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Abstract

We study a practical algorithm for sparse principal component analysis (PCA) of
incomplete and noisy data. Our algorithm is based on the semidefinite program
(SDP) relaxation of the non-convex [;-regularized PCA problem. We provide
theoretical and experimental evidence that SDP enables us to exactly recover the
true support of the sparse leading eigenvector of the unknown true matrix, despite
only observing an incomplete (missing uniformly at random) and noisy version
of it. We derive sufficient conditions for exact recovery, which involve matrix
incoherence, the spectral gap between the largest and second-largest eigenvalues,
the observation probability and the noise variance. We validate our theoretical
results with incomplete synthetic data, and show encouraging and meaningful
results on a gene expression dataset.

1 Introduction

Principal component analysis (PCA) is one of the most popular methods to reduce data dimension
which is widely used in various applications including genetics, image processing, engineering, and
many others. However, standard PCA is usually not preferred when principal components depend
on only a small number of variables, because it provides dense vectors as a solution which degrades
interpretability of the result. This can be worse especially in the high-dimensional setting where the
solution of standard PCA is inconsistent as addressed in several works [Paull, 2007, Nadler, 2008,
Johnstone and Luj |2009]. To solve the inconsistency issue and improve interpretability, sparse PCA
has been proposed, which enforces sparsity in the PCA solution so that dimension reduction and
variable selection can be simultaneously performed. Theoretical and algorithmic researches on sparse
PCA have been actively conducted over the past few years [Zou et al., [2006L |/Amini and Wainwright,
2008, Journée et al.l 2010, Ma, [2013] [Lei and Vul 2015} Berk and Bertsimasl, 2019} [Richtarik et al.|
2021]).

In this paper, we consider a special situation where the data to which sparse PCA is applied are not
completely observed, but partially missing. Missing data frequently occurs in a wide range of machine
learning problems, where sparse PCA is no exception. There are various reasons and situations where
data becomes incomplete, such as failures of hardware, high expenses of sampling, and preserving
privacy. One concrete example is the analysis of single-cell RNA sequence (scRNA-seq) data [Park
and Zhao, [2019]], where the cells are divided into several distinct types which can be characterized
with only a small number of genes among tens of thousands of genes. Sparse PCA can be effectively
utilized here to reduce the dimension (from numerous cells to a few cell types) and to select a small
number of genes that affect the reduced data. However, since scRNA-seq data usually have many
missing values due to technical and sampling issues, the existing sparse PCA theory and method
designed for fully observed data cannot be directly applied, and new methodology and theory are in
demand.
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Despite the need for theoretical research and algorithmic development of sparse PCA for incomplete
data, there have not been many studies yet. Lounici [2013[] and Kundu et al.[[2015] considered two
different optimization objectives for sparse PCA on incomplete data, which impose [; regularization
and [y constraint on the classic PCA loss function using a (bias-corrected) incomplete matrix,
respectively. It was shown that the solution of each problem has a non-trivial error bound under
certain conditions, but the optimization problems they considered are either nonconvex or NP-hard,
and thus theoretical studies of computational feasible algorithms are still lacking. More recently,
Park and Zhaol| [2019] proposed a computationally tractable two-step algorithm based on matrix
factorization and completion, but its first step is an iterative algorithm that requires singular value
decomposition in every iteration, which incurs a lot of cost in memory and time under a high-
dimensional setting.

