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Abstract

Recently complex-valued neural networks have received increasing attention due1

to successful applications in various tasks and the potential advantages of better2

theoretical properties and richer representational capacity. However, the training3

dynamics of complex networks compared to real networks remains an open prob-4

lem. In this paper, we investigate the dynamics of deep complex networks during5

real-valued backpropagation in the infinite-width limit via neural tangent kernel6

(NTK). We first extend the Tensor Program to the complex domain, to show that7

the dynamics of any basic complex network architecture is governed by its NTK8

under real-valued backpropagation. Then we propose a way to investigate the9

comparison of training dynamics between complex and real networks by studying10

their NTKs. As a result, we surprisingly prove that for most complex activation11

functions, the commonly used real-valued backpropagation reduces the training12

dynamics of complex networks to that of ordinary real networks, thus eliminating13

the characteristics of complex-valued neural networks. Finally, we study the results14

numerically and the experiments verify our theoretical findings.15

1 Introduction16

Recently complex-valued neural networks have been successfully applied to various tasks, such17

as time-series prediction [Wisdom et al., 2016], computer vision [Trabelsi et al., 2018], signal18

processing [Yao et al., 2020]. Compared to real-valued neural networks, it is shown that complex19

networks have the potential to provide richer representational capacity [Arjovsky et al., 2016], faster20

learning [Danihelka et al., 2016], better motivation and generalization for signal-related tasks [Hirose21

and Yoshida, 2012, Tygert et al., 2016]. Theoretically, there have been significant advances for22

complex networks regarding the universal approximation property [Voigtlaender, 2020], critical23

points [Nitta, 2002], local minima [Nitta, 2013] and separation results [Zhang et al., 2021].24

However, training deep complex networks has been challenging because of several non-intuitive25

analytical properties of complex algebra. Firstly, in practice, we often deal with a real-valued cost26

function, which is non-analytic with respect to complex-valued parameters. Secondly, Liouville’s27

theorem asserts that every bounded and complex-differentiable function is a constant. Thus almost28

all activation functions are non-analytic due to the preference for boundedness before the popularity29

of ReLU [Scardapane et al., 2018]. Moreover, Voigtlaender [2020] has proved that the universal30

approximation property holds only when using non-holomorphic activation functions.31

Due to these reasons, different backpropagation algorithms in the complex domain were independently32

proposed for non-holomorphic networks [Bassey et al., 2021], mostly by optimizing the real and33

imaginary components separately. Recently, real-valued backpropagation [Nitta, 1997] is widely34

used due to the convenience of utilizing the real-valued deep learning library [Arjovsky et al., 2016,35

Trabelsi et al., 2018, Tan et al., 2020]. It optimized the complex network just like a real network by36
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computing partial derivatives of the cost with respect to the real and imaginary parts separately and37

achieved state-of-the-art performance.38

As a result, a natural and fundamental problem in complex-valued neural networks arises: Do complex39

networks have a different inductive bias from real networks during training? Do complex networks40

trained by gradient descent tend to learn different hypotheses from real networks? However, to the41

best of the authors’ knowledge, the training dynamics of backpropagation for complex networks42

compared to real networks remains open.43

In this paper, we investigate the training dynamics of deep complex networks under real-valued44

backpropagation from neural tangent kernel (NTK) perspective [Jacot et al., 2018], which captures45

the optimization behavior of neural networks in the infinite-width limit. Then we provide a way to46

investigate the comparison of training dynamics between complex and real networks via their NTKs.47

As a result, we obtain informative results which may guide the algorithm selection and complex48

network design in practice if people want to take full advantage of complex networks.49

Our contributions. Our main contributions can be summarized as follows:50

• First, we extend the Tensor Program [Yang, 2020] to the complex domain and show that for51

a complex-valued neural network of any basic architecture in the infinite-width limit, the52

training dynamics of real-valued backpropagation is determined by kernel gradient descent53

with a deterministic NTK at initialization.54

• Second, we investigate the comparison of training dynamics between complex and real55

networks based on their NTKs. We surprisingly prove that the commonly used real-valued56

backpropagation reduces the training dynamics of complex-valued multi-layer perceptrons57

