite training only on very small problem instances.59

Our improvements in performance on the easy-to-hard benchmark datasets can be categorized in60

several ways. First, our models yield uniformly higher accuracy across the most difficult tasks used61

for testing in previous work. Second, we show that our models can extrapolate to much harder/larger62

examples than are considered in previous work, where the prior methods generalize poorly, if at all.63

Lastly, we show that our models do not forget solutions in settings where previous models overthink.64

2 Related work65

Preliminary work [22] shows that simple recurrent architectures, when trained to solve various66

reasoning problems, can exhibit algorithmic extrapolation while their feed-forward counterparts67

cannot. In this section, we contextualize this approach amongst prior work on algorithm learning,68

adaptive neural models, and logical extrapolation.69

Algorithm learning describes models that learn scalable processes from data. Early works on this70

topic study the ability of recurrent neural networks (RNNs) to process input strings of arbitrary71

lengths [7, 20]. More recent work by Graves et al. [9] introduces neural Turing machines designed to72
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mimic programmable computers, and Kaiser and Sutskever [13] propose a parallel version inspired73

by massively parallel graphical processing units. These methods, and various improvements to them,74

show promising results on bit string to bit string tasks, including copying inputs and adding integers,75

and even demonstrate the ability to generalize from shorter training strings to longer ones at testing76

[9, 13, 6]. Since they are based on classical RNNs, however, the amount of computation they perform77

is directly linked to the length of the input string, which prevents them from executing more or78

less computation independently of the input size (or corresponding to the difficulty of the problem).79

Moreover, classical RNNs are often trained incrementally to produce one bit at a time, rather than80

synthesizing an algorithm for solving an entire problem end-to-end. This makes it difficult to apply81

them to problems where the solution cannot be decomposed into incremental parts (e.g., chess).82

Constraint satisfiability problem (CSP) solving networks disentangle the amount of work from the83

input size [23]. Specifically, message passing neural networks can execute more passes to solve84

harder CSPs [23]. These systems are specific to the problem of constraint satisfaction for boolean85

expressions, but they are an early demonstration of scalable algorithmic behavior.86

Adaptive neural networks are designed to expend varying amounts of computation on different87

inputs, thus overcoming the limitation of classical RNNs. Self delimiting neural networks use one88

neuron to determine when to stop updating the hidden state in RNNs, and in doing so, they perform89

more or less computation for each token in an input sequence [19]. Adaptive compute time (ACT) is90

an algorithm that provides RNNs with a halting unit, which estimates the probability that computation91

should continue. This algorithm penalizes ‘ponder time’ during training to encourage the network to92

solve problems quickly [8]. Eyzaguirre and Soto [5] exhibit strong performance on visual question93

answering by introducing a differentiable version of ACT. Adaptive transformer-based language94

models also exist, notably Universal Transformers and Depth-Adaptive Transformers, which utilize95

ACT to determine the work required for each input [3, 18]. Similarly, iterative residual networks like96

NAIS-Nets repeat blocks in stages and perform well on image classification [2]. All of these works97

test their methods in-distribution, i.e. where the training and testing data are sampled from the same98

distribution; logical extrapolation outside the training domain is not considered.99

Logical extrapolation describes the task of generalizing to test sets which comprise more com-100

putationally complex samples than the training data. Nuamah [16] claims that “neural network101

models with end-to-end training pipelines ... cannot, on their own, successfully perform algorithmic102

reasoning,” and instead proposes a hybrid hand-crafted and learned approach. Similarly, Palm et al.103

[17] propose recurrent relational networks, which operate on graphs by iteratively passing messages.104

They also claim that classical architectures lack the inductive bias to reason about relationships105

between objects. Several recent works call these claims into question. Schwarzschild et al. [22]106

employ recurrent networks based on weight-sharing architectures, which can be made deeper at test107

time independent of the input size. These systems exhibit logical extrapolation behavior in several108

domains. More details on these methods are discussed in Section 3 as our algorithms build on these109

directly. Banino et al. [1] reformulate the halting unit in ACT leading to probabilistic RNN models110

with improved performance called PonderNet, and importantly their method outperforms ACT on111

logical extrapolation tasks for prefix sums.112

The ‘thinking’ systems proposed by Schwarzschild et al. [22] depart from classical recurrent networks113

for text, which learn from step-by-step supervision to produce output tokens one at a time. In contrast,114

‘thinking’ systems autonomously synthesize a scalable algorithm end-to-end with no supervision over115

what each algorithmic step should do. Even more importantly, they can be applied to solve complex116

problems that are difficult or impossible to decompose by hand. In other words, sequence-to-sequence117

models, even adaptive RNNs, have a severe limitation in that the problem needs to be represented as118

a sequential input and that each token in the output is generated by the same function. ‘Thinking’119

systems, on the other hand, provide a mechanism for domains where this type of decomposition is120

unnatural, difficult, or even impossible.121

3 Methods122

We begin with some terms and definitions. We study networks that share weights across blocks of123

layers during training. For example, instead of three distinct residual blocks, a single residual block124

is repeated three times (see Figure 2 for a graphical depiction). At test time, networks trained this125

way can be made “deeper” to extend their compute budget simply by repeating the block more times.126
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Figure 2: Architecture schematics. Left to right: A feed-forward network, a network containing three
recurrent blocks (in green) that share weights, and a recurrent network with recall.