With this motivation, we suggest a computational friendly convex optimization problem via a
semidefinite relaxation of the /; regularized PCA, to solve the sparse PCA on incomplete data. We
note that very efficient scalable SDP solvers exist in practice [Yurtsever et al.,[2021]]. We assume that
the unknown true matrix M* € R%*? is symmetric and has a sparse leading eigenvector u;. Our
goal is to exactly recover the support of this sparse leading eigenvector, i.e., to find the set J correctly
where J = supp(u1) = {i : u1; # 0}. Given a noisy observation M for the unknown true matrix
M*, it is intuitive to consider imposing a regularization term on the PCA quadratic loss that aims to
find the first principal component. When using the /; regularizer, the optimization problem can be
written as:
& = argmaxx' Mz — pllz|?.
zTz=1

Hence, J is estimated with supp(2). However, this intuitively appealing objective is nonconvex and
very difficult to solve, so the following semidefinite relaxation can be considered as an alternative:

X = argmax (M,X)—p|X|..
X>0and tr(X)=1

By letting X = zx ", the equivalence of the above two objective functions can be easily justified.
Since supp(x) = supp(diag(zz ")), we estimate the support .J by J = supp(diag(X)) in the
semidefinite problem. This kind of relaxation has been studied by d’ Aspremont et al.|[2004] and |Lei
and Vu|[2015]], but their works were limited to complete data. Surprisingly, without any additional
modifications on the relaxation problem such as using matrix factorization or matrix completion, we
show that it is possible to exactly recover true support J with the above semidefinite program itself
when M is an incomplete observation. Our main contribution is to prove this claim theoretically and
experimentally.

In Section 3] we provide theoretical justification (i.e., Theorem [I)) that we can exactly recover the
true support J with high probability by obtaining a unique solution of the semidefinite problem,
under proper conditions. The conditions involve matrix coherence parameters, the spectral gap
between the largest and second-largest eigenvalues of the true matrix, the observation probability
and the noise variance, which are discussed in detail in Corollaries E] and @ Specifically, we show
that the sample complexity is related to the matrix coherence parameters as well as the matrix
dimension d and the support size s. We prove that the observation probability p has the bound of

pP=w (ﬁﬂ) in the worst scenario in terms of the matrix coherence, while it has a smaller lower

bound p=w (m
incomplete synthetic datasets and a gene expression dataset. The experiment on the synthetic datasets
validate our theoretical results, and the experiment on the gene expression dataset gives us a consistent
result with prior studies.

) in the best scenario. In Section we provide experimental results on

2 Preliminaries

2.1 Notation

We first introduce the notations used throughout the paper. Matrices are bold capital, vectors are bold
lowercase and scalars or entries are not bold. For any positive integer n, we denote [n] := {1,...,n}.
For any vector a € R and index set J C [d], a; denotes the |.J|-dimensional vector consisting of
the entries of a in .J. For any matrix A € R%*% and index sets J; C [d;] and J2 C [da2], Ay, s,
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and Ay, .(A., j,) denote the |J1| x |Ja| sub-matrix of A consisting of rows in .J; and columns in Jo,
and the |J1| X da (dy X |J2|) sub-matrix of A consisting of rows in J; (columns in J5), respectively.
lall1, ||la|l2 and ||@||oo represent the I; norm, ls norm and maximum norm of a vector a, respectively.
{e; : i € [d]} indicates the standard basis of R%.

A variety of norms on matrices will be used: we denote by ||A||2 the spectral norm and by ||A|| F
the Frobenius norm of a matrix A. We let [|Al1,1 = >2c(a,1 je(as] [Aiil [[Allmax = [|A]loc,00 =
maXie(d,] jelds) [Aijls [All2,00 = maxje(a,) [|A: ;|2 and [[All1,0c = max;e(g,) A ;|1 represent
the /1 1 norm, the entrywise /o, norm, the l3 o, norm and the /; o, norm of a matrix A, respectively.
The trace of A is denoted ¢r(A), and the matrix inner product of A and B is denoted (A, B).
Also, 0;(A) and \;(A) represent the ith largest singular value and the ith largest eigenvalue of A,
respectively.

