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Abstract
While stochastic gradient descent (SGD) is still the most popular optimization algorithm in deep
learning, adaptive algorithms such as Adam have established empirical advantages over SGD in
some deep learning applications such as training transformers. However, it remains a question
why Adam converges significantly faster than SGD in these scenarios. In this paper, we explore
one explanation of why Adam converges faster than SGD using a new concept directional sharp-
ness. We argue that the performance of optimization algorithms is closely related to the directional
sharpness of the update steps, and show SGD has much worse directional sharpness compared to
adaptive algorithms. We further observe that only a small fraction of the coordinates causes the bad
sharpness and slow convergence of SGD, and propose to use coordinate-wise clipping as a solution
to SGD and other optimization algorithms. We demonstrate the effect of coordinate-wise clipping
in sharpness reduction and speeding up the convergence of optimization algorithms under various
settings, and conclude that the sharpness reduction effect of adaptive coordinate-wise scaling is the
reason for Adam’s success in practice.

1. Introduction

Stochastic gradient descent (SGD) [3, 25] is one of the most popular optimization algorithms for
deep learning. Although SGD is efficient on various large-scale neural networks, in many tasks,
such as traning transformers [10, 30], people seek to use the adaptive variants of stochastic gradient
methods. Adaptive algorithms, such as Adagrad [11], Adam [17], and AMSGrad [24], can find a
“better coordinate-wise scaling” of the gradient, so the size of the update step is adaptive to the local
geometry of the function. While adaptive algorithms can converge much faster than SGD in many
applications [12, 15, 33], the understanding of the superior performance of Adam-type optimizers
in these tasks is limited [7, 33].

In this paper, we explore one explanation of why Adam converges faster than SGD in practice,
especially for transformers. We propose to study the directional sharpness of optimization algo-
rithms, defined as (xt − xt+1)

⊤∇2f(xt)(xt − xt−1), that occurs in the quadratic Taylor expansion
of the objective function. We argue that directional sharpness of the update direction is an useful
indicator of the performance of optimization algorithms, that high sharpness usually implies low
performance. We observe through experiments that the update direction of SGD has much higher
sharpness compared to other optimization algorithms. Furthermore, we propose that the imbalanced
distribution of gradient across coordinates is the key contributor to SGD’s high sharpness. We ob-
serve that only a small fraction of the parameters contribute to the majority of SGD’s sharpness,
causing slow convergence. Hence, we propose to use coordinate-wise clipping as a solution to the
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problem of slow convergence and bad sharpness. We show that clipping can improve the directional
sharpness and convergence rate of various non-coordinate-wise-scaling optimization algorithms,
and propose that coordinate-wise clipping can be used as a generic component in optimization algo-
rithms. We demonstrate our findings through two experiments under various settings and show that
our observations are consistent across different tasks, models, and iterations. We conclude that the
adaptive coordinate-wise scaling of Adam can effectively find a balance between optimizing gradi-
ent correlation and directional sharpness, and such ability is the key to Adam’s fast convergence in
deep learning training.

2. Related Work

General Convergence Rates of Adaptive Algorithms. Adaptive algorithms have long been stud-
ied and applied in deep learning [1, 11, 17, 22, 24, 29]. Several previous work has proved convex
and non-convex convergence rates for Adagrad [9, 11, 19, 31] and Adam or AMSGrad [4, 8, 13,
21, 24, 34, 35]. The best known non-convex convergence rate for Adagrad is O( log T√

T
) [9, 19] and

O( 1√
T
) for AMSGrad [34]. While the result by Zhou et al. [34] matches the non-convex conver-

gence rate O( 1√
T
) of SGD [14], there is no theoretical proof that Adam can converge asymptotically

faster than SGD for general functions [7]. Therefore, there is still a significant gap of work between
the theoretical understanding of Adam and its empirical fast performance.

