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Abstract

We propose a series of computationally efficient, nonparametric tests for the
two-sample, independence and goodness-of-fit problems, using the Maximum
Mean Discrepancy (MMD), Hilbert Schmidt Independence Criterion (HSIC), and
Kernel Stein Discrepancy (KSD), respectively. Our test statistics are incomplete
U -statistics, with a computational cost that interpolates between linear time in the
number of samples, and quadratic time, as associated with classical U-statistic
tests. The three proposed tests aggregate over several kernel bandwidths to detect
departures from the null on various scales: we call the resulting tests MMDAggInc,
HSICAggInc and KSDAggInc. For the test thresholds, we derive a quantile bound
for wild bootstrapped incomplete U -statistics, which is of independent interest. We
derive uniform separation rates for MMDAggInc and HSICAgglnc, and quantify
exactly the trade-off between computational efficiency and the attainable rates: this
result is novel for tests based on incomplete U-statistics, to our knowledge. We
further show that in the quadratic-time case, the wild bootstrap incurs no penalty to
test power over more widespread permutation-based approaches, since both attain
the same minimax optimal rates (which in turn match the rates that use oracle
quantiles). We support our claims with numerical experiments on the trade-off
between computational efficiency and test power.

1 Introduction

Nonparametric hypothesis testing is a fundamental field of statistics, and is widely used by the machine
learning community and practitioners in numerous other fields, due to the increasing availability of
huge amounts of data. When dealing with large-scale datasets, computational cost can quickly emerge
as a major issue which might prevent from using expensive tests in practice; constructing efficient
tests is therefore crucial for their real-world applications. In this paper, we construct kernel-based
aggregated tests using incomplete U -statistics ( , ) for the two-sample, independence and
goodness-of-fit problems (which we detail in Section 2). The quadratic-time aggregation procedure is
known to lead to state-of-the-art powerful tests ( ,

, , ), and we propose efficient variants of these well- studled tests, with computatlonal
cost interpolating from the classical quadratic-time regime to the linear-time one.

Related work: aggregated tests. Kernel selection (or kernel bandwidth selection) is a fundamental

problem in nonparametric hypothesis testing because it has a major influence on test power. Moti-

vated by this problem, non-asymptotic aggregated tests, which combine tests w1th different kernel

bandwidths, have been proposed for the two-sample ( ;
s ), independence ( s s ), and goodness-of—ﬁt(

, ) testing frameworks. ( ) and ( ) construct

similar aggregated tests for these three problems, with the difference that they work in the asymptotic
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regime. All the mentioned works study aggregated tests in terms of uniform separation rates ( ,
). Those rates depend on the sample size and satisfy the following property: if the L2-norm
difference between the densities is greater than the uniform separation rate, then the test is guaranteed
to have high power. All aggregated kernel-based tests in the existing literature have been studied
using estimators which are U-statistics ( , ) with tests running in quadratic time.

Related work: linear-time kernel tests. Several linear-time kernel tests have been proposed for

those three testing frameworks. Those include tests using classical linear-time estimators with median

bandwidth ( R ; s ) or selecting an optimal bandwidth on held-out
data to maximize power ( , ), tests using eigenspectrum approximation (

, ), tests using post-selection mference for adaptive kemel selection, also usmg incomplete

U -statistics ( ,

) tests which use a Nystrom approx1mat10n of the asymptotlc null dlstrlbutlon ( ,

; s ), random Fourier features tests ( s ;

s ), the current state-of-the-art adaptive tests Wthh use features selected

on held-out data to maximize power ( , ,b), as well as tests using neural
networks to learn a discrepancy ( , ). We also pomt out the very relevant works
of ( ) and ( ) on quadratic-time tests, and of

( ), ( ) and ( ) on the use of block U-statistics which have

complexity O(N'®) for block size v/ N where N is the sample size.