)

The notation C, C1,...,c,c1, ... denote positive constants whose values may change from line to
line. The notation f(z) = o(g(z)) or f(z) < g(z) means lim,_, f(x)/g(x) = 0; f(z) = w(g(x))
or f(z) > g(x) means lim,_, f(x)/g(z) = oo; f(z) = O(g(z)) or f(z) < g(x) means that
there exists a constant C such that f(x) < Cg(z) asymptotically; f(z) = Q(g(x)) or f(x) 2 g(z)
means that there exists a constant C' such that f(x) > Cg(x) asymptotically; f(z) = O(g(x))
or f(x) ~ g(x) means that there exists constants C' and C’ such that Cg(z) < f(z) < C'g(z)
asymptotically.

2.2 Model

We now introduce our model assumption. Suppose that an unknown matrix M* € R%*9 is symmetric.
The spectral decomposition of M* is given by

M* = Z )\k(M*)’U,k'U,;—,
keld]
where A (M*) > .-+ > \g(M*) are its eigenvalues and uy, ..., uy € R? are the corresponding

eigenvectors. We assume that A; (M™*) > Ao(M*) and the leading eigenvector u; of M* is sparse,
that is, for some set J € [d],

U,q 7é 0 ifieJ
uy,; = 0 otherwise.

With a notation supp(a) := {i € [d] : a; # 0} for any vector a € R?, we can write J = supp(u,).
Also, we denote the size of J by s.

Incomplete and noisy observation Suppose that we have only noisy observations of the entries of
M~ over a sampling set  C [d] x [d]. Specifically, we observe a symmetric matrix M € R?*¢ such
that

Mij = Mj; =05 - (Mj;+ €ij)

for1 <i < j <d, whered;; = 1if (i,j) € Qand J; ; = 0 otherwise, and ¢; ; is the noise at
location (4, 7). In this paper, we consider the following assumptions on random sampling and random
noise: for 1 < i < j <d,

* Each (i, ) is included in the sampling set 2 independently with probability p (that is,

i.d.d.
di; ~ Ber(p).)

* §; ;’s and €; ;s are mutually independent.

b E[Ei’j] = 0and Var[ei,j] = 0'2.

* |e; ;| < B almost surely.

3 Main Results
As mentioned in the introduction, we consider the following semidefinite programming (SDP) in
order to recover the true support J:

X = argmax (M, X)-p|X
X>0and tr(X)=1

1,15 1)
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where we estimate J by J = supp(diag(X)). We recall that (T) is a convex relaxation of the
following nonconvex problem:

& = argmaxx' Mz — pllz|?. (2)
zTz=1

In Theorem |1} we will show that under appropriate conditions, the solution of (I)) attains J=1J
with high probability. Our main technical tool used in the proof is the primal-dual witness argument
[Wainwright, 2009]]. We start with deriving the sufficient conditions for the primal-dual solutions of
(T) to be uniquely determined and satisfy supp(diag(X)) = J. We then establish a proper candidate
solution which meets the derived sufficient conditions, where we make use of the Karush-Kuhn-
Tucker (KKT) conditions of (2) to set up a reasonable candidate. We finally develop the conditions
under which the established candidate solution satisfies the sufficient conditions from the primal-dual
witness argument of (1)) with high probability. Detailed proof is given in Appendix

Theorem 1. Under the model defined in Section[2.2} assume that the following conditions hold:

Ki + ps .
2v/2. < min |uq 4/,
PO (M5 ;) — Mo (M ;)) — i fuil
p>2y[pst - {(1=p)IM3 1%+ (d = )507} + - [ M e

(K2 +p- 1M sll2)? - (14 V3)2 < {p- (M3 ) = Xa(M3) = 2 K — 2ps}
x {p- (M3 ;) = MM ) = Ky~ Ks = pd
where ¢ > 0, and K, K5 and K3 are defined as follows:

Ky :=(c+1)- Rylog(2s) + v/2(c+ 1) - Re+/log(2s)

Ky :=(c+ 1)~R310gd+ \/2 +1) - Ry\/logd

Kg = ( ) R5 IOg m RG\/ﬁ

and
Ry o= max{(1 = )M s + By DIMS, s lmas}

Ry :=+/p(1 = p)[IM7 ll2,00 + V/Ps0?,

R3 = max{(l —p)HM*cJ”max + Ba p||M*° JHmaX}’

Ry i= max{/p(1 = DM sllace + Vo(d = 5)0% /o= DIM 2.0 +V/p502),

Rs := max{(1 — p)HM*C,JCHmaX + B, pHM*C,JCHmax}?