Faster Convergence Rates Under Certain Settings. Another line of work focused on specific
settings that Adam might work better than SGD. Adaptive algorithms can work asymptotically bet-
ter when the stochastic gradients are sparse [11, 34] or when there is a sparse set of noise [2]. Zhang
et al. [33] proved that global clipping methods outperforms SGD when the stochastic gradients have
heavy-tail noise, argued that Adam can also deal with heavy-tail noise effectively, and designed
a new algorithm based on coordinate-wise clipping. The effect of global clipping and normaliza-
tion methods were also studied in [16, 18]. Our work is inspired by the use of coordinate-wise
clipping in algorithm design in [33], but we propose different explanations of the effectiveness of
coordinate-wise clipping with new empirical evidence.

3. Directional Sharpness of Adaptive Algorithms

In this section, we introduce a new metric directional sharpness that indicates the performance of
optimization algorithms and argue it is closely related to the poor performance of SGD.

We first explain the motivation of our approach. In convex and non-convex optimization, a
typical proof strategy is to consider the quadratic Taylor expansion of the objective function

f(xt+1) = f(xt) +∇f(xt)⊤(xt − xt+1)︸ ︷︷ ︸
gradient correlation

+(xt − xt+1)
⊤∇2f(xt)(xt − xt+1)︸ ︷︷ ︸

directional sharpness

+O(η3) (1)

where η is the step size. In order for f(xt+1) to decrease monotonically, the optimization algorithm
should minimize the two terms that depends on the update step. In typical convergence proof, f
is assumed to be L-smooth, which is equivalent to ∥∇2f(x)∥2 ≤ L for all x. The local Hessian
spectral norm is also called the sharpness [5]. Then, the second-order term is upper bounded by
L∥xt − xt+1∥22, so the loss can decrease when ∥xt − xt+1∥2 is sufficiently small and the corre-
lation between the update step and the gradient is positive. However, there are disadvantages of
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the smoothness assumptions in theoretical proof. The smoothness can adapt to the geometry of the
trajectory and can vary significantly for different algorithms [5, 6]. Furthermore, even if the local
geometry and Hessian are fixed, the update direction xt+1 − xt is extremely important to minimiz-
ing the second-order term. Motivated by the definition of sharpness and the above observations,
we define the directional sharpness of a function f at x in the direction v ∈ Rd, ∥v∥2 = 1 as
v⊤∇2f(x)v. We can see this is an extension of the sharpness definition, as the sharpness at x is just
the supremum of directional sharpness over all possible directions v. The directional sharpness at
xt in the update direction is extremely important to minimizing f(xt+1). When gradient correlation
is similar, the loss f(xt+1) directly depends on the directional sharpness at xt. Furthermore, since
directional sharpness is quadratic in the step size η and gradient correlation is linear, a lower direc-
tional sharpness implies the potential to take a larger step size and possibly lead to a larger local
decrement of the objective function.

Empirically, we observe that the directional sharpness is much lower for adaptive algorithms
than for SGD. We study the update step of different optimization algorithms under the same trajec-
tory and local geometry using pseudo-update steps described in Appendix A, in order to rule out the
impact of trajectory. We compute the directional sharpness of different optimization algorithms and
visualize the optimization landscape in the update direction of a variety of optimization algorithms
in Figure 3. The observation is consistent with our analysis. The update step of SGD has the best
correlation with the actual gradient, so the loss decrease faster when the step size is very small,
since in this case the linear term dominates the quadratic term in Equation (1). However, because
of the large directional sharpness, when the step size increases the quadratic term grows faster than
the linear term, so the loss reaches the local minima after a very small step size. For adaptive al-
gorithms, the directional sharpness is much lower than SGD, so is has the potential to use a much
larger step size and the optimal step will give a lower loss compared to SGD.

Absolute Value of Gradient Coordinates

Count

Figure 1: Histogram of momentum distribu-
tion for stochastic gradient descent on machine
translation.

Algorithm Sharpness
Adam 0.16190993

SGD 31.04433435

SGD Clipping 1.77876506

Normalized SGD 0.77112307

Normalized SGD Clipping 0.38075357

Adafactor 3.1928× 10−6

Adafactor Clipping 2.5258× 10−6

Figure 2: The average sharpness of different op-
timization algorithms when trained on machine
translation, in the same experiment and epoch
as Figure 3.