We refer to the number of layers applied in a recurrent network as its “depth,” and this quantity grows127

as the number of recurrent iterations increases. The number of feature maps produced by each layer128

(or the number of filters in a convolutional layer) is referred to as its “width.”129

More formally, let r be a function representing a recurrent block, e.g. a ResNet block [10], and let rn130

denote n recurrences of that function, e.g. r2(x) = r(r(x)). Let ϕ denote a feature map, or an output131

of r, and let ϕn = rn(x). We also consider an initial “embedding function” denoted by p, which132

projects an input instance into feature space, and also a final “output head” denoted by h, which maps133

features to outputs. A Deep Thinking (DT) network with m iterations of the recurrent block can then134

be expressed as follows.135

f(x;m) := h(rm(p(x))) (1)
In our systems p comprises a convolutional layer followed by a ReLU, r is a single four-layer residual136

block, and h is a set of three convolutional layers with ReLUs after the first and second. We fix m137

during training and compute gradients for optimization by backpropagating through the unrolled138

network. Then, m can be increased for testing, allowing these networks to increase their processing139

power and solve larger and harder problems. Below, we consider two new approaches for achieving140

improved extrapolation: recall architectures and a modified optimization process.141

3.1 Recall architectures142

When humans think for a long time to solve a problem, we often stop to reread the question or review143

the task at hand. We improve DT architectures to periodically recall the input exactly. We incorporate144

this capability into architectures by concatenating the input problem to the features output from each145

instance of the recurrent block.146

Popular architectures in computer vision typically incorporate skip connections that similarly pass147

information from earlier layers forward. In fact, empirical evidence suggests that skip connections,148

for example in highway networks, ResNets, and DenseNets, stabilize training [24, 10, 11]. Our149

architectural modification is driven by the intuition that a noisy training process creates thinking150

networks that are imperfect and may leak or distort information over time as features are iteratively151

fed back through the recurrent unit thousands of times. Recall allows the system to reproduce any152

missing or damaged features, and makes it impossible to “forget” the problem being solved. To153

formalize this architectural change, adding recall to the network can be expressed using the notation154

defined above as follows.155

frecall(x;m) := h(rmrecall(p(x), x)), where
rrecall(ϕ, x) := r([ϕ, x])

(2)

Whereas the input to r at iteration k is usually ϕk−1, with recall, the input to r at iteration k is156

[ϕk−1, x], or the concatenation of the input with the feature map output by the previous recurrence.157

We add a single convolutional layer to map the input [ϕk−1, x] to a feature map of the same shape as158

ϕk−1. We refer to DT networks with concatenating skip connections as DT-Recall models.159

3.2 Promoting forward progress through optimization160

We propose a training objective to encourage the system to incrementally make progress from any161

starting point. We do this by inputting a problem instance and running the recurrent module for some162

random number of iterations. We then take the output of this process, re-initialize the network with163

these features as if iterations had just begun, and train the model to produce the correct solution after164

a random number of additional iterations.165

This incremental training process has two benefits. First, it trains the network to continue improving166

the quality of partial solutions, even when they contain errors or distortions that creep in from167
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running many iterations. Second, by choosing features from a random iteration to serve as the initial168

state for the training step, we prevent the network from internally counting iterations and learning169

iteration-specific behaviors, such as behaviors that get executed only on iteration five, for example.170

Rather, the network is forced to learn iteration-agnostic behaviors that are effective at any stage of171

the problem solving process.172

In our implementation, we randomly sample the number of iterations used to generate a partial173

solution, n, and the number of training iterations, k, budgeted for the network to improve this partial174

solution. We then update the network’s parameters to minimize loss after n+ k total iterations when175

it starts with the partial solution. This is done by detaching the recurrent module’s output after n176

iterations from the computation graph before computing the gradient of the loss at iteration n+k. The177

process above is an analog of truncated backpropagation through time [12], with a random starting178

and end point. During training, we ensure that the sum of n and k is less than a fixed maximum179

number of iteration m, which we call the training regime. The incremental loss described above is180

added to the standard loss computed with a full forward and backward pass through the unrolled181

m-iteration network.182

Algorithm 1 Incremental Progress Training Algorithm
Input: parameter vector θ, integer m, weight α
for batch_idx = 1, 2, ... do