6 1= VP(1 = p)IM7e jell2,00 + VD(d = 5)0>.

Then the optimal solution X to the problem (1) is unique and satisfies supp(diag(X)) = J with
probability at least 1 — s=¢ —d=¢ — (2s)7¢ — (2(d — s)) ™~

To better interpret the conditions of M* and p listed in Theorem [I| and understand under what
circumstance these conditions hold, we consider the following two particular scenarios:

(s1) B =09 =0, that is, the observation M is noiseless (but still incomplete).
(s2) The rank of M* is 1.

For both cases, we set p > 0.5 for simplicity. Under the first setting, we can re-express the conditions
on M* for exact sparse recovery of .J in a more interpretable way (specifically, in terms of coherence
parameters and spectral gap) as well as the conditions on p. In the second setting, we aim to investigate
that the maximum level of noise that is allowed by Theorem [T} Corollaries [I|and [2]include the results
of the two settings (s1) and (s2), respectively.

Before elaborating the details, we first define the coherence parameters of the sub-matrices M7 ;,
M*. ;and M. ..
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Definition 1 (Coherence parameters). We define the coherence parameters po(M7 ;), pi (MY ;),
p2 (M. ;) and p(M. ;) as follows:

U ( * ) L HMTLJHmaX " ( * ) L ||M§7J||max
0 T * * ) 1 s Y TR
I )‘1(MJ,J) - /\Q(MJJ) I ||MJ,J||2,oo

a0 i { DTl (1005 e D0l W0l
2 Je,J) = TaAre
M55 UM o TMT e S T e

* )_minwymmnMaymw}

:u“3( Je,Je * ? *
||MJC,JC||2 HMJC,JC
We use juo, p1, p2 and p3 as shorthand for po(M ;), pi(MY ;), pe(MY. ;) and ps(M7. ;)
respectively. Intuitively, when each coherence parameter is small, all the entries of the corresponding

) . 1 1 1
matrix have comparable magnitudes. Note that <= < po <1, 7 < <1, AT < <1,
75 Sps <L
Corollary 1. Assume that B = 02 =0, p > 0.5 and min;e j |uy ;| = (%) Denote Al(MjJ) -
A2(M ;) by ;\(M*JJ). If the following conditions hold:
1
- _ 3
Ho O(\[lOgS)’ ( )
1 s
M. s = {2, = 2221, 4
L5 e = 0 “E2) min {2, 21 @
* 1
||M e Je |max = O( MJJ mln{,LLS, log(d—s>}>’ (5)
A / = 0<m logs
(M 1 1
( - 10K -min{ 5= } (6)
||M c7J||max S \/g S\/S(d—s)
A(M},J)MS ) 1 })
||M*c“]c||max log(df ) ’
PAM ;)

then the conditions in Theorem|[I| hold asymptotically, that is, when s and d are sufficiently large, the

optimal solution X to the problem (1)) is unique and satisfies supp(diag(X )) = J with probability
atleast1 — s 1 —d=t — (2s)7t — (2(d — s)) L.

Conditions on true matrix M*  From the conditions in Corollary([I] we can find desirable properties
on the matrix M* as follows:

* Incoherence of M; ;, and coherence of M ;. ; and M. ;.: From the coherence parameter
in (3) and those in @), () and (6), we see that the sub-matrix M’ ; and the sub-matrices
M. ;and M. ;. are expected to be incoherent and coherent, respectively. This is different
from other problems involving incomplete matrices, such as matrix completion [[Candes
and Recht, 2009] and standard PCA on incomplete data [Cai et al., 2021]], where the entire
matrix, not a sub-matrix, is required to be incoherent.