In order to explain the sharpness reduction effect of adaptive algorithms, since the strategy for
adaptive algorithms is to find a coordinate-wise scaling of the gradient, we investigate the distribu-
tion of gradient norm across different coordinates. We visualize a histogram of the absolute value
of SGD momentum coordinates in Figure 1. We observe that the gradients are distributed unevenly
across the coordinates, with half of the coordinates have absolute value ranging from 10−12 to 10−6,
but also exists an innegligible portion of coordinates that can be as high as 10−4 to 10−2, contribut-
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Figure 3: The loss landscape in different update directions on machine translation. The step size is
the learning rate normalized by the update step ℓ2 norm.

ing to most of the gradient norm. The histogram suggests that the gradients are concentrated on a
small fraction of the coordinates, and this small fraction of coordinates can contribute to a large por-
tion of sharpness, making optimization hard. For adaptive algorithms and normalized optimization
algorithms, since they already used some forms of scaling, the imbalanced gradient distribution will
not be as severe as SGD, but normalizing the large coordinates might still be beneficial.

4. Coordinate-wise Clipping

In this section, we propose to use coordinate-wise clipping as a solution to the aforementioned im-
balanced distribution of gradient based on our experimental findings. We observe that the sharpness
is also concentrated in the large coordinates in the gradient, and clipping those coordinates can sig-
nificantly decrease directional sharpness. Although clipping can decrease the correlation between
the update step and the true gradient, since the dependence on the clipped entry is quadratic for the
second-order term and linear for the first-order term, it might not be beneficial to use these coor-
dinates. The use of clipping in optimization algorithms is a trade-off between improving gradient
correlation and reducing directional sharpness. By clipping the top coordinates in the gradient, al-
though gradient correlation decreases, the directional sharpness can decrease even more to make up
the loss.

We consider using clipping on a variety of non-coordinate-wise-scaling algorithms, including
SGD, normalized SGD, and Adafactor [27]. We demonstrate that coordinate-wise clipping sig-
nificantly reduces the sharpness of adaptive algorithms and speeds up the optimization process.
Specifically, we compute the threshold τ for the top k% gradients in terms of the absolute value,
and clip the gradient coordinates gi to g̃i = sgn(gi)min{|gi|, τ} based on their sign. In practice, it
is possible to simplify the procedure by setting a fixed threshold. From Figure 2, we can see that by
clipping the top 5% coordinates, the directional sharpness decrease significantly. Since we normal-
ize the update step when we compute the directional sharpness, the sharpness reduction effect of
coordinate-wise clipping is not due to significant reduction of the norm of the update step, but the
improved flatness of the direction. Figure 3 gives a coherent message, that clipped algorithms can
find a direction that has larger maximal decrement of the loss in the local geometry.

Finally we demonstrate that clipping algorithms can converge faster than the original coun-
terpart by directly training transformers with the clipping algorithms, with the loss curve shown
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in Figure 4. According to the result, clipping algorithms can speedup training significantly. Our
result suggests that clipping can be used as an generic building block in any non-coordinate-wise-
scaling algorithms and speed up training. The new finding can provide insight into designing new
optimization algorithms.

Based on our experimental findings, we conjecture that there is a positive correlation between
the magnitude of Hessian coordinates and gradient coordinates. The positive correlations is also
mentioned in [32], but their proposed correlation is between the norm of Hessian and norm of gra-
dient. We further suggest that there is a positive correlation between the coordinates of gradient and
Hessian, and the success of Adam is due to the ability to scale down the bad coordinates and reduce
the sharpness through coordinate-wise scaling of the gradient. Understanding of this phenomenon
could be essential in proving convergence rates for Adam that are faster than SGD.
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Figure 4: Clipped optimization algorithms generally converge faster than the original algorithms.