Sample inputs x and targets y.
Choose n ∼ U{0,m− 1} and k ∼ U{1,m− n}
Compute ϕn with n iterations w/o tracking gradients
Compute ŷprog with additional k iterations
Compute ŷm with new forward pass of m iterations
Compute Lmax_iters with ŷm and Lprogressive with ŷprog.
Compute L = (1− α) · Lmax_iters + α · Lprogressive
Compute ∇θL and update θ

end for

The training loop and computation183

of the loss are given in Algorithm 1.184

The incremental progress term is re-185

ferred to as Lprogressive (or progressive186

loss), and the contribution to the loss187

from the fully unrolled network is de-188

noted by Lmax_iters. Note that when the189

weight α is equal to 1, there is no con-190

tribution from the full forward pass191

and also that α = 0 corresponds to192

full backpropagation through all iter-193

ations with no incremental objective.194

3.3 Datasets195

We evaluate our methods on the benchmark problems available in the Python package196

easy-to-hard-data, which generates reasoning problems of various difficulties. The three prob-197

lems considered are computing prefix sums, finding the optimal path in a two-dimensional maze, and198

solving chess puzzles. We briefly review the input and output structures for each problem and refer199

the reader to Schwarzschild et al. [21] for more detail, including the data generation process. Note200

that the architectures we consider are fully convolutional, and produce outputs of the same dimension201

as their inputs. Furthermore, the training and testing datasets we consider have labels of the same202

dimension as their inputs. Therefore, a network trained on inputs of one size can then trivially be203

applied to inputs of a different size.204

We begin with the toy problem of computing prefix sums modulo two. The inputs and targets for205

this problem consist of bit strings. The ith bit of the target is the mod two sum of all bits prior to and206

including the ith bit of the input. We control the “difficulty” of the problem by changing the length207

of the bit string. Note that computing prefix sums of greater length is known to require a greater208

number of sequential operations [15]. All of our training is done on 32-bit strings and we explore the209

behavior of our models on longer strings, even showing strong performance on 512-bits.210

The mazes we consider are two-dimensional square images where the walls are black, the permissible211

paths are white, and the start and end positions are denoted with red and green squares. The targets212

for this problem are maps of the same dimension as the input maze, but with ones on the optimal213

path and zeros elsewhere. We make more challenging datasets by increasing the size of the mazes.214

All training in our work is done on 9 × 9 mazes. Despite this small training size, we benchmark215

extrapolation performance on mazes of size 59× 59, and observe models solving mazes as large as216

201× 201 with high success rates.217

The chess puzzles we consider are mid-game boards represented by twelve 8× 8 planes indicating218

the positions of all 12 types of pieces (there are six distinct piece classes and two colors on a chess219

board). The goal of this task is to find the best next move, and each target encodes this information220

in an 8× 8 array with zeros everywhere except the origin and destination of the piece to be moved,221
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which are populated with ones. The chess dataset is sorted by difficulty rating, as determined by Elo222

scores computed via human trials on Lichess.org. Problems are sorted by difficulty and we train on223

the first 600K easiest puzzles and test our models on indices ranging from 700K to 1.1M.224

Our experiments have two categories: (I) Testing extrapolation at extreme leaps in problem diffi-225

culty/size and (II) Testing scenarios that emphasize the overthinking trap and how we avoid it. The226

following two sections describe each of these experiments, respectively.227

4 Extreme extrapolation228

In each problem domain, we show that our models with recall and trained with progressive loss229

perform best. We compare our models to a baseline of DT models trained with m = 30 and problem-230

specific widths (detailed below), which are both wider and deeper than the models previously studied.231

However, to provide a fair comparison, we use consistent values for these parameters across our232

experiments since we find that all architectures benefit from additional width and depth. We also233

compare to feed-forward models without weight sharing of the same effective depth as a 30-iteration234

DT network, which are ResNets [10]. We include ablation studies lending credence to our claim that235

both the architecture and the loss modifications are instrumental in boosting extrapolation power. For236

a discussion on hyperparameter choice and training set-ups for all of our experiments, see Appendix237

A.4. Also, code to reproduce all of our experiments is publicly available.1238

Prefix Sums Though prior DT systems show extrapolation behavior on strings with up to 48 bits, we239

use a 512-bit testing set to illustrate the extent of our performance improvements over prior work. We240

train our models on 32-bit strings with a maximum of only m = 30 recurrent iterations (indicated in241

the figures as the shaded train regime section), 400 convolutional filters per layer, and incremental242

loss weight α = 1 when progressive loss is used.243
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Figure 3: Prefix sum models trained on 32-bit
inputs extrapolate to 512-bit data. The value
of our recall and progressive loss is clear by how
quickly and accurately our models solve this very
large problem.
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Figure 4: Maze solving models trained on
9× 9 inputs extrapolate to 59× 59 problems.
Mazes this large cannot be solved without recall,
and furthermore progressive loss leads to more
accurate models.