We can easily check the need of incoherence of M. ; with an example that the sub-matrix
has only one entry with a large magnitude while the other entries have relatively small
values. Even if the true leading eigenvector of the sub-matrix is not sparse, the sparse PCA
algorithm may produce a solution J which has a smaller size than that of the true support J.
However, for Mj. ; and M. ;., coherence is preferable: intuitively speaking, when M. ;
and M j e are the most coherent, that is, only one entry is nonzero in each sub-matrix,
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and all other entries are zero, missing the entries in M. ; and M. ;. does not change the
leading eigenvector of M*. On the other hand, when M. ; and M. ;. are incoherent,
that is, all the entries have comparable magnitudes, missing only a few entries changes the
leading eigenvector and its sparsitency, so that sparse PCA is likely to fail to recover J. A
simple illustration can be found in the Appendix [A]

e Large spectral gap X(M?}’J) (= M(M7 ;) — A2(M ;)): This can be found in @), )
and (6). A sufficiently large spectral gap requirement has been also discussed in the work
on sparse PCA on the complete matrix [Lei and Vu,[2015]. It ensures the uniqueness and
identifiability of the orthogonal projection matrix with respect to the principal subspace. If the
spectral gap of eigenvalues is nearly zero, then the top two eigenvectors are indistinguishable
given the observational noise, leading to failure to recover the sparsity of the leading
eigenvector.

We also note that A (M7 ;) —A2(M7 ;) > A (M) —Xa(M™) since A\; (M ;) = M (M7)
and A2(M; ;) < Ao(M™). Hence, a large A1 (M) — A2(M™) implies a large S\(M*J,J).

* Small magnitudes of M. ; and M*. ;.: This can also be found in @), () and (6). This
condition is also natural: if the magnitudes are relatively small, missing the entries will not
make a big impact to the result.

Conditions on p (ratio of missing data) For simplicity, suppose that (M 7.0) = O(s) and
s = O(log d). Then from the conditions @) and (), we can write M. ;| lmax = €1 - min {ug, %}
for some €; = o(1) and ||[M7. jc|lmax = €2 - min {s,ug, @} for some €2 = o(1).

With these notations, we can write the condition @ as follows:
= = 1
p:()(mm{m ogs, 12 Vad M3 !
D €1 min{pg, %} €2 min{ug\/logd, \/%gd}

From the above equation, we can see that the matrix coherence (11, 2, pt3) and the matrix magnitudes
(in terms of €; and €5) affect the expected number of entries to be observed, as well as d and s. Let
us consider two extreme cases where the coherence parameters are maximized and minimized. We
discuss the bound of the sample complexity in each case.

* The best scenario where the bound of the sample complexity is the lowest: Suppose that

p1 = o(loés) and 1o = p3 = 1 (note that when 9 = o(m), 41 is upper bounded by

0( 155 )-) Then the condition (6) can be written as:

71_1):0 min{i1 1~\/g 710gd} =o0 min{i1 1\/§}
p Viogs' € d e Viogs' € dl )

As € is smaller (i.e., the magnitudes of the entries of M o,y are smaller,) the bound of p is
allowed to be smaller. In the best case, 4 / 1%’ = o((log 5)79%), thatis, p = w (m)

» The worst scenario where the bound of the sample complexity is the highest: Suppose that

=1 -1 L= L ; s . .
= 5 M2 VaTEn) and ps o—-1In this case, the condition @ can be written as:

1—p ( . { logs 1 1 1 1 })
—— =o( min , — - , — - )
p s € +sd e +/logd
Suppose that ¢; and €5 are not as small as ﬁ Then I_Tp is at most o(d~°%), that is,