5. Experiments

In Appendices A and B, we demonstrate our findings with two types of experiments. We explore
several different tasks and settings and show our results hold in various setting, including training
t5 [23] architecture on machine translation datasets and DistilRoBERTa [26] on masked language
modeling datasets. We compute the directional sharpness of a variety of optimization algorithms,
including SGD, normalized SGD, and Adafactor [27], and visualize the corresponding loss land-
scape direction, under different local geometry. We show that SGD has bad sharpness under all of
the settings, regardless of the task, model, or local geometry. In addition, we demonstrate clipping
can always improve the directional sharpness of optimization algorithms, and often result in better
local decrement of loss function. We also implement clipping algorithms and use them to train
different models, and demonstrate that clipping algorithms converge faster in practice.

6. Conclusion

In summary, our work provides a new insight of why Adam converges faster than SGD in practice.
In contrast to assumptions on properties of the gradient, we propose to study directional sharpness
as an important indicator for the performance of optimization algorithms in deep learning. We show
that adaptive algorithms and clipped optimization algorithms can generally achieve significantly
better directional sharpness compared to SGD. We argue that the slow convergence of SGD is related
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to the high directional sharpness, caused by a positive coordinate-wise gradient-Hessian correlation.
We propose to use coordinate-wise clipping as a solution to the problem of high sharpness. We
demonstrate the sharpness reduction effect of coordinate-wise clipping and show that it is possible
to step into a lower loss in the update direction of clipping algorithms compared to the original
algorithms. We further demonstrate the effectiveness of coordinate-wise clipping in a wide range
of optimization algorithms without coordinate-wise scaling, including SGD, normalized SGD, and
Adafactor. We suggest the use of coordinate-wise clipping as a generic building block in non-
convex optimization algorithms. Our work provide useful explanations and conjectures about the
superior performance of Adam and further understanding of the results could be useful in theoretical
understanding of the empirical advantage of Adam over SGD.
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Appendix A. Experimental Details

A.1. Tasks, Datasets, and Models

We run our experiments on two tasks, including machine translation and masked language modeling.
The details of the dataset, training set size, and model we use are in Table 1. For each dataset, we
select the first 10240 data as our training set. Since we’re mainly interested in minimizing the
training loss, we do not use any test or validation sets, nor any evaluation metrics other than the
cross-entropy loss. For machine translation, we use the English to French opus books dataset [28]
and t5 model [23]. For masked language modeling, we use the imdb dataset [20] and DistilRoBERTa
model [26]. In order to evaluate the function in a offline setting, we generate fixed masks with
probability 0.15 at the beginning of the training and does not generate new masks whenever we
collate the data.

Task Dataset Size Model
Machine Translation opus books [28] 10240 t5-small [23]
Masked Language Modeling imdb [20] 10240 DistilRoBERTa-base [26]

Table 1: Details of the tasks, datasets, training set sizes, and models we use for the two different
experiments.

A.2. Optimization Algorithms and Clipping Methods

We use 4 optimization algorithms, including Adam, SGD, normalized SGD, and Adafactor [27]. We
use momentum for all of the optimization algorithms to rule out any potential effect of momentum.
The clipped optimization algorithms are described in Algorithms 1 to 4. Notice that for Adafactor,
we only clip the gradient in the nominator of the final update step, since otherwise the scaling
effect could cancel out or even increase the norm. Adafactor is originally used with the relative
step sizes αt, but in certain cases we use a fixed learning rate in place of αt. In the algorithms, we
assume Clip(g) calculates the clipping threshold τ for the top k% coordinates and returns g̃ where
g̃i = sgn(gi)min{|gi|, τ}. We use k = 5 in all of our experiments.