In Figure 3, we show that without our techniques, DT networks are unable to solve very long binary244

strings, achieving 0% accuracy on 512-bit data, while DT-Recall models with progressive loss can245

solve more than 97% after approximately 200 iterations.246

To better understand the individual effects of our proposed approach, we perform an ablation study.247

Figure 3 also makes clear that DT-Recall networks trained without progressive loss achieve the same248

final accuracy as models trained with it; but they require approximately twice the number of iterations249

to get there. Because our proposed objective succeeds in making models iteration agnostic, solutions250

are often found sooner than DT models that are trained to solve 32-bit problems in 30 iterations251

specifically. DT models trained with progressive loss outperform vanilla DT networks, however252

neither of these models (without recall) can solve more than a handful of 512-bit testing examples.253

One other study in this domain reveals the importance of sampling the quantity n in Algorithm 1.254

We modify the algorithm slightly to always use n = 0, rather than randomly choosing that value.255

1A PyTorch implementation of the code is available at <suppressed for anonymity>
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While this change seems minor, and indeed makes a small impact on the results, it does lower the256

accuracy. Specifically, DT networks with recall on average solve 90.27% of 512-bit test samples257

when trained with the n = 0 loss, and with randomly sampled values of n, as described in Algorithm258

1, they achieve 97.12% accuracy. From this ablation experiment, we conclude that random sampling259

these values is, in fact, beneficial.260

Mazes As with the prefix sum problem, we can improve performance on hard mazes by combining261

incremental training and recall architectures. In particular, while Figure 3 may not convince the262

reader that our proposed loss is critical since DT-Recall models without it perform very well, with263

more complex data a drastic difference emerges.264

We show in Figure 4 that on the significantly harder test set of 59×59 mazes, our models exhibit strong265

algorithmic extrapolation, while previous methods, both feed-forward and DT systems, completely266

fail. Not only do our models achieve a higher peak accuracy, but they do not overthink, as can be267

seen by the flat spans in the curves in Figure 4. In fact, we can push these systems to their limits (and268

the limits of our hardware) and find that our models can solve 74% of the 201× 201 mazes.2 See269

Appendices A.9 and A.10 for examples of 201× 201 and 801× 801 mazes, which our models solve270

using 2,000 and 20,000 iterations, respectively (the equivalent of 10,004 and 100,004 convolutional271

layers in depth).272
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Figure 5: Chess models trained on the first 600K
easiest puzzles extrapolate to 600K-700K. Recall
and progressive loss are required to retain accuracy
with many iterations.

The best models in Figure 4 are DT-Recall mod-273

els trained with 30 maximum iterations and a274

weighting in the loss of α = 0.01. In order275

to see how critical recall is in overcoming the276

overthinking problem, we show in the same fig-277

ure that without recall all models fail to extrap-278

olate. The benefit of progressive loss is also279

highlighted by the fact that DT-Recall models280

with progressive loss achieve on average 97%281

accuracy while DT-Recall models without pro-282

gressive loss only reach an average of 83%. In-283

terestingly, in this domain, we find that the best284

model has α = 0.01 in the loss, a much smaller285

weight than we use for prefix sums. More on286

finding the optimal value for α can be found in287

Appendix A.4.288

Chess Puzzles We further find that using recall289

and progressive loss yields notable improvement on chess puzzles. In Figure 5, we see that our290

techniques lead to a 4% accuracy improvement compared to networks without them. We show291

that either removing recall or training without the incremental progress loss will hurt performance.292

Our best models are DT-Recall networks with 512 convolutional filters in each layer trained with293

a maximum of 30 iterations and a weight of α = 0.5. Moreover, their accuracy is preserved as the294

number of iterations increases, while that of the other DT networks decays seriously after about 70295

iterations – the sign of overthinking and the subject of the following section. Results from tests on296

harder puzzles are in Appendix A.5.297

5 The overthinking problem298

Deep Thinking networks boast impressive capabilities to solve harder problems by thinking deeper,299

but they are prone to overthinking. In particular, by testing models on data closer in complexity to the300

training data we can better compare our methods to prior work. Figure 6 shows that some recurrent301

networks that can perform algorithmic extrapolation may collapse entirely when performing too302

many iterations.303

Our models do not suffer from the sharp decline in accuracy as the number of iterations increases.304

In Figure 6, the decay in each dashed curve and the stability with high iteration counts of the305

solid curves shows that recall is critical to avoid overthinking. See Figure 5 for an example where306