P:W(ﬁ“)-

Next, we consider the second setting (s2) where the rank of M* is assumed to be 1, that is, M* =
A1 (M*)uju] (without loss of generality, we assume \; (M*) > 0.) Trivially, My ;=M ;. =
M Je ge = 0and Theoremcan be greatly simplified. Here, we focus on analyzing how much noise
(parameters B and ¢?) is allowed.
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Corollary 2. Assume that p > 0.5 and the rank of M* is 1, that is, M* = \;(M*)uyu; . Let
124922 18v/2a5 —/(4— T== —8/2a2)?+512a2(1++/5)?

s

4v2+v/2- 252 41602 —16v2a2 (1++/5)2

o 1 logd vV max{d—s,s}-\/Iogd _ 1\ log(2(d—s log(2(d—s))
where a; = (2~ 5) ' Sﬂlfg@s) 1652+/d—s and as = (2— 5) ' S\g/(ilog(lz; + 1652 -
If the following conditions hold:

A1 (M*) > 0. Suppose that s and d satisfy % <

max; je s |Uu1,iU1,;] 1
minges|urs] T 16v/2log(2s)’
maxe s |1, 1 P

minje ;s [u] ~ 16v/24/log(2s) Vi-p
B < (2p = DM (M”) - max [ug ua 51,
i,j€ '

1
03 ot —5) < p < —  pA (M) - min 4
V2 \/po?s?( S)<p_8ﬁs pAL (M) ie}l‘ul,”’

then the optimal solution X to the problem (l)) is unique and satisfies supp(diag(f( ) = J with
probability at least 1 — s~ —d~* — (2s) 71 — (2(d — s))~ L.

Conditions on noise parameters B and 02 For simplicity, let A\;(M*) = O(s) and V|u; ;| =

@(%) Then the above conditions in Corol]aryimply that

p

B < d o2 < —— .
Sp and o S Bd—s)

The condition for B is relatively moderate while 2 needs to be extremely small to satisfy the
condition in Corollary [2| We comment this is only a sufficient condition, and the experimental results
show that (T) can succeed even with o2 larger than the aforementioned bound.

4 Numerical Results

We perform the SDP algorithm of (1)) on synthetic and real data to validate our theoretic results
and show how well the true support of the sparse principal component is exactly recovered. Our
experiments were executed on MATLAB and standard CVX code was used, although very efficient
scalable SDP solvers exist in practice [Yurtsever et al.,[2021]].

4.1 Synthetic Data
We perform two lines of experiments:

1. With the spectral gap A\;(M*) — A\o(M*) and the noise parameters B and o? fixed, we
compare the results for different s and d.

2. With s and d fixed, we compare the results for different spectral gaps and noise parameters.

In each experiment, we generate the true matrix M* as follows: the leading eigenvector u; is set
to have s number of non-zero entries. Ao(M*), ..., Ag(M*) are randomly selected from a normal
distribution with mean 0 and standard deviation 1, and A, (M™*) is set to A2(M™*) plus the spectral
gap. The orthogonal eigenvectors are randomly selected, while the non-zero entries of the leading
eigenvector u; are made to have a value of at least 2,1?

When generating the observation M, we first add to M the entry-wise noise which is randomly
selected from a truncated normal distribution with support [— B, B]. The normal distribution to be
truncated is set to have mean 0 and standard deviation o, ,rmq;- After adding the entry-wise noise,
we generate an incomplete matrix M by selecting the observed entries uniformly at random with
probability p € {0.1,0.3,0.5,0.7,0.9}.

In each setting, we run the algorithm (1]) and verify if the solution exactly recovers the true support.
We repeat each experiment 30 times with different random seeds, and calculate the rate of exact
recovery in each setting.
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Figure 1: Results of experiment 1 on synthetic data.

Experiment 1 In this experiment, we fix the spectral gap A1 (M*) — Ao(M™) as 20 and the noise
parameters B and o2 as 5 and 0.01. We use the tuning parameter p = 0.1. We try three different
matrix dimensions d € {20, 50, 100} and three different support sizes s € {5, 10,20}.