Algorithm 1: SGD with momentum
Data: initial point x0, learning rate η, momentum term β
for t← 1, . . . , T do

gt ← ∇f(xt)
ĝt ← Clip(gt)
mt ← βmt−1 + (1− β)ĝt
xt ← xt−1 − ηmt

end

9
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Algorithm 2: Normalized SGD with momentum for weight matrices and vectors
Data: initial point x0 ∈ Rm×n, learning rate η, momentum term β
for t← 1, . . . , T do

gt ← ∇f(xt)
ĝt ← Clip(gt)
mt ← βmt−1 + (1− β)ĝt
vt ← mt

∥mt∥2 ·
√
mn

xt ← xt−1 − ηvt
end

Algorithm 3: Adafactor for weight matrices [27]

Data: initial point x0 ∈ Rm×n, relative step sizes ρt = min{10−2, 1√
t
}, second moment decay

β̂2t = 1− t−0.8, regularization constants ϵ1 = 10−30 and ϵ2 = 10−3, clipping threshold
d = 1, RMS(x) := ∥x∥F√

mn

for t← 1, . . . , T do
αt ← max{ϵ2,RMS(xt−1)}ρt
Gt ← ∇f(xt−1)
Ĝt ← Clip(Gt)
Rt ← β̂2tRt−1 + (1− β̂2t)(G

2
t + ϵ1)1m

Ct ← β̂2tCt−1 + (1− β̂2t)1
⊤
n (G

2
t + ϵ1)

V̂t ← RtCt/1
⊤
nRt

Ut ← Ĝt/
√
V̂t

Ût ← Ut/max{1,RMS(Ut)/d}
xt ← xt−1 − αtÛt

end

Algorithm 4: Adafactor for weight vectors [27]

Data: initial point x0 ∈ Rn, relative step sizes ρt = min{10−2, 1√
t
}, second moment decay

β̂2t = 1− t−0.8, regularization constants ϵ1 = 10−30 and ϵ2 = 10−3, clipping threshold
d = 1, RMS(x) := ∥x∥2√

n

for t← 1, . . . , T do
αt ← max{ϵ2,RMS(xt−1)}ρt
Gt ← ∇f(xt−1)
Ĝt ← Clip(Gt)
V̂t ← β̂2tV̂t−1 + (1− β̂2t)(G

2
t + ϵ1)

Ut = Ĝt/
√

V̂t

Ût ← Ut/max{1,RMS(Ut)/d}
xt ← xt−1 − αtÛt

end
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A.3. Experiment for Directional Sharpness of Optimization Algorithms

Pseudo-Update Step. Since all algorithms we use has momentum part, we need to compute the
momentum term in a different trajectory using “pseudo-update step.” Specifically, we compute the
momentum term for all the optimization algorithms at time t using the past values of x1, . . . , xt−1,
regardless of the optimization algorithm we use to perform the actual update step. The values we
computed for the algorithms were only used to visualize the landscape and compare the sharpness,
but not used for training. The momentum parameters are set to the default values [17, 27].

Training Optimizer. We use different training optimizers to compare our results across differ-
ent local geometry and optimization trajectory. We use SGD momentum with learning rate 10−3

and Adam with learning rate 10−4 as training optimizers. The momentum parameters are set to the
default values [17].

Test Batch. Since computation on the full-batch objective function is very computationally
expensive, we sample a fixed random subset of size 1024 as the test dataset at the beginning of the
training, and fix it during all epochs and batches, in order to speed up the landscape visualization
process. The losses in all the plots are the losses on the test batch.

Landscape Visualization. To visualize the landscape, we update the weight with the desired
update step and compute the loss. Afterwards, we reset the weight back to the original value before
the update, and repeat the above step with a new step size.

Directional Sharpness. We utilize PyTorch’s Hessian-vector product to efficiently compute
directional sharpness. We sample 5 batches from the 10 batches in the epoch. To show the effect
of clipping and adaptive update steps on the sharpness compared to SGD, we calculate the mean of
the ratio of sharpness versus SGD sharpness for the sampled batches in these epochs.