Contributions and outline. In Section 2, we present the three testing problems with their associated
well-known quadratic-time kernel-based estimators (MMD, HSIC, KSD) which are U -statistics. We
introduce three associated incomplete U -statistics estimators, which can be computed in linear time,
in Section 3. We then provide quantile and variance bounds for generic incomplete U-statistics using
a wild bootstrap, in Section 4. We study the level and power guarantees of linear-time tests using
incomplete U -statistics for a fixed kernel bandwidth, in Section 5. In particular, we obtain uniform
separation rates for the two-sample and independence tests over a Sobolev ball, and show that these
rates are minimax optimal up to the cost incurred for efficiency of the test. In Section 6, we propose
our efficient aggregated tests which combine tests with multiple kernel bandwidths. We prove that the
proposed tests are adaptive over Sobolev balls and achieve the same uniform separation rate (up to an
iterated logarithmic term) as the tests with optimal bandwidths. As a result of our analysis, we have
shown minimax optimality over Sobolev balls of the quadratic-time tests using quantiles estimated
with a wild bootstrap. Whether this optimality result also holds for tests using the more general
permutation-based procedure to approximate HSIC quantiles, was an open problem formulated by
( ), we prove that it indeed holds in Section 7. We close the paper with numerical
experiments in Section 8, where we observe that MMDAggInc, HSICAggInc and KSDAgglInc retain
high power and outperform other state-of-the-art linear-time kernel tests. Our implementation of
the tests and code for reproducibility of the experiments are available online under the MIT License:
https://anonymous.4open.science/r/agginc-10EF/README . md.

2 Background

Here we briefly describe our main problems of interest, comprising the two-sample, independence
and goodness-of-fit problems. We approach these problems from a nonparametric point of view
using the kernel-based statistics: MMD, HSIC, and KSD. We briefly introduce original forms of
these statistics, which can be computed in quadratic time, and also discuss ways of calibrating tests
proposed in the literature.

Two-sample testing. In this problem, we are given independent samples X,,, = (X;)1<i<m and
Y, = (Y;)1<j<n. consisting of i.i.d. random variables with respective probability density functions'

p and ¢ on R?. We assume we work with balanced sample sizes so that there exists a constant’ C' > 0
such that max(m,n) < C'min(m,n). We are interested in testing the null hypothesis Ho : p = ¢
against the alternative H, : p # ¢; that is, we want to know if the samples come from the same

distribution. ( ) propose a non-parametric kernel test based on the Maximum Mean
Discrepancy (MMD), a measure between probability distributions which uses a characteristic kernel
k( , ; , ). It can be estimated using a quadratic-time

! All probability density functions in this paper are with respect to the Lebesgue measure.
We use the convention that all constants are generically denoted by C, even though they are different.
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estimator ( , Lemma 6) which, as noted by ( ), can be expressed as
a two-sample U- stat1stlc (both of second order) ( ,

SN m™MP(X X YY), (1)

MMD., (Xon, Yn) = D
F ’ H2| (,3")€ig” (4,5") €l

where ig denotes the set of all a-tuples drawn without replacement from {1, ..., b} so that |iZ| =
b---(b—a-+1),and where, for z1, T2, y1,y2 € R, we let
WP (@1, a5 g1, ) = K(w1, w2) — k(1, y2) — Kz, 1) + k(y1, v2)- 2)

Independence testing. In this problem, we have access to i.i.d. pairs of samples Zy =
(Zi) 1<i<N = ((X i Yz)) 1<;< With joint probability density ps,, on R?% x R% and marginals p, on

R% and Py On R% . We are interested in testing H : Doy = Pz @ Py against Hq : pgy # Dy @ py; that
is, we want to know if two components of the pairs of samples are independent or dependent.

( , ) propose a non-parametric kernel test based on the Hilbert Schmidt Independence
Criterion (HSIC). It can be estimated using the quadratic-time estimator proposed by
( , Equation 5) which is a fourth-order one-sample U-statistic
1
HSIC, (Zy) = > w22, 2,) 3)
‘ 14 | (i,4,r,s) €Y
for characteristic kernels k& on R% and ¢ on R% ( s ), and where for z, = (z4,Ya) €
R x R, g = 1,...,4, welet
1
hio'© (21, 22, 23, 24) = Zh%MD(Cﬂh$2;x37$4)h1z\/[MD(y1,yz;ysay4)' “4)

Goodness-of-fit testing. For this problem, we are given a model density p on R? and i.i.d. samples
Zn = (Z;)1<i<n drawn from a density ¢ on RY. The aim is again to test Hg : p = ¢ against
‘H; : p # g¢; that is, we want to know if the samples have been drawn from the model.