2The seemingly modest performance of 74% accuracy should be understood in context. Of the 100 mazes in
this test set, 20 have one pixel (out of 166,464) wrong and no single maze has more than seven mistakes.
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Figure 6: Left: Prefix sum models trained on 32-bits tested on 48-bit inputs. Right: Maze models
trained on 9 × 9 mazes tested on 13 × 13 mazes. In these regimes, we can see that the weaker
models can extrapolate to slightly harder problems, but importantly only models with recall avoid the
overthinking trap.

progressive loss is needed too. The monotonic increase in accuracy with added iterations in our307

models is practically useful, as it allows for pre-defining a large iteration number at which to308

terminate the recurrence rather than having to carefully choose a stopping iteration to maximize309

performance while avoiding degradation.310

One observation that can be made from these results is that the overthinking problem often seems to311

disappear when skip connections are added to provide networks with an uninterrupted view of the312

input. Another way to describe this is that our models seem to converge to a fixed-point solution as313

they iterate rather than becoming unstable. This property is desirable and using representative models314

trained to solve mazes, we explore how robust models are when we manipulate the features during315

the thinking process. In Appendix A.8, we present similar findings for prefix sums.316

5.1 Manipulating feature maps317

First, we investigate sensitivity to adding noise in the feature maps before concatenating the inputs.318

We examine model behavior when we add Gaussian noise (with mean zero and standard deviation319

one) to the features after one iteration of maze solving. Models with recall can still solve 13 × 13320

mazes even when we perturb the features, but models without recall cannot. See Appendix A.8 for321

plots, tables, and further discussion.322

Next, we ask whether the initial feature maps (after the projection layer p) carry any important323

information. We test this by replacing the feature maps with zeros after 50 iterations – at this point324

the model has solved the maze and by annihilating the features we remove all information from p. In325

this case, our DT-recall models naturally regenerate their features and recover to solve the problem326

again, indicating that the learned algorithm is able to find a solution using the input without the initial327

projection. See Figure 12 in Appendix A.8.328

5.2 Manipulating inputs329

With the notion that our models may embody a convergent process, we turn our attention to investi-330

gating how the networks determine when to stop manipulating the representation. Perhaps there is331

something in the feature maps output by late iterations that tells the network to stop working. We332

can test this in two ways. We perturb the input (which we concatenate onto the features) after some333

number of iterations – first subtly, then by swapping it with an entirely different example.334

To start, we flip single bits in the input string for prefix sums. We explore the response of the model to335

flipping bits at different indices after 50 iterations (when the models have already solved the initial 48-336

bit problem). The left panel of Figure 7 shows recovery time as a function of index of the flipped bit.337

We observe that our models can indeed recover from single bit flips, and recovery time decays linearly338

with index. Higher indices are closer to the end and affect fewer bits in the output than lower ones.339

Similarly, with mazes, we change the input by moving the end of the maze two steps closer to the340

start. We use this new input concatenated with features generated after 50 iterations of solving the341

original maze. In this case, we see in Figure 13 (appendix) that models with recall self-correct and342

solve the new problem in very few iterations.343
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this quantity small. Center: Test accuracy on 13 × 13 mazes when features are swapped after 50
iterations. Right: The change in the features when solving 13× 13 mazes.

The last way we test the hypothesis that networks are continually comparing their solution to the344

problem instance is by partly solving Maze “A,” and then swapping the features with those obtained345

from 50 iterations of trying to solve Maze “B.” In other words: if we concatenate the input problem346

(A) with the features from iteration 50 corresponding to a different maze (B), which maze will the347

network solve? Clearly, a system without recall will solve maze B. However, with recall, networks348

will recover and pull the features back to representing a solution for maze A. The center panel of349

Figure 7 shows the effect of swapping feature maps.350

5.3 Converging to a fixed point351

We can also study the convergence by measuring the change in the output at each iteration. A352

decreasing change in the feature maps with each additional iteration suggests that the network353

manipulates the representation, moving it closer to one that solves the problem, and that it will354

hold onto this representation (or stay nearby) once it is reached. Moreover, we seek to qualitatively355

categorize each model type (architecture/loss pair) as convergent or non-convergent. To do we356

measure the change in the solution at each iteration with ℓ2-norm of the difference. The right-hand357

panel of Figure 7 shows ∆ϕ(n) := ∥ϕn − ϕn−1∥ℓ2 . We see that our models appear to converge,358

while DT networks without recall explode, providing another view into overthinking.359

6 Conclusion360

In this work, we improve the algorithmic extrapolation power of neural networks. We propose an361

architecture and a loss that lead to a gigantic generalization leap from easy training data to much362

more complex testing examples. Furthermore, we show that our models avoid the overthinking trap.363