A.4. Experiment for Convergence of Clipped Optimization Algorithms

We demonstrate the convergence of clipped optimization algorithms using a 5% clipping threshold.
We manually tune the learning rate to find the best learning rate for the experiments. The learning
rate configuration of our experiment is shown in Table 2.
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Task Algorithm Learning Rate

Machine Translation

Adam 2× 10−3

Adafactor, 5% Clipping Relative
Adafactor Relative
Normalized SGD, 5% Clipping 5× 10−4

Normalized SGD 5× 10−4

SGD, 5% Clipping 8× 10−1

SGD 1× 10−3

Masked Language Modeling

Adam 2× 10−3

Adafactor, 5% Clipping 1× 10−2

Adafactor 1× 10−2

Normalized SGD, 5% Clipping 5× 10−5

Normalized SGD 5× 10−5

SGD, 5% Clipping 8× 10−1

SGD 1× 10−2

Table 2: Learning rate configuration of our experiments. The relative learning rate for Adafactor is
defined in Algorithms 3 and 4 and [27].
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Appendix B. Directional Sharpness Results

In this section we show our experimental result for the directional sharpness of optimization algo-
rithms. For each of the landscape visualization, we show two plots, where one of them has Adafactor
and the other does not. The rest of the plots are the same with different scales.

B.1. SGD Trajectory

Task Epoch Algorithm Sharpness Ratio

Machine Translation

2

SGD 1
SGD, 5% Clipping 0.43546787
Adam 0.04595183
Adafactor 1.6432× 10−5

Adafactor, 5% Clipping 9.9343× 10−6

Normalized SGD 0.20991666
Normalized SGD, 5% Clipping 0.06885640

5

SGD 1
SGD, 5% Clipping 0.02766145
Adam 0.00250487
Adafactor 6.0198× 10−7

Adafactor, 5% Clipping 4.7015× 10−7

Normalized SGD 0.01427107
Normalized SGD, 5% Clipping 0.00610456

10

SGD 1
SGD, 5% Clipping 0.06981113
Adam 0.00546100
Adafactor 1.5864× 10−6

Adafactor, 5% Clipping 1.2210× 10−6

Normalized SGD 0.03849150
Normalized SGD, 5% Clipping 0.01631434

20

SGD 1
SGD, 5% Clipping 0.11132615
Adam 0.00914083
Adafactor 2.4767× 10−6

Adafactor, 5% Clipping 1.9563× 10−6

Normalized SGD 0.06279230
Normalized SGD, 5% Clipping 0.02604086

Table 3: Average ratio of directional sharpness of optimization algorithms with respect to SGD on
the machine translation task in SGD trajectory.
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Figure 5: Landscape visualization of machine translation in SGD trajectory.
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Task Epoch Algorithm Sharpness Ratio

Masked Language Modeling

2

SGD 1
SGD, 5% Clipping 0.10431360
Adam 0.03353230
Adafactor 0.00282802
Adafactor, 5% Clipping 0.00196985
Normalized SGD 0.28767978
Normalized SGD, 5% Clipping 0.05043281

5

SGD 1
SGD, 5% Clipping 0.12449840
Adam 0.02682579
Adafactor 0.00191930
Adafactor, 5% Clipping 0.00123799
Normalized SGD 0.26880846
Normalized SGD, 5% Clipping 0.05914444

10

SGD 1
SGD, 5% Clipping 0.11993282
Adam 0.01577251
Adafactor 0.00441034
Adafactor, 5% Clipping 0.00278653
Normalized SGD 0.30607491
Normalized SGD, 5% Clipping 0.05791050

20

SGD 1
SGD, 5% Clipping 0.09336649
Adam 0.01320078
Adafactor 0.00893414
Adafactor, 5% Clipping 0.00542521
Normalized SGD 0.28826713
Normalized SGD, 5% Clipping 0.04681089

Table 4: Average ratio of directional sharpness of optimization algorithms with respect to SGD on
the masked language modeling task in SGD trajectory.
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Figure 6: Landscape visualization of masked language modeling in SGD trajectory.
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B.2. Adam Trajectory