( ) and ( ) both construct a non-parametric goodness-of-fit test using the Kernel
Stein Discrepancy (KSD). A quadratic-time KSD estimator can be computed as the second-order
one-sample U-statistic,

/\2
KSD, . (Zy Z heSP(Zi, Z;), (5)

| | (i,5)€iy

where the Stein kernel h, ;.: R x R? — R is defined as
hiy (2,y) = (Viogp(x) " Vlogp(y)) k(z,y) + Vlogp(y) ' Vok(z,y)

d
0 (6)
\a! TV, k(z, ——— k(z,y).
In order to guarantee consistency of the Stein goodness-of-fit test ( , ,
Theorem 2.2), we assume that the kernel k is Cy-universal ( R , Definition 4.1) and
(2)

that B, |V log 2123]|3] < o0
Quantile estimation. Multiple strategies have been proposed to estimate the quantiles of test statistics

under the null for the three tests. We primarily focus on the wild bootstrap approach (

, ), though our results also hold using a parametric bootstrap for the goodness-of-fit setting
( , ). In Section 7, we show that the same uniform separation rates can be derived for
HSIC quadratic-time tests using permutations instead of a wild bootstrap.

More details on MMD, HSIC, KSD, and on quantile estimation are provided in Appendix A.

3 Incomplete U-statistics for MMD, HSIC and KSD

As presented above, the quadratic-time statistics for the two-sample (MMD), independence (HSIC)
and goodness-of-fit (KSD) problems can be rewritten as U-statistics with kernels hMMD hHSIC and
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thSD, respectively. The computational cost of tests based on these U-statistics grows quadratically
with the sample size. When working with very large sample sizes, as it is often the case in real-world
uses of those tests, this quadratic cost can become very problematic, and faster alternative tests are
better adapted to this ‘big data’ setting. Multiple linear-time kernel tests have been proposed in
the three testing frameworks (see Section 1 for details). We construct linear-time variants of the
aggregated kernel tests proposed by ( ), ( ), ( ),
and ( , ) for the three settings, with the aim of retaining the significant power
advantages of the aggregation procedure observed for quadratic-time tests. To this end, we propose
to replace the quadratic-time U -statistics presented in Equations (1), (3) and (5) with second order

incomplete U-statistics ( , ; , ; Lee, )
—2 1
MMDy (Xon, Yo; D) = Da] > mMP(XL XYL Y), (7
(1,j)€DN
1
HSICh¢(Zn;D|nyj2)) = hHSIC (Zis Zj, Ziv\Nj2ys Zis ng2)) s ()
|DLN/2J | (4:7)€D n/2)
-
KSD, ,(Zn;Dy) = ! Z hsP(Zi, Z;), ©)
(z,j)EDN

where for the two-sample problem we let N := min(m, n), and where the design D is a subset of ig

(the set of all 2-tuples drawn without replacement from {1, ..., b}). Note that D| y/2) € iév/ 2 c iév .
The design can be deterministic. For example, for the two-sample problem with equal even sample
sizes m = n = N, the deterministic design Dy = {(2a — 1,2a) : a = 1,..., N/2} corresponds
to the MMD linear-time estimator proposed by ( , Lemma 14). For fixed design

size, the elements of the design can also be chosen at random without replacement, in which case the
estimators in Equations (7) to (9) become random quantities given the data. The results presented in
this paper hold for both deterministic and random (without replacement) design choices. By fixing
the design sizes in Equations (7) to (9) to be

Dn| = |Dnj2j| = eN (10)

for some small constant ¢ € N\ {0}, we obtain incomplete U -statistics which can be computed in
linear time. Note that by pairing the samples Z; := (X;,Y;),i =1,..., N for the MMD case and

7 = (ZZ, ZZHN/QJ), i=1,...,|N/2] for the HSIC case, we observe that all three incomplete
U-statistics of second order have the same form, with only the kernel functions and the design
differing. The motivation for defining the estimators in Equations (7) to (9) as incomplete U -statistics
of order 2 (rather than of higher order) derives from the reasoning of ( , Section 6)
using permuted complete U-statistics for the two-sample and independence problems.