We test algorithmic extrapolation with chess puzzles where the spacial dimension is consistent across364

difficulties and with maze solving and prefix sum computation where our models can extrapolate to365

larger problems as well. In fact, our models use more than 2,000 iterations, the equivalent of more366

than 10,000 convolutional layers, to solve the largest mazes we consider.367

Learning scalable processes and performing logical extrapolation are difficult tasks for most neural368

models, but with our architecture and loss, we demonstrate that huge leaps in complexity from369

training to testing data can be handled without overthinking. Importantly, our neural networks learn370

end-to-end how to perform algorithmic extrapolation. Our findings are limited to the domains we371

consider and further exploration into how our methods will perform in other settings is needed.372

The application of machine learning systems to real world data demands effective extrapolation, even373

though this is often overlooked. Curated research benchmarks designed for measuring generalization374

(e.g. ImageNet [4]) omit a critical feature of real data in the field: there is often reason to think that375

data encountered after training could embody more difficult examples than those in the training set.376

Consider that a practitioner cannot always know a priori the range of complexity that exists in their377

domain. If we are to employ models that cannot extrapolate, we are to miss out on using our machine378

learning tools to solve problems harder than those for which we already have answers.379
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A Appendix473

A.1 Architectures474

The architectures we use in our experiments are very similar to those described by Schwarzschild475

et al. [22], but we provide the details here for convenience.476

In all the models, the first layer p is a convolutional layer with 3× 3 filters (or filters of length three477

in the 1D case) followed by a ReLU non-linearity, which projects the input into feature space. Each478

filter strides by one, and inputs are padded with one unit in each direction. The number of filters479

is specified per dataset in Table 1 as the “width” of the network. The internal blocks are standard480

residual blocks with four convolutional layers (followed by ReLUs) and skip connections every two481

layers [10]. These blocks share weights in recurrent networks and are simply repeated with distinct482

parameters in feed-forward models. Models with recall have additional convolutional layers that map483

the concatenated inputs and features [ϕ, x] to the shape of the feature maps ϕ. The feature maps have484

the same spacial dimension as the input and w channels, where w denotes the width of the model.485

The final block h is composed of three convolutional layers with decreasing widths (specific numbers486

are in the Table 1), and ReLUs after the first two. The third and final convolutional layer in h has two487

channel outputs used for binary pixel classification.488

Table 1: Model architectures for all main experiments. Note, we perform ablations where we change
the width or the maximum number of iterations and those parameters are indicated where appropriate.

Dataset Width # Channels in h layers

Prefix Sums 400 400, 200, 2
Mazes 128 32, 8, 2
Chess 512 32, 8, 2

A.2 Computational resources489

We use Nvidia GeForce RTX 2080Ti GPUs for all of our experiments. The models that solve prefix490

sums train in under an hour on a single GPU. The maze models take up to eight hours to train on one491

GPU. Finally, the chess puzzle networks were trained using four GPUs at once and can take between492

24 and 48 hours.493

A.3 The loss494

Prefix sum problems with n bits are input to the model as a vector x ∈ {0, 1}n, and the output is495

denoted by ŷ ∈ Rn×2. The target output is y ∈ {0, 1}n. We compute the loss as follows.496

ℓ(ŷ, y) = − 1

n

n−1∑
i=0

log
eŷ[i,yi]

eŷ[i,0] + eŷ[i,1]
(3)

where [·, ·] indexes the output array. Therefore, for a batch of B instances, the total loss is497

L =
1

B

B−1∑
b=0

ℓ(ŷb, yb). (4)

This loss applies to all three problem types we consider. Note that a maze represented by an n×n×3498

input has n2 pixels and the loss can be averaged over those pixels. The same applies to chess, where499

there are always 64 pixels.500

A.4 Hyperparameters501

We describe the training set-up for each experiment and discuss hyperparameter choices.502

All prefix sum models are optimized using Adam [14] and gradient clipping. Maze models are also503

trained with Adam, but no clipping is used. Chess models train stably with SGD without gradient504
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Figure 8: Top: Accuracy on 512-bit strings for different values of m show that m = 30 is sufficient.
Bottom Accuracy on 512-bit strings for different values of w. The gain plateaus on prefix sum
models at w = 400. Models presented here are trained with α = 1 and recall.

clipping. All training is done with a weight decay coefficient of 0.0002 and training with SGD uses a505

momentum coefficient of 0.9.506

In each training run, we hold out 20% of the training data to use as a validation set, and we save for507

testing the checkpoint with the highest validation accuracy.508

Coarse experimentation with learning rates and decay schedules is used to determine optimal choices509

of these hyperparameters for reproducibility and speed of training. Models were trained with510

exponential warm-up for a small number of epochs before the main training routine.511

In Table 2, we present the training hyperparameters shared among models presented in Section 4 for512

each problem instance.513

Table 2: Training hyperparameters. Dashes indicate that we did not utiltize those options.