Task Epoch Algorithm Sharpness Ratio

Machine Translation

2

SGD 1
SGD, 5% Clipping 0.01189776
Adam 0.00014977
Adafactor 6.2772× 10−7

Adafactor, 5% Clipping 4.5537× 10−7

Normalized SGD 0.00938728
Normalized SGD, 5% Clipping 0.00334502

5

SGD 1
SGD, 5% Clipping 0.00341957
Adam 0.00014246
Adafactor 4.4903× 10−8

Adafactor, 5% Clipping 3.8484× 10−8

Normalized SGD 0.00173206
Normalized SGD, 5% Clipping 0.00085046

10

SGD 1
SGD, 5% Clipping 0.01228746
Adam 0.00064037
Adafactor 3.4227× 10−6

Adafactor, 5% Clipping 2.8321× 10−6

Normalized SGD 0.00975973
Normalized SGD, 5% Clipping 0.00412512

20

SGD 1
SGD, 5% Clipping 0.01194036
Adam 0.00034823
Adafactor 4.0147× 10−7

Adafactor, 5% Clipping 3.2190× 10−7

Normalized SGD 0.00983759
Normalized SGD, 5% Clipping 0.00338311

Table 5: Average ratio of directional sharpness of optimization algorithms with respect to SGD on
the machine translation task in Adam trajectory.
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Figure 7: Landscape visualization of machine translation in Adam trajectory.
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Task Epoch Algorithm Sharpness Ratio

Masked Language Modeling

2

SGD 1
SGD, 5% Clipping 0.05873187
Adam 0.00206153
Adafactor 0.00144918
Adafactor, 5% Clipping 0.00088563
Normalized SGD 0.25169848
Normalized SGD, 5% Clipping 0.02890596

5

SGD 1
SGD, 5% Clipping 0.02350328
Adam 0.00143950
Adafactor 0.00240724
Adafactor, 5% Clipping 0.00141641
Normalized SGD 0.21113349
Normalized SGD, 5% Clipping 0.01096425

10

SGD 1
SGD, 5% Clipping 0.02781447
Adam 0.00266029
Adafactor 0.00387052
Adafactor, 5% Clipping 0.00222226
Normalized SGD 0.20546310
Normalized SGD, 5% Clipping 0.01329525

20

SGD 1
SGD, 5% Clipping 0.07415355
Adam 0.02341449
Adafactor 0.02283569
Adafactor, 5% Clipping 0.01298895
Normalized SGD 0.22893490
Normalized SGD, 5% Clipping 0.03024933

Table 6: Average ratio of directional sharpness of optimization algorithms with respect to SGD on
the masked language modeling task in Adam trajectory.
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Figure 8: Landscape visualization of masked language modeling in Adam trajectory.
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B.3. Discussion

As we can observe, our observation is very coherent across different tasks, model architectures,
iterations, and local geometry. The directional sharpness is relatively stable for the same task across
iterations, and coordinate-wise clipping always improve the sharpness of the direction and find a
better direction to optimize.

Trade-off Between Directional Sharpness and Gradient Correlation. While we want the
directional sharpness of our optimization algorithm to be small in order to decrease loss faster,
having as small sharpness as possible does not necessarily lead to fast loss decrement. Adafactor
almost always has the lowest directional sharpness across all tasks, iterations, and local geometry,
but Adafactor does not always find a good direction to optimize. In many cases, the loss does not
decrease significantly even for the optimal step size, and the direction can be even worse than SGD.
This shows that merely minimizing the directional sharpness is not enough for an optimization
algorithm to work well. As discussed in Section 4, gradient correlation is also important in the
convergence of optimization algorithms. However, we can conclude that high sharpness will lead
to bad performance, as demonstrated by the performance of SGD, even if SGD has good gradient
correlation.

Effect of Trajectory. It is well known that different optimization algorithms can follow different
trajectory and converge to different in deep learning. Landscape visualizations show that Adafactor
performs well in SGD trajectory but not Adam trajectory on the machine translation task. This
shows that different optimization algorithms has local geometry with different properties. The effect
of trajectory is therefore an interesting problem to study. However, we point out that almost in
all cases, Adam has good performance and significantly outperforms SGD, so trajectory is not
necessarily related to the explanation for Adam’s excellent performance in practice.
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