4 Quantile and variance bounds for incomplete U -statistics

Here we derive upper quantile and variance bounds for a second order incomplete degenerate U-
statistic with a generic degenerate kernel h, for some design D C iY, defined as

U(Zn;D) = —; Z W Zi, Z;).
(Z,j)GD

We will use these results to bound the quantiles and variances of our three test statistics for our
hypothesis tests in Section 5. The derived bounds are of independent interest.

In the following lemma, building on the results of ( ), we directly derive an upper bound on
the variance of the incomplete U-statistic in terms of the sample size N and of the design size |D|.

Lemma 1. The variance of the incomplete U -statistic can be upper bounded in terms of the quantities
ot ==var(E[h(Z,2Z")|Z']) and 03 := var(h(Z, Z')) with different bounds depending on the design
choice. For deterministic design Dy, and for random design D,., we have

1

N 1 1
< 24— 52 <
var(0) C(|Dd|"l+|z>d|"2) and . var(0) C( +(|D| )“)

4
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The proof of Lemma 1 is deferred to Appendix D. We emphasize the fact that this variance bound
also holds for random design with replacement, as considered by ( ) and ( ). For
random design, we observe that if |D| = N? then the bound is 0% /N + o3 /N? which is the variance
bound of the complete U-statistic ( s Lemma 10). If N <|D| < N 2, the variance
bound is 03 /N + ¢2/|D|, and if since 07 < 03 /2 ( , , Equation 2.1).

( ) develop exponentlal concentration bounds for permuted complete U-statistics, and

( ) study the uniform approximation of U-statistics by incomplete U -statistics.

To the best of our knowledge, no quantile bounds have yet been obtained for incomplete U-statistics

in the literature. While permutations are well-suited for complete U-statistics ( ),

using them with incomplete U-statistics results in having to compute new kernel values, and this

comes at an extra computational cost we would like to avoid. Restricting the set of permutations to

those for which the kernel values have already been computed for the original incomplete U -statistic

corresponds exactly to using a wild bootstrap ( , , Appendix B). Hence, we consider
the wild bootstrapped second order incomplete U-statistic

—c 1
U (Zn;D) = il > eeih(Zi, Z;) (11)
(i,5)eD

for i.i.d. Rademacher random variables €1, . . ., ey with values in {—1, 1}, for which we derive an
exponential concentration bound (quantile bound). We note the in-depth work of

( ) on the wild bootstrap procedure for kernel tests with applications to quadratic-time MMD and
HSIC tests. We now provide exponential tail bounds for wild bootstrapped incomplete U-statistics.

Lemma 2. There exists some constant C' > 0 such that, for every t > 0, we have

]P’e(|ﬁ€| > t|ZN,D) < 2exp<—C’f;t ) < 2exp(—02>

where A2, = |D|™* 2, s op h(Zi, Z;)% and A% == |D| 72 32, s cin h(Zi, Z)*.

mc

Lemma 2 is proved in Appendix E. While the second bound in Lemma 2 is less tight, it has the benefit
of not depending on the choice of design D but only on the design size |D| which is usually fixed.