(MLPs) to that of ordinary real MLPs, thus eliminating the characteristics of complex-valued58

neural networks. This result holds for most commonly used complex activation functions,59

including all split activation functions such as CReLU, CSigmoid, Ctanh; and part of60

magnitude-based holomorphic activation functions.61

• Finally, we study the results numerically, and the experiments verifies our findings. Specifi-62

cally, in several settings with different depths and various activation functions, the NTKs of63

complex networks converges to the NTKs of real networks as the widths grow.64

Organization. We start with some preliminaries and notations about complex networks and neural65

tangent kernels in Section 2. In Section 3, we investigate the NTK of complex-valued neural networks66

of any architecture during real-valued backpropagation in the infinite-width limit. Section 4 firstly67

presents the NTK of complex MLPs in any depth and then investigates the conditions that training68

dynamics of complex-valued MLPs reduce to that of ordinary real MLPs. We verified our results69

empirically in Section 5. Finally we discuss the related works and conclude the paper. Due to the70

limited space, all proofs are placed in the appendices.71

2 Preliminaries72

2.1 Complex-Valued Neural Networks73

Without loss of generality, we focus on complex-valued neural networks with real-valued output74

fθ(z) ∈ Rdout with parameter set θ ∈ Cp, input z ∈ Cd and z = x+yi with x,y ∈ Rd, and trained75

by real-valued backpropagation algorithm (also called complex-BP or generalized complex BP, see76

Appendix B for more details), which is conventional in the literature [Arjovsky et al., 2016, Wisdom77

et al., 2016, Trabelsi et al., 2018, Zhang et al., 2021, Wu et al., 2021]. Our analysis can be naturally78

applied to complex-valued output by decomposing the real and imaginary part of output into two79

functions, or applied to real-valued input by treating its imaginary part as zero.80

For an L-hidden layer complex network, we denote the output of last hidden layer as hL ∈ Cn.
Without loss of generality, we consider that the output of a complex network with a linear readout
layer is achieved via

fθ(z) = ℜ{WL+1hL}
where WL+1 ∈ Cn×dout [Wisdom et al., 2016, Zhang et al., 2021]. Note that there are other two81

common forms of linear readout layer to generate real-valued output, like fθ(z) = WL+1ℜ{hL}82
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where the output weight WL+1 ∈ Rn×dout [Wu et al., 2021], and fθ(z) = WL+1

[
ℜ (hL)
ℑ (hL)

]
83

where WL+1 ∈ R2n×dout [Arjovsky et al., 2016]. They can be treated as special cases of our settings.84

For a complex-valued neural network fθ(z), we can always decompose all the complex operations85

into two-dimensional real-valued operations, denoted as f[θR,θI ]([x,y]) where θR, θI ∈ Rp are the86

real and imaginary parts of all complex parameters respectively. However, it would be erroneous to87

assume that a complex network is equivalent to an ordinary real-valued neural network, because the88

operation of complex multiplication limits the degree of freedom [Hirose and Yoshida, 2012].89

2.2 Neural Tangent Kernel90

For a real-valued deep neural network fθr (x) ∈ Rdout with parameter set θr ∈ Rp and input x ∈ Rd,91

its Neural Tangent Kernel (NTK) under gradient descent is defined as92

Θ̂r (x,x
′) = ⟨∇θrfθr (x),∇θrfθr (x

′)⟩ (1)
which quantifies the functional gradient descent when taking an infinitely small gradient step on93

a new observation. In case fθr corresponds to an infinite width MLP, Jacot et al. [2018] showed94

that Θ̂r (x,x
′) converges to a limiting kernel Θ̊r (x,x

′) at initialization and remains frozen during95

training, i.e.,96

lim
n→∞

Θ̂t
r (x,x

′) = lim
n→∞

Θ̂0
r (x,x

′) = Θ̊r (x,x
′) ∀ training time t,

which could give an accurate description of training dynamics with kernel gradient descent trajectory.97