To check whether the bound of the sample complexity obtained in Corollary [T]is tight, we calculate
the coherence parameters and the maximum magnitudes of the sub-matrices at each setting, and

calculate the following rescaled parameter:

A /%qnin {,ul\/logs,
—-p

M, ) oo
M5

1

. 1
win{ -

) MM ps 1
’ ||M§C,Jchax log(d

Vs(d—s)

_S)}’

which is derived from (6). If the exact recovery rate versus this rescaled parameter is the same across
different settings, then we empirically justify that the bound of the sample complexity we derive is
"tight" in the sense that the exact recovery rate is solely determined by this rescaled parameter.

Figure[T]shows the experimental results. The two plots above are the experimental results for different
values of s when d = 100, and the two plots below are for different values of d when s = 10.
The x-axis of the left graphs represents p, and the x-axis of the right graphs indicates the rescaled

parameter.

We can see from the two graphs on the right that the exact recovery rate versus the rescaled parameter
is the same in different settings of d and s. This means that our bound of the sample complexity is

tight.

Another observation we can make is that the exact recovery rate is not necessarily increasing or
decreasing as s or d increases or decreases. This is probably because coherences and maximum
magnitudes of sub-matrices are involved in the sample complexity as well.
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Figure 2: Results of experiment 2 on synthetic data.

Experiment 2 Here, we fix the matrix dimension d as 100 and the support size s as 50. We set
B = 5. We try three different spectral gaps Ay (M*) — A\o(M™*) € {10, 30,50} and three different
standard deviations of the normal distribution, op,ormar € {0.1,0.3,0.5}. We try two different tuning
parameters p € {0.1,0.01} and report the best result.

Figure [2| demonstrates the experimental results. The three plots show the results when 0 ,0mai 18
0.1, 0.3 and 0.5, respectively. The red, green and blue lines indicate the cases where the spectral
gap A\ (M*) — Ao(M™) is 50, 30 and 10, respectively. From the plots, we can observe that the exact
recovery rate increases as o2 is small and \; (M*) — \o(M*) is large, which is consistent with the
conditions we have checked in Corollaries[I]and R

4.2 Gene Expression Data

We analyze a gene expression dataset (GSE21385) from the Gene Expression Omnibus website
(https://www.ncbi.nlm.nih.gov/geo/.) The dataset examines rheumatoid arthritis synovial
fibroblasts, which together with synovial macrophages, are the two leading cell types that invade and
degrade cartilage and bone.

The original data set contains 56 subjects and 112 genes. We compute its incomplete covariance
matrix, where 87% of the matrix entries are observed since some subject/gene pairs are unobserved.
With this incomplete covariance matrix, we solve the semidefinite program in (I)) for sparse PCA
with p = 2.

By solving (TJ), we find that the support of the solution contains 3 genes: beta-1 catenin (CTNNB),
hypoxanthine-guanine phosphoribosyltransferase 1 (HPRT1) and semaphorin III/F (SEMA3F). Our
result is consistent with prior studies on rheumatoid arthritis since CTNNB has been found to be
upregulated [Iwamoto et al.|[2018]], SEMA3F has been found to be downregulated [Tang et al., 2018]],
and HPRT1 is known to be a housekeeping gene [Mesko et al.| [2013]].

S Concluding Remarks

We have presented the sufficient conditions to exactly recover the true support of the sparse leading
eigenvector by solving a simple semidefinite programming on an incomplete and noisy observation.
We have shown that the conditions involve matrix coherence, spectral gap, matrix magnitudes, sample
complexity and variance of noise, and provided empirical evidence to justify our theoretical results.
To the best of our knowledge, we provide the first theoretical guarantee for exact support recovery
with sparse PCA on incomplete data. While we currently focus on a uniformly missing at random
setup, an interesting open question is whether it is possible to provide guarantees for a deterministic
pattern of missing entries.


https://www.ncbi.nlm.nih.gov/geo/
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