5 Efficient kernel tests using incomplete U-statistics
We now formally define the hypothesis tests obtained using the incomplete U -statistics with a wild
bootstrap. This is done for fixed kernel bandwidths A € (0, 00)%, 11 € (0, 00)%, for the kernels®

dy

d,
vl (T Tl (T
Mm(5"). sen=Tu(*3). o

. % % 7
=1

for characteristic kernels (x, y) — K;(z — y), (z,y) — L;(x — y) on R x R for functions K;, L; €
L'(R) N L?(R) integrating to 1. We unify the notation for the three testing frameworks. For the two-
sample and goodness-of-fit problems, we work only with ky and have d = d,. For the independence
problem, we work with the two kernels ky and /,,, and for ease of notation we let d = d,, + d, and

Ad,+i = pi fori =1,...,d,. We also simply write p := p,, and q := p, ® p,. We let Uy and
h denote either MMDiA and hy™P, or HSICy, 4, and hIk{f’IZS, or KSD? k, and hfig, respectively.
We denote the design size of the incomplete U -statistics in Equations (7) to (9) by

= |Dn| = |Dny2]-

For the three testing frameworks, we estimate the quantiles of the test statistics by simulating the
null hypothesis using a wild bootstrap, as done in the case of complete U-statistics by

( ), ( ) for the two-sample problem, and by ( ) for the
goodness-of-fit problem. This is done by considering the original test statistic U /{3 11— U, together

3Our results are presented for bandwidth selection, but they hold for more general kernel selection settings,
as considered by ( ). The results for the goodness-of-fit problem hold for a wider range of
kernels including the IMQ (inverse multiquadric) kernel ( s ), as in ( ).
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with By wild bootstrapped incomplete U-statistics Uy, ..., U f ! computed as in Equation (11), and
estimating the (1 —«)-quantile with a Monte Carlo approximation

Bi+1

o . b _ rre[Bi(1—0)]
Q= 1nf{teR.1—o¢§Bl+1 bzgl(UASt)}—UA , (13)
where U;l < ... < U;Bﬁ'l are the sorted elements U/{, ce Ufl+l. The test Ag is defined as

rejecting the null if the original test statistic Uy is greater than the estimated (1 —«)-quantile, that is,
ANZN) =1(TUAZnN) > TG y) -

We show in Proposition 1 that the test A has well-calibrated asymptotic level for goodness-of-fit
testing, and well-calibrated non-asymptotic level for two-sample and independence testing. The proof
of the latter non-asymptotic guarantee is based on the exchangeability of U}, ..., U /{3 11 ynder the
null hypothesis along with the result of ( , Lemma 1). A similar proof strategy
can be found in ( , Proposition 2), ( , Proposition 1), and

( , Proposition 1). The exchangeability of wild bootstrapped incomplete U-statistics for
independence testing does not follow directly from the mentioned works. We show this through an
intriguing connection between the MMD kernel and the HSIC kernel (proof deferred to Appendix C).

Proposition 1. The test A has level o € (0,1), i.e., PHO(AQ(ZN) = 1) < «. This holds non-
asymptotically for the two-sample and independence cases, and asymptotically for goodness-of-fit.*

Having established the validity of the test A2, we now study power guarantees for it in terms of
the L?-norm of the difference in densities ||p — ¢||2. In Theorem 1, we show for the three tests that,
if |[p — ¢l|2 exceeds some threshold, we can guarantee high test power. For the two-sample and
independence problems, we derive a uniform separation rate ( , ) over Sobolev balls

sir) = {1 e LR N IARY: [ JepIf©OPE < erR) a4

with radius R > 0 and smoothness parameter s > 0. This uniform separation rate is the smallest
value of ¢ such that for any alternative with ||p — g||2 > t and p — ¢ € S;(R) the probability of type
I error of A2 can be controlled by 3 € (0, 1). Before presenting Theorem 1, we need to introduce
more notation unified over the three testing frameworks; we define the integral transform 7T as

MA@ = [ T@Ka9)dy (1s)

for f € L? (Rd), z € R?, where Ky = k) for the two-sample problem, Ky = ky ® £, for the
independence problem, and K = h?ﬁlg for the goodness-of-fit problem. Note that, for the two-
sample and independence testing frameworks, since Ky is translation-invariant, the integral transform
corresponds to a convolution. However, this is not true for the goodness-of-fit framework as h}fﬁ? is
not translation-invariant. We are now in a position to present our main contribution in Theorem 1:
we derive a power guarantee condition for our tests using incomplete U -statistics, and a uniform

separation rate over Sobolev balls for the two-sample and independence settings.
Theorem 1. (i) Let agy)\ = E[h)\(Z, Z’)Q]. Assume |||l < M and ||q||co < M for some M > 0.
For A € (0,00)% with A1 ---X\g <1, a € (0,e71), B € (0,1), By > %(ln(%) +a(l —a)), if