Thus a infinitely wide neural network is governed by a linear model based on its first order Taylor98

expansion in the parameter space [Lee et al., 2019].99

Tensor Programs. After the original NTK was derived from multi-layer perceptrons, it is soon100

extended to a variety of network structures including convolution neural networks (CNTK) [Arora101

et al., 2019], recurrent neural networks (RNTK) [Yang, 2019, Alemohammad et al., 2020], graph102

neural networks (GNTK) [Du et al., 2019] and so on. Importantly, Yang [2020], Yang and Littwin103

[2021] propose NETSOR⊤ program, a basic form in Tensor Programs series, and prove that for a real-104

valued neural network of any architecture that can be represented by NETSOR⊤ program language,105

its NTK converges to a deterministic limit and stays frozen during training in the infinite-width limit.106

Neural Tangent Kernel of complex networks. For a complex-valued neural network fθ(z), also107

denoted as f[θR,θI ]([x,y]), when it is trained by real-valued backpropagation, the empirical neural108

tangent kernel is as follows due to that the real and imaginary parts are optimized separately109

Θ̂ (z, z′) = ⟨∇θfθ(z),∇θfθ (z
′)⟩ = ⟨∇θRfθR(z),∇θRfθR (z′)⟩+ ⟨∇θIfθI (z),∇θIfθI (z

′)⟩ .
We can always rewrite the NTK as Θ([x,y], [x′,y′]). Note that at each layer of complex networks110

in both feed-forward and backward procedure, complex matrix multiplication structure leads to111

numerous interactions and weight sharing between the real and imaginary parts, which makes the112

analysis of the complex NTK challenging.113

3 Complex Tensor Program114

In this section, we show that complex-valued neural networks of any basic architecture also have115

NTK behavior in the infinite-width limit: the training dynamics of real-valued backpropagation is116

determined by kernel gradient descent with its NTK at initialization. Specifically, we extend the117

simplified NETSOR⊤ program [Yang, 2020] to the complex domain, and propose the basic Complex118

Tensor Program (CTP). Note that the complex networks are mostly non-holomorphic, thus we do not119

require the complex tensor program to represent the backward propagation of the complex networks.120

Definition 1 (Complex Tensor Program) Given an initial set V of random Cn vectors and a set W121

of random Cn×n complex matrices, a sequence of Cn vectors is called a complex tensor program if122

they are recursively generated through one of the following ways:123

ComNonlin Given ϕ : Ck → C and z1, . . . ,zk ∈ Cn, generate ϕ(z1, . . . ,zk) ∈ C;124

ComMatMul Given W ∈ Cn×n and z ∈ Cn, generate Wz ∈ Cn.125
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Obviously, the complex tensor program could represent the forward procedures of all basic complex126

network architectures, such as the generic feed-forward full-connected complex networks [Nitta,127

2004], the complex-valued recurrent neural networks [Wisdom et al., 2016] and complex-valued128

convolutional neural networks [Trabelsi et al., 2018, Tan et al., 2020].129

3.1 Complex network setup130

This subsection introduces the settings and assumptions of complex networks considered. Firstly we131

introduce the required assumption for activation functions of complex networks, which generalizes132

the assumption in Yang [2020] to the complex domain.133

Assumption 2 We assume that the complex activation function ϕ : Ck → C used in the complex134

networks and its derivative are polynomially-bounded, i.e., ϕ(z) satisfies that |ϕ(z)| ≤ C∥z∥p + c135

for some C, p, c > 0 and z ∈ Ck; so is its derivative.136

It is worth mentioning that numerous activation functions have been proposed to deal with complex-137

valued representations and basically they satisfy the assumption. For example, the most commonly138

used complex sigmoid function CSigmoid [Nitta, 1997, 2004] and complex hyperbolic tangent139

function Ctanh [Nitta, 2002], which apply sigmoid and hyperbolic tangent function respectively to140

the real part and imaginary part separately; Moreover, the recently proposed ReLU-based complex141

activation functions like CReLU [Trabelsi et al., 2018, Tan et al., 2020], zReLU [Guberman, 2016]142

and modReLU [Arjovsky et al., 2016] also satisfy the assumption.143

Complex NTK parametrization. For the complex weights, we initialize each W ∈ W with144