Task Optim. Learning Rate Decay Schedule Decay Factor Warm-Up Epochs Clip

Prefix Sums Adam 0.001 [60, 100] 0.01 10 150 1.0
Mazes Adam 0.001 - - 10 50 -

Mazes (FF) Adam 0.0001 [175] 0.1 10 200 -
Chess Puzzles SGD 0.010 [100, 110] 0.01 3 120 -

We perform width and depth experiments to demonstrate that our best prefix sum models are roughly514

on a plateau in hyperparameter space with respect to performance on 512-bit data. We see from515

Figure A.4 that performance increases steadily with depth, but no additional performance is achieved516

by increasing m beyond 30. From Figure 8, we also see performance steadily increases with network517

width. We choose to use a width of 400 filters per layer and m = 30 because this adequately solves518

512-bit data.519

These experiments are performed on prefix sums (since they are realtively cheap to run) to exemplify520

the general correlation between depth, width, and performance observed on all tasks. The choice521

of depth and width of maze and chess models is also made to be only as large as necessary to avoid522

excessive memory and computational costs.523

We determine the optimal weight to be used it the combination of the loss terms using a coarse grid524

search. For prefix sums we test models with α values in [0, 0.25, 0.5, 0.75, 1], for mazes we test525

values [0, 0.01, 0.1, 0.5, 1], and for chess we test values [0, 0.5, 1].526

A.5 Extended results527

Tables 3, 4, and 5 show the peak accuracy of each of the curves presented in the plots in Section 4.528

Figure 9 shows the test performance of chess models on even harder test sets. It is interesting529

to note that recall and our loss both still help dramatically, but there is an apparent ceiling on530

generalizing from the easy puzzles to much harder ones. We leave investigation into this phenomenon531

for future work.532
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Table 3: The peak accuracy and corresponding test-time iteration number for prefix sum solving
model performance curves in Figures 6 and 3.

Tested on 48-bit Strings

Model α Peak Iter. Peak Acc. (%)

DT 0.0 42 94.61± 1.19
DT 1.0 27 97.73± 1.80

DT-Recall 0.0 46 99.97± 0.01
DT-Recall 1.0 26 99.96± 0.02

FF 0.0 30 27.15± 2.56

Tested on 512-bit Strings

Model α Peak Iter. Peak Acc. (%)

DT 0.0 - 0.00± 0.00
DT 1.0 171 11.26± 6.90

DT-Recall 0.0 466 96.19± 3.73
DT-Recall 1.0 237 97.12± 1.88

FF 0.0 30 0.00± 0.00

Table 4: The peak accuracy and corresponding test-time iteration number for maze solving model
performance curves in Figures 6 and 4.

Tested on 13× 13 Mazes

Model α Peak Iter. Peak Acc. (%)

DT 0.00 40 85.59± 2.81
DT 0.01 38 86.08± 3.96

DT-Recall 0.00 94 99.94± 0.03
DT-Recall 0.01 70 99.88± 0.05

FF 0.00 0 38.22± 5.28

Tested on 59× 59 Mazes

Model α Peak Iter. Peak Acc. (%)

DT 0.00 - 0.00± 0.00
DT 0.01 - 0.00± 0.00

DT-Recall 0.00 999 82.72± 15.14
DT-Recall 0.01 984 97.30± 0.68

FF 0.00 - 0.00± 0.00

Table 5: Peak accuracy and iteration number for chess puzzle performance curves in Figure 5.

Tested on puzzles 600K-700K

Model α Peak Iter. Peak Acc. (%)

DT 0.0 32 78.81± 1.04
DT 0.5 43 82.32± 0.10

DT-Recall 0.0 29 82.12± 0.69
DT-Recall 0.5 57 82.69± 0.27

FF 0.0 30 61.17± 1.76

A.6 In-distribution results533

Information on how models perform in distribution reveals that each class of model fits the training534

data and generalizes in the classical sense. Specifically, we report the accuracy on a held-out validation535

set from the same problem difficulty as the training data. For recurrent models, we evaluate the536

performance using the maximum number of iterations used during training, irrespective of the training537

objective. See Table 6.538

A.7 Hard to easy539

One natural query about our models is how well they perform on test sets that are easier/smaller than540

the data used for training. Figure 10 shows that recurrent models can generally solve easier/smaller541

problems in fewer iterations. Even though they solve the easier problems in fewer than the maximum542

number of iterations used in training, we still see that models without recall suffer from overthinking.543

A.8 More on the overthinking problem544

We present additional plots and tables to give a more complete picture of how some models overcome545

the overthinking problem presented in Section 5. Table 7 shows the results from several experiments.546

The first column indicates the average number of iterations to solve a maze and the best accuracy (over547

all the test iterations considered). Then, we examine the behavior when the features are perturbed548

after the first iteration by adding mean zero and variance one Gaussian noise (‘Noise’ column) and549

we find that this completely destroys the models without recall while only slightly slowing down550
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Figure 9: Chess performance when tested on puzzles with indices from 700k to 800k (left) and from
1M to 1.1M (right).