N In(1/a)

Ip—qll3 > II(p—q)—Tx(p—q)H%JrCfTUu for some constant C' > 0,

then PHl(Ag(ZN) = 0) < B (type Il error), where o9 x < C/\/A1 -+ Ag for MMD and HSIC.

(ii) Fix R > 0 and s > 0, and consider the bandwidths X! = (N/L)>/(*s+4) fori =1,...,d. For
MMD and HSIC, the uniform separation rate of A;\* over the Sobolev ball S3(R) is (up to a constant)

(N/L)2S/(4S+d) .

“Level is non-asymptotic for the goodness-of-fit case when using a parametric bootstrap ( , ).



209
210
211
212
213
214
215
216

217
218

219

220

221

222
223
224
225
226
227
228
229

230

231

The proof of Theorem 1 relies on the variance and quantile bounds presented in Lemmas 1 and 2, and
also uses results of ( ) and ( s ) on complete U-statistics. The
details can be found in Appendix F. The power condition in Theorem 1 corresponds to a variance-bias
decomposition; for large bandwidths the bias term (first term) dominates, while for small bandwidths
the variance term (second term which also controls the quantile) dominates. We recall that the
minimax (i.e. optimal) rate over the Sobolev ball S5(R) is (1/N)?s/(4s+4) for the two-sample (

, , Theorem 5 (ii)) and independence ( , , Theorem 4) problems. We
highlight that the rate for our incomplete U-statistic test has the same dependence in the exponent as
the minimax rate; that is (N/L)?*/ 45+ = (1/)2s/(4s+) (NQ/L)QS/MSM) where we recall that
L < N? is the design size and N is the sample size. We reach the following conclusions.

o If L < N? then the test runs in quadratic time and we recover exactly the minimax rate.

o If N < L < N? then the rate still converges to 0 but we incur the cost (N2/L)2s/(4s+d)
in the minimax rate (trade-off between computational efficiency and rate of convergence).
o If L < N then there is no guarantee that the rate converges to 0.

6 Efficient aggregated kernel tests using incomplete U-statistics

We now introduce our aggregated tests that combine single tests with different bandwidths. Our
aggregation scheme is similar to those in ( ), ( ) and

, ), and can yield an adaptive test to the unknown smoothness parameter s of the
Sobolev ball S3(R), with relatively low price. Let A be a finite collection of bandwidths, (wx)ea
be associated weights satisfying > 0, ., wx < 1 and u,, be some correction term defined shortly in

Equation (16). Then, using the incomplete U-statistic Uy, we define our aggregated test A2 as
AMzZy) = I(U,\(ZN) > c?l’\fuuwk for some A\ € A).

The levels of the single tests are weighted and adjusted with a correction term

Uy = sup33{1t S (O mmw/\ > 5 Zl(max (U)\ U;[Bl(l_uw*ﬂ) > 0) < a}, (16)
2

where the wild bootstrapped incomplete U -statistics UAl, e Uf 2 computed as in Equation (11)
are used to perform a Monte Carlo approximation of the probability under the null, and where the
supremum is estimated using Bj steps of bisection method. Proposition 1, along with the reasoning
of ( , Proposition 8), ensures that A2 has non-asymptotic level o for the two-
sample and independence cases, and asymptotic level « for the goodness-of-fit case. We refer to the
three aggregated test constructed using incomplete U-statistics as MMDAggInc, HSICAggInc and
KSDAgglInc. The computational complexity of those tests is O (|A|(B1 + Bz)L), which means that
if L < N as in Equation (10), the tests run efficiently in linear time in the sample size.