W = A +Bi = σA√
n
A + σB√

n
Bi where Aαβ , Bαβ ∼ N (0, 1), which we refer to as complex NTK145

parametrization. Without loss of generality, we set the variances of real and imaginary parts of146

all layers as σA and σB respectively in the following paper. It naturally extends the real-valued147

NTK parametrization [Jacot et al., 2018, Lee et al., 2019] to complex parameters. Note that this148

parametrization is non-vacuous because many previous works [Nitta, 1997, 2004] choose to initialize149

the real and imaginary parts separately.150

Setup. Consider a complex-valued neural network fθ(z) with complex NTK parametrization, its151

feed-forward procedure can be represented by a complex tensor program and complex activation152

functions all satisfy Assumption 2. Suppose that there is a multivariate Gaussian NV defined on153

R2|V| such that the real and imaginary variables of the initial set of vectors V are sampled like154

{ℜ[q]α : q ∈ V} ∪ {ℑ[q]α : q ∈ V} ∼ NV i.i.d. for each coordinate α ∈ [n]. For the output readout155

matrix WL+1, we also adopt complex NTK parametrization, and it is sampled independently from156

all other parameters and is not used anywhere else in the interior of the network. Without loss of157

generality, the network is trained by SGD with batch-size 1 and learning rate 1.158

3.2 NTK for any complex network159

Theorem 3 (Complex NTK at initialization) Consider a complex-valued neural network fθ(z)160

with above setup, then as its widths go to infinity, its NTK Θ̂(z, z′) at initialization converges almost161

surely to a deterministic limiting kernel Θ̊(z, z′) over any finite set of inputs.162

Corollary 4 (Complex NTK during training) Consider training a complex-valued neural network163

fθ(z) with above setup. At training time t, denote the input sample as zt and the loss function as164

Lt : R → R. Suppose Lt is continuous for all t. Then as widths approach infinity, for any z ∈ Cd165

and training time t, ft(z) converges almost surely to a random variable f̊t(z) and166

f̊t+1(z)− f̊t(z) = −Θ̊ (z, zt)L′
t

(
f̊t (zt)

)
, (2)

where Θ̊ (z, zt) is the limiting NTK of the complex network at initialization.167

The proofs of Theorem 3 and Corollary 4 are given in Appendix A. Theorem 3 and Corollary 4 show168

that for a complex-valued neural network of any architecture trained by real-valued backpropagation,169

its NTK at initialization converges to a deterministic limiting kernel in the infinite-width limit, and170

the training dynamics is determined by kernel gradient descent with the NTK at initialization.171
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4 Comparison of training dynamics between complex and real networks172

In this section, we focus on the important problem: when will complex networks have different173

inductive bias during training from real networks? The problem can not be solved unless the174

training dynamics of complex networks could be captured. Based on the NTK theory obtained in175

Section 3, we could provide a way to compare the training dynamics of complex and real networks176

by comparing their NTKs. Specifically, we have derived the NTK formula of complex multi-layer177

perceptrons (MLPs) and investigated the conditions under which complex MLPs trained by real-178

valued backpropagation will reduce to ordinary real MLPs in the infinite-width limit.179

4.1 Neural Tangent Kernel of complex multi-layer perceptrons180

This subsection presents the NTK formula of the most generic complex network, i.e., the L-hidden181

layer complex MLPs.182

The network performs the following computation at layer l ∈ [1, L]183

hl = sl + rli = ϕ(Wlhl−1) = ϕ ((Al +Bli)(sl−1 + rl−1i)) , (3)
where Wl = Al+Bli is the complex weight matrix and hl = sl+rli with hl ∈ Cn is the output of184

l-th layer. For the first layer, we set s0 = x and r0 = y where z = x+ yi and z ∈ Cd. Besides, the185

output of the complex network with a linear read-out layer is achieved via fθ(x) = Re{WL+1hL}186

where WL+1 ∈ Cn×dout . Suppose all activation functions ϕ satisfy the Assumption 2. Complex187

NTK parametrization is applied for all complex parameters W1 ∈ Cd×n,WL+1 ∈ Cn×dout and188

Wl ∈ Cn×n for l ∈ [2, L].189

We denote the real part of the l-th hidden layer pre-activation as αl(z) and the imaginary part as190