Table 6: Training accuracy and in-distribution validation accuracy for models presented in Figures 3
and 6.

Trained on 32-bit Prefix Sum Problems

Model α Train Acc. (%) Valid Acc. (%)

DT 0.00 99.98± 0.01 100.00± 0.00
DT 1.00 99.57± 0.38 97.73± 1.80

DT-Recall 0.00 99.95± 0.02 100.00± 0.00
DT-Recall 1.00 99.98± 0.01 100.00± 0.00

FF 0.00 99.76± 0.14 99.76± 0.14

Trained on 9× 9 Mazes

Model α Train Acc. (%) Valid Acc. (%)

DT 0.00 100.00± 0.00 100.00± 0.00
DT 0.01 99.98± 0.01 99.98± 0.01

DT-Recall 0.00 99.91± 0.07 99.92± 0.06
DT-Recall 0.01 99.77± 0.15 99.74± 0.17

FF 0.00 99.94± 0.01 99.93± 0.05

Trained on Chess Puzzles 0-600K

Model α Train Acc. (%) Valid Acc. (%)

DT 0.00 99.98± 0.02 92.94± 0.34
DT 0.50 99.90± 0.01 94.16± 0.02

DT-Recall 0.00 99.77± 0.02 94.16± 0.03
DT-Recall 0.50 99.34± 0.02 94.18± 0.07

FF 0.00 96.89± 0.58 83.24± 1.22
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Figure 10: Accuracy as a function of iteration for prefix sum models when generalizing from harder
32-bit strings to easier 24-bit strings.
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those with recall. Next, we see the same trend when we replace the features at the first iteration with551

arrays of zeros (‘Zeros’ column). Finally, we swap the features after 50 iterations with those obtained552

from solving an entirely different maze, and again the models without recall cannot recover from553

this, but those with recall achieve near perfect accuracy. Figures 11-13 shows accuracy curves for554

these experiments. Figure 14 shows the norm of the difference in features when we input random555

noise instead of actual mazes. This plot shows that the stable behavior of our models is not limited to556

the portion of input space occupied by real mazes, rather the process they learn exhibits convergent557

behavior even on random inputs.558

Similar experiments on prefix sum computation reveal that recurrent models with recall seem to559

converge as well.560
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Figure 11: Maze solving model performance when Gaussian noise is added to the features after the
first iteration. DT models with recall are robust to this perturbation.
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Figure 12: Maze solving model performance when the features after 50 iterations are replaced with
zeros. DT models with recall are also robust to this perturbation.
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Figure 13: Maze solving model performance when the start and end of the maze are changed to be
closer together after 50 iterations. DT models with recall can self-correct.
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Figure 14: The change in the norm of the feature maps for maze solvers as function of iteration shows
that models with recall seem to move the feature maps less and less with each iteration.
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Figure 15: Prefix sum model performance when Gaussian noise is added to the features after the first
iteration. DT models with recall are robust to this perturbation.
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Figure 16: Prefix sum model performance when the features after the first iteration are replaced with
zeros. DT models with recall are also robust to this perturbation.
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Figure 17: The changes in the norm of the feature maps for prefix sums as function of iteration show
that models with recall seem to move the feature maps less and less with each iteration.
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Table 7: Average iterations to solution, with the peak accuracy in parentheses. We evaluate maze
solving models on 13× 13 mazes, where we intervene in the solving process in different ways.

Model Clean Noise Zeros Swapped

DT 27.68 (87 %) - (0%) - (0%) - (0%)
DT w/ New Loss 16.87 (95 %) - (0%) - (0%) - (0%)
DT-Recall 23.54 (100 %) 35.70(100 %) 35.04 (96 %) 33.92 (97 %)
DT-Recall w/ New Loss 22.10 (100 %) 25.10(100 %) 22.48 (100 %) 28.79 (100 %)

A.9 A fun maze561

Figure 18: Fun for the whole family! We leave solving this 201× 201 maze as an exercise for the
reader. The green starting dot is near the center of the upper right quadrant. The red ending point is
on the second row from the bottom.

18



A.10 A ridiculous maze562

Figure 19: An example of a very, very fun 801× 801 maze. The green starting dot is three quarters
of the way down on the left-hand side. A model trained using only 9×9 mazes and 30 iterations is
able to solve this extreme maze at test time using 10,000 iterations, which is equivalent to 100,004
convolutional layers.
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