We formally record error guarantees of A2 and derive uniform separation rates over Sobolev balls.
Theorem 2. (i) Let 03, = E[hr(Z,2")?]. Assume |pllc < M and ||qllcc < M for some
M > 0. Consider a collection A such that \1---\q < 1 forall \ € A. For a € (0,e™),
By > Z(In(§) +a(l—a)), By > 5 1n(3), Bs > logy (5 minyea wy '), if

lp—al3 > m1n<||( g) — Ta(p — Q)HPLCEW

then Py (AL (Zn) = 0) < B (type Il error), where o5 5 < C//X1 -+ Xq for MMD and HSIC.
(ii) Consider the collections of bandwidths and weights (independent of R and s)

A= {2 e (o) re {1 (3 logz(m(lf(%»ﬂ}}’ wy = Lg

For two-sample and independence problems, the uniform separation rate of A» over the Sobolev
balls {Sj(R) :R>0,5s> 0} is (up to a constant)

(ln(hz(/L]\/fN)))%MHd),

09, ,\> for some constant C > 0,
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The extension from Theorem 1 to Theorem 2 has been proved for complete U-statistics in the
two-sample ( s ; R ), independence ( s ) and
goodness-of-fit ( , ) testing frameworks. The proof of Theorem 2 follows with the
same reasoning by simply replacing N with L/N as we work with incomplete U-statistics; this
‘replacement’ is theoretically justified by Theorem 1. From Theorem 2, the aggregated test A2 is
adaptive over Sobolev balls {S *(R): R>0,s> O}: the test A2 does not depend on the unknown

smoothness parameter s (unlike Ag* in Theorem 1) and achieves the minimax rate up to an iterated
logarithmic factor and up to the cost incurred for efficiency of the test (i.e. L/N instead of N).

7 Minimax optimal permuted quadratic-time aggregated independence test

Considering Theorem 2 with our incomplete U-statistic with full design D = i)Y for which L < N2,
we have proved that the quadratic-time two-sample and independence aggregated tests using a W11d

bootstrap achieve the rate (In(In(N ))/N)QS/ 45+4) over the Sobolev balls {8;(R): R>0,s > 0}.
This is the minimax rate ( s ; s ), up to some 1terated logarithmic
term. For the two-sample problem, ( ) and ( ) show that this is also
true using complete U-statistics with either a wild bootstrap or permutations. Whether the equivalent
statement for independence test with permutations holds is unknown; the rate can be proved using
theoretical (unknown) quantiles with a Gaussian kernel ( . ), but has not yet been
proved using permutations. ( , Proposition 8.7) consider this problem, again using a
Gaussian kernel, but they do not obtain the correct dependence on « (i.e. In(1/«) is replaced with
a~1/2), hence they cannot recover the desired rate. As pointed out by ( , Section 8):
‘It remains an open question as to whether [the power guarantee] continues to hold when o= /2 is

replaced by In(1/«)’. We now prove that we can improve the «-dependence to In(1/ a)3/ % for any
bounded kernel of the form presented in Equation (12), and that this allows us to obtain the desired
rate over Sobolev balls {S5(R) : R > 0,5 > d/4}. The assumption s > d/4 imposes a stronger
smoothness restriction on p — g € S3(R), which is similarly also considered by ( ).
Theorem 3. Consider the quadratic-time independence test using the complete U -statistic HSIC

estimator with a quantile estimated using permutations as done by ( , Proposition 8.7),
with kernels as in (12) for bounded functions K; and Lj fori =1,...,dy, j=1,...,d,.