βl(z). In the feed-forward procedure, we denote the covariance kernel functions between the real191

and imaginary part of the pre-activations respectively as192

Σl
α (z, z′) = E

θ∼N

[
αl(z)

⊤αl (z
′) /n

]
, Σl

α,β (z, z
′) = E

θ∼N

[
αl(z)

⊤βl (z
′) /n

]
, (4)

Σl
β (z, z

′) = E
θ∼N

[
βl(z)

⊤βl (z
′) /n

]
, Σl

β,α (z, z′) = E
θ∼N

[
βl(z)

⊤αl (z
′) /n

]
. (5)

In the backward procedure, we denote the gradient vector of the real part of the l-th hidden193

layer pre-activation as δlα(z) :=
√
n
(
∇αl(z)fθ(z)

)
and that of the imaginary part as δlβ(z) :=194 √

n
(
∇βl(z)

fθ(z)
)
. Similarly, we denote the covariance kernel functions of the gradient vector195

between the real and imaginary part of the pre-activations respectively as196

Πl
α (z, z′) = E

θ∼N

[
δlα(z)

⊤δlα(z
′)/n

]
, Πl

α,β (z, z
′) = E

θ∼N

[
δlα(z)

⊤δlβ(z
′)/n

]
, (6)

Πl
β (z, z

′) = E
θ∼N

[
δlβ(z)

⊤δlβ(z
′)/n

]
, Πl

β,α (z, z′) = E
θ∼N

[
δlβ(z)

⊤δlα(z
′)/n

]
. (7)

Theorem 5 For a L-hidden layer complex MLP, with all activation functions satisfying Assumption 2,197

in the limit as all widths n → ∞, the empirical NTK at initialization converges to the following198

limiting kernel199

lim
n→∞

Θ̂ (z, z′) = Θ̊ (z, z′) = Θ (z, z′)⊗ Idout (8)

where200

Θ(z, z′) =

L∑
l=1

(
Πl

α(z, z
′)Σl

α(z, z
′) + Πl

β(z, z
′)Σl

β(z, z
′) (9)

+Πl
α,β(z, z

′)Σl
α,β(z, z

′) + Πl
β,α(z, z

′)Σl
β,α(z, z

′)
)
+ΣL+1

α (z, z′) (10)

where the covariance functions Σl
α,Σ

l
β ,Π

l
α,Π

l
β are defined in Eq. 4-7.201

The result is proved in the Appendix C, where the detailed recursions of intermediate kernels for the202

NTK calculation are also presented.203

Note that the NTK formula of a complex MLP looks very different from the NTK of a real MLP204

given by Jacot et al. [2018] due to the existence of interaction between real and imaginary parts,205

which is caused by joint weight sharing in complex matrix multiplication. However, if we go deeper,206

does there exist situations that the NTK of a complex MLP will reduce to that of a real MLP?207
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4.2 Asymptotic equivalence of training dynamics208

In this subsection, we provide our main results. Surprisingly, we show that, for commonly used209

complex activation functions, complex networks trained by real-valued backpropagation have the210

same inductive bias as real networks during training in the infinite-width limit.211

We first define asymptotic equivalence between neural networks, which represents a perspective to212

investigate when will a complex network have different inductive bias from a real network during213

training. It also helps if we change the network structure or backpropagation algorithms.214

Definition 6 Two neural networks trained by gradient descent are asymptotic equivalent , if as all215

widths go to infinity, their neural tangent kernels Θ̂ converge to the same deterministic limit Θ̊ at216

initialization and have the same optimization trajectory during training.217

The following theorem is our main result: if we train complex networks with real-valued back218

propagation, under very common conditions, the complex MLPs are asymptotic equivalent with real219

MLPs, thus they have the same training dynamics.220

Theorem 7 Consider a complex MLP in Eq. (3) and a ordinary real MLP with L hidden layers221

trained by real-valued backpropagation. Suppose σA = σB at initialization and the activation222

functions satisfy Assumption 2. As the widths go to infinity, they are asymptotic equivalent if the223

activation functions satisfy one of the following conditions224

Condition 1 All split activation functions ϕ satisfying ϕ(α, β) = ϕR(α) + ϕR(β)i225

Condition 2 A subset of holomorphic activation functions ϕ satisfying ϕ2(α, β) = ϕ1(β,−α)226

and ∂ϕ1(α,β)
∂β = ∂ϕ2(α,β)

∂α = 0227

where the general complex activation function is denoted as ϕ(α, β) = ϕ1(α, β) + ϕ2(α, β)i with228

input pre-activations α+ βi.229

In the Appendix D the result is proved and we also give the sufficient and necessary conditions.230

For simplicity, here we only show the most informative conditions. The key idea of the proof is231

transforming asymptotic equivalence into four complex conditions and find the common solutions232

based on Rules.F.13 in Appendix F.233

Discussion about the Condition 1. Note that most commonly used complex activation functions234

satisfy the Condition 1:235

ϕ(z) = ϕR(ℜ(z)) + ϕR(ℑ(z))i
like complex sigmoid function [Benvenuto and Piazza, 1992, Nitta, 1997], complex hyperbolic236

tangent function [Hirose and Yoshida, 2012], etc. It is also worth mentioning that the recently237

proposed ReLU-based complex activation function CReLU also satisfies the Condition 1, which has238

achieved the best performance in feed-forward complex networks in image processing tasks [Trabelsi239

et al., 2018, Tan et al., 2020] among all ReLU-based complex activation functions.240

Remark 8 Because of Liouville’s theorem, the only complex-valued functions that are bounded and241

analytic everywhere are constants. Thus in practice, one must choose between boundedness and242

analyticity for a complex activation function. Before the popularity of ReLU, almost all activation243

functions in the real case were bounded. Consequently, previous works about complex networks244

always preferred non-analytic functions to preserve boundedness. Most commonly they applied split245

activation functions separately to the real and imaginary parts, as investigated in Bassey et al. [2021]246

and Scardapane et al. [2018]. So the condition contains most complex networks in practice.247

As a result, the theorem demonstrates that for complex networks with all these common complex248

activations, if they are trained by real-valued BP, then these complex networks reduce to real networks249

as widths grow, despite the joint interaction weight sharing caused by complex matrix multiplication250

structure. Consequently, real-valued backpropagation eliminates the characteristics of most complex251

networks. This may guide the selection of training algorithm in practice if people want to take full252

advantage of complex networks, and encourage people to use backpropagation algorithms specially253

designed for complex networks, like Wirtinger calculus [Adali et al., 2011].254
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Figure 1: Convergence of complex NTKs to corresponding real NTKs at initialization. One input
z = 1− i is fixed and the other input z′ = cosα+ sinαi varies with α ∈ [0, 2π]. The black line is
the limiting NTKs of real MLPs Θ̊r(z, z

′) while the light blue and blue ones are empirical NTKs of
complex MLPs Θ̂(n)

0 (x, x′) with width n = 100 and 1000. For each width, Θ̂(n)
0 (z, z′) is calculated

100 times randomly, corresponding to 100 lines in the figure.

Discussion about the Condition 2. Condition 2 is also non-vacuous since it is a subset of Cauchy-255

Riemann condition. It includes all the magnitude-based ReLU-type complex activation functions.256

For example, we can easily obtain a modified modReLU [Arjovsky et al., 2016] and a modified257

phase-based ReLU satisfying Condition 2 as follows258

ϕ(z) =

{
z if |z| ≥ ρ,

0 otherwise.
ϕ(z) =

{
z if g(cos θz) ≤ γ,

0 otherwise.

where g(cos θz) can be any function of phase cos θz . Note that, these activation functions are259

analytic almost everywhere, and according to previous theory, they enjoy better theoretical results260

like separation results [Zhang et al., 2021] and local minima [Wu et al., 2021]. However, our results261

indicate that real-valued backpropagation eliminates these advantages of complex networks in the262

infinite-width limit, which further illustrates the inappropriateness of real-valued backpropagation.263

5 Empirical study264

In this section, we empirically verify the relationship between NTKs of the complex networks and265

real networks, and investigate the network widths required for the establishment of our results.266