(i) Consider the assumptions of Theorem 1. For fixed R > 0 and s > d/4, with the bandwidths
A= N—2/Us+d) for i =1,...,d, the probability of type Il error of the test is controlled by 3 when

1 In(1 a3/2
p—dl > [(—q) - Toe(p— 2 + O~ /T

N ByA g

The uniform separation rate over the Sobolev ball S5(R) is, up to a constant, (1/N)

for some constant C' > 0.
2s/(4s+d)

(ii) Consider the assumptions of Theorem 2, the uniform separation rate over the Sobolev balls
{S85(R): R>0,s > d/4} is (In(In(N))/N) 2s/(4s+d) up to a constant, with the collections

A= {(24,...,24) € (0,00)*: 4 € {1,..., [?llogQ(hl(hi\(rN)))—‘}}’ wy = %

The proof of Theorem 3, in Appendix G, uses the exponential concentration bound of
( , Theorem 6.3) for permuted complete U-statistics. As discussed by ( , Section
8.3), their proposed sample-splitting method can also be used to obtain the correct dependency on a.

8 Experiments

For the two-sample problem, we consider testing samples drawn from a uniform density on [0, 1]¢
against samples drawn from a perturbed uniform density. For the independence problem, the joint
density is a perturbed uniform density on [0, 1]4:+4v, the marginals are then simply uniform densmes
Those perturbed uniform densities can be shown to he in Sobolev balls (

, ), to which our tests are adaptive. For the goodness-of-fit problem, we use a Gausman—
Bernoulli Restricted Boltzmann Machine as first considered by ( ) in this testing
framework. Details on the experiments (e.g. model/test parameters) are presented in Appendix B.
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Figure 1: Two-sample (a—d) and independence (e—h) experiments using perturbed uniform densities.
Goodness-of-fit (i—) experiment using a Gaussian-Bernoulli Restricted Boltzmann Machine. The
power results are averaged over 100 repetitions and the run times over 20 repetitions.

We consider our incomplete aggregated tests MMDAggInc, HSICAggInc and KSDAggInc, with
parameter R € {1,..., N — 1} which fixes the deterministic design to consist of the first R sub-
diagonals of the N x N matrix, thatis, D := {(¢,i+7r):i=1,...,N —rforr =1,..., R} with
size |D| = RN — R(R—1)/2. We run our incomplete tests with R € {1, 100,200} and also consider
the complete test which uses the full design D = i)Y. We compare their performances with current
linear-time state-of-the art tests: OST PSI ( , ) which performs kernel selection using
post selection inference, ME, SCF, FSIC and FSSD ( s s ,b) which evaluate
the witness functions at a finite set of locations chosen to maximize the power, and LSD (

, ) which uses a neural network to learn the Stein discrepancy (see Appendix B for details).

Similar trends are observed across all our experiments in Figure 1, in the three testing frameworks,
when varying the sample size, the dimension, and the difficulty of the problem (scale of perturbations
or noise level). The linear-time tests Agglnc R = 200 almost match the power obtained by the
quadratic-time tests AggCom in all settings (except in Figure 1(i) where the difference is larger)
while being computationally much more efficient as can be seen in Figure 1(d,h,l). The incomplete
tests with R = 100 has power only slightly below the one using R = 200, and runs roughly twice
as fast (Figure 1(d,h,])). In all experiments, those three tests (Agglnc R = 100, 200 and AggCom)
have significantly higher power than the linear-time tests which optimize test locations (ME, SCF,
FSIC and FSSD); in the two-sample case the aggregated tests run faster for small sample size but
slower for large sample size, in the independence case the aggregated tests run much faster, and in
the goodness-of-fit case the tests optimizing test locations run faster. While both types of tests are
linear, we note that the run times of the tests of ( , ,b) increase slower
with the sample size than our aggregated tests with R = 100, 200, but a fixed computational cost is
incurred for the optimization step, even for small sample sizes. In the goodness-of-fit framework, LSD
matches the power of KSDAggInc R = 100 when varying the noise level in Figure 1(k) (KSDAggInc
R = 200 has higher power), and matches the power of KSDAggInc R = 200 when varying the
hidden dimension in Figure 1(j) where d,, = 100. When varying the sample size in Figure 1(i), both
KSDAgglInc tests with R = 100, 200 achieve much higher power than LSD. Unsurprisingly, Agglnc
R =1, which runs much faster than all the aforementioned tests, has low power in every experiment.
For the two-sample problem, it obtains slightly higher power than OST PSI which runs even faster.
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