We consider complex-valued MLPs with one or two hidden layers and we use CReLU, modified267

modReLU, CSigmoid, Ctanh and zReLU as the activation functions. Note that all these activation268

functions satisfy the conditions of our theorem except zReLU. Through the following experiments,269

we want to check whether the empirical complex NTKs Θ̂(n)
t converge to the corresponding real270

NTKs Θ̊r with different activation functions as the widths n grow.271

For real networks, the input is the concatenated vector of the real and imaginary parts of the complex-272

valued input. Corresponded to the complex-valued fully-connected layer, we use the commonly used273

real-valued fully-connected layer without complex matrix multiplication structure. To implement274

the corresponding activation functions, complex-valued activation functions are transformed to real-275

valued ones in the following way: we divide the pre-activation vector into two half, treat the first276

half as real parts and the second as imaginary parts, as the input of ϕ(α, β). Then we concatenate277

the real and imaginary parts after activation. For split activation functions like CReLU, it can just278

correspond to real ReLU activation. In NTK initialization, the standard deviations are set as 1 for279

complex networks and scaled to
√
2 for real networks. All empirical NTKs of complex networks are280

calculated based on the Neural Tangents library [Novak et al., 2019].281
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Figure 2: Convergence of complex NTKs to corresponding real NTKs under various activation
functions with a larger range of widths. Left: three kinds of split activation functions satisfying
our conditions. Right: other complex-valued activation functions where modified modReLU satisfies
conditions and zReLU does not.

Verifying asymptotic equivalence at initialization. The first experiment shows the distribution282

of empirical NTKs of complex MLPs Θ̂(n)
t (z, z′) and analytic NTKs of real MLPs Θ̊r(z, z

′) with283

different z′ at initialization on a synthetic dataset. We define z = 1 − i and z′ = cosα + sinαi284

for α ∈ [0, 2π]. Then we can view Θ̂
(n)
t (z, z′) and Θ̊r(z, z

′) as functions of α. For the complex285

networks, we calculate empirical NTKs for hidden layer width n = 100, 1000 at initialization and286

hidden layer number l = 1, 2. In each case, we calculate Θ̂(n)
t (z, z′) 100 times with different random287

NTK initialization. We compare these empirical complex NTKs with corresponding real NTKs. In288

the case of CReLU, we calculate Θ̊r by the analytic form solution of NTK [Cho and Saul, 2009];289

in the case of zReLU and modified modReLU, it’s hard to get the closed form solution, so we use290

the average of a large mount of wide empirical NTKs to approximate Θ̊r. The results are shown291

in Figure 1. In the figure we observe that for CReLU and modified modReLU, which satisfy our292

conditions, their NTKs Θ̂(n)
0 concentrate to the NTKs of real MLPs Θ̊r perfectly, and when n = 1000,293

the convergence is more concentrated and the complex NTKs almost equal to real NTKs; for zReLU294

which does not satisfy the conditions, there’s a gap between complex and real NTKs. Therefore, the295

results verify our results perfectly and demonstrate our results are non-vacuous.296

Verifying asymptotic equivalence with more activation functions as widths grow much larger.297

In the first experiment, although for zReLU there is a gap between complex and real networks, the298

tendency is still similar. For the second experiment, we do the similar experiment on the same299

synthetic dataset, so that we can see what will happen when n becomes much larger. Besides,300

we consider more different activation functions which satisfy our conditions including CReLU,301

CSigmoid, Ctanh and modified modReLU with different hyper-parameters ρ. We calculate relative302

Frobenius norm ∥Θ̂(n)
0 (X,X)− Θ̊r(X,X)∥F /∥Θ̊r(X,X)∥F on set X with widths n ranging from303

25 to 213, which measures the difference between complex NTKs Θ̂(n)
0 and real NTKs Θ̊r. Figure 2304

shows the result. For all those split activation functions(CReLU, CSigmoid and Ctanh), the tendency305

of convergence remains unchanged even when the width n goes to quite a large number 213. The two306

curves of modified modReLU act similarly with that of split activation functions; However, the curve307

of zReLU does not converge at all at initialization.308

Verifying asymptotic equivalence during training. The third experiment investigates the conver-309

gence of difference between complex NTKs Θ̂(n)
t and real NTKs Θ̊r during training as the widths go310

to infinity on MNIST [LeCun et al., 1998]. We randomly choose a subset of MNIST as training set311

D = (X,Y ) (|D| = 128), and treat the first half of features as real parts, the second half as imaginary312

parts. Then we calculate relative Frobenius norm between empirical NTKs of complex networks at313

time t and real NTKs at initialization with widths n ranging from 25 to 210 at initialization (t = 0)314

and during training (t = 1000). Due to the memory limitations, we cannot try larger n. The learning315

rate η is 0.5 for l = 1 and 0.2 for l = 2. The results are shown in Figure 3. We can see that in all316

these cases, the relative Frobenius norm decreases as n goes up, regardless of the training steps and317

hidden layer numbers. Therefore, our theoretical results hold during training. More experiments318

verifying asymptotic equivalence can be found in Appendix E.319
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Figure 3: Convergence of complex NTKs to corresponding real NTKs as widths grow during
training. The Y-axis is the difference between empirical complex NTKs and corresponding real
NTK in terms of the relative Frobenius norm. At each point the relative Frobenius norm is calculated
20 times and the mean value is shown. The solid line indicates one hidden layer (L = 1) while the
dashdot line indicates two hidden layers (L = 2). The square marker indicates t = 0 (at initialization)
while the circle marker indicates t = 1000 (during training).

Empirical results. Overall, in the case of complex activation functions satisfying our theorems,320

such as CReLU and modified modReLU, complex NTKs Θ̂(n)
t converges to real NTKs Θ̊r quite321

well even the widths are about 1000; in the case of complex activation function that does satisfy our322

theorems like zReLU, the convergence from the complex NTK Θ̂
(n)
0 to the real NTK Θ̊r does not323

occur. This validates our theory perfectly and demonstrates that our conditions are non-vacuous.324

6 Related work325

Long before the popularity of deep learning, there have been many investigations on complex-326

valued neural networks [Hirose, 1992, Benvenuto and Piazza, 1992, Nitta, 1997]. However, It is327

always challenging to train complex networks due to analytical properties. The most notable reason328

is that almost all cost functions are real-valued and thus non-holomorphic. In order to perform329

backpropagation for complex networks, the conventional approach to overcome the limitation is to330

use separate derivatives with respect to the real-imaginary parts of a non-analytic function [Nitta,331

2004], or split amplitude-phase parts [Hirose, 1992]. Hirose and Yoshida [2012] has shown that split332

backpropagation for amplitude-phase parts could achieve better generalization than real networks333

on signal processing tasks. Backpropagation based on Wirtinger calculus [Wirtinger, 1927] has334

recently received increasing attention [Adali et al., 2011, Bassey et al., 2021], which presents an335

elegant alternative and allows keeping all computations in the complex domain. However, real-valued336

backpropagation [Nitta, 1997] is widely used recently to train deep complex networks due to the337

convenience of utilizing the real-valued deep learning library [Arjovsky et al., 2016, Trabelsi et al.,338

2018, Tan et al., 2020] and achieved state-of-the-art performance. Thus we start investigating from339

it. Theoretically, there have been important advances for complex networks regarding the universal340

approximation property [Voigtlaender, 2020], local minima [Nitta, 2013, Wu et al., 2021], separation341

results [Zhang et al., 2021]. However, to our best knowledge, there is still no theoretical analysis of342

the training dynamics of complex networks and the equivalence between complex and real networks.343

7 Conclusion344

In this paper, we first extend the NTK theory to the complex domain, and propose a way to compare345

the training dynamics between complex and real networks based on their NTKs. Surprisingly, we346

find that the commonly used real-valued backpropagation reduces the training dynamics of complex-347

valued MLPs to that of ordinary real MLPs, thus eliminating the characteristics of complex-valued348

neural networks. Empirical study verifies that our results are practical for commonly used complex349

activation functions. We hope the proposed method and results could help the design and analysis of350

training for complex networks. For future work, developing the analysis for more training algorithms351

and complex network structures will be exciting directions. It is also significant to consider other352

parametrizations in the future investigation.353
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