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Abstract

Formulating and answering logical queries is a standard communication interface
for knowledge graphs (KGs) and their representations. Alleviating the notorious
incompleteness of real-world KGs, neural methods achieved impressive results
in link prediction and complex query answering tasks by learning representations
of entities, relations, and queries. Still, most existing query answering methods
are inherently transductive and cannot be generalized to KGs containing new en-
tities without retraining entity embeddings. In this work, we study the inductive
query answering task where inference is performed on a graph containing new
entities with queries over both seen and unseen entities. To this end, we devise
two mechanisms leveraging inductive node and relational structure representations
powered by graph neural networks (GNNs). Experimentally, we show that induc-
tive models are able to perform logical reasoning at inference time over unseen
nodes generalizing to graphs up to 500% larger than training ones. Exploring the
efficiency—effectiveness trade-off, we find the inductive relational structure method
generally achieves higher performance, while the inductive node representation
method is able to answer complex queries in the inference-only regime without any
training on queries and scale to graphs of millions of nodes.

1 Introduction

Traditionally, querying knowledge graphs (KGs) is performed via databases using structured query
languages like SPARQL. Databases can answer complex queries relatively fast under the assumption
of completeness, i.e., there is no missing information in the graph. In practice, however, KGs are
notoriously incomplete [31]. Embedding-based methods that learn vector representations of entities
and relations are known to be effective in simple link prediction predicting heads or tails of query
patterns (head, relation, ?), e.g., (Einstein, graduate, ?), forming the field of KG completion [1, 16].

Complex queries are graph patterns expressed in a subset of first-order logic (FOL) with operators
such as intersection (A), union (V), negation (—) and existentially quantified (3) variables', e.g.,
?U.3V : Win(NobelPrize, V) A Citizen(USA, V') A Graduate(V,U) (Fig. 1). Complex queries
define a superset of link prediction on KGs. The conventional link prediction task can be viewed as a
complex query with a single triplet pattern without logic operators, e.g., Citizen(USA, V'), which
we also denote as a projection query.

To tackle complex queries on incomplete knowledge graphs, query embedding methods are proposed
to execute logic operations in the latent space, including variants that employ geometric [14, 22, 37],
probabilistic [23, 8], neural-symbolic [25, 7, 5], neural [20, 4], and GNN [10, 3] approaches for
learning entity, relation, and query representations.

!The universal quantifier (V) is often discarded as in real-world KGs there is no node connected to all others.
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Where did US citizens with Nobel Prize graduate? g = v. 3u: Win(Nobel Prize,u) A Citizen(USA, u) A Graduate(u, v)

gtrain gvalid(gtest) (new nodes and edges)
win University
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ETH Zurich
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Figure 1: Inductive query answering problem: at inference time, the graph is updated with new nodes
Feynman and Princeton and edges such that the same query now has more answers.

However, this very fact of learning a separate embedding for each entity makes those methods
inherently transductive i.e., they are bound to the space of learned entities and can not be generalized
to unseen entities without retraining the whole embedding matrix which can be prohibitively expensive
in large graphs. The problem is illustrated in Fig. 1: given a graph about Einstein and a logical
query Where did US citizens with Nobel Prize graduate?, transductive QE methods learn to execute
logical operators and return the answer set {University of Zurich, ETH Zurich}. Then, the
graph is updated with new nodes and edges about Feynman and Princeton, and the same query now
has more correct answers {University of Zurich, ETH Zurich, Princeton} as new unseen
entities satisfy the query as well.

Such inductive inference is not possible for transductive models as they do not have representations for
new Feynman and Princeton nodes. In the extreme case, inference graphs might be disconnected
from the training one and only share the set of relations. Therefore, inductive capabilities are a key
factor to enable transferring trained query answering models onto updated or entirely new KGs.

In this work, we study answering complex queries in the inductive setting, where the model has to deal
with unseen entities at inference time. Inspired by recent advancement in inductive link prediction on
KGs [39, 12], we devise two solutions for learning inductive representations for complex query: 1)
The first solution, NodePiece-QE, extends the inductive node representation model NodePiece [12]
for complex query answering. NodePiece-QE learns inductive representations of each entity as a
function of tokens from a fixed-size vocabulary, and answers complex query with a non-parametric
logical query executor [5]. The advantages of NodePiece-QE are that it only needs to be trained
on simple link prediction data, answers complex queries in the inference-only mode, and that it can
scale to large KGs. 2) The second solution, NBFNet-QE, extends the inductive link prediction model
NBFNet [39] for complex query answering. NBFNet-QE learns inductive representations of the
relational structure without entity embeddings, and uses the relational structure between the query
constants and the answers to make the prediction. NBFNet-QE can be trained end-to-end on complex
queries, achieves much better performance than NodePiece-QE, but struggles to scale to large KGs.

To the best of our knowledge, this is the first work to study complex logical query answering in the
inductive setting. Conducting experiments on a novel benchmarking suite of 10 datasets, we find that
(i) both inductive solutions exhibit non-trivial performance answering logical queries over unseen
entities and query patterns; (ii) inductive models demonstrate out-of-distribution generalization
capabilities to graphs up to 500% larger than training ones; (iii) akin to updatable databases, inductive
methods can successfully find new correct answers to known training queries after adding new
nodes and edges; (iv) the inductive node representation method scales to answering logical queries
over a graph of 2M nodes with 500k new, unseen nodes; (v) GNN-based models still exhibit
difficulties [19, 34] generalizing to larger graphs than they were originally trained on.

2 Related Work

Knowledge Graph Completion. Knowledge graph completion, a.k.a. simple link prediction, has
been widely studied in the transductive paradigm [6, 32, 26, 36], i.e., when inference is performed
on the same training graph with a fixed set of entities. Generally, these methods learn a shallow
embedding vector for each entity. We refer the audience to respective surveys [1, 16] covering
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dozens of transductive embedding methods. The emergence of message passing [13] and Graph
Neural Networks (GNNs) has led to more advanced, inductive representation learning approaches
that model entity or triplet representations as a function of the graph structure in its neighborhood.
GralL [27] learns triplet representations based on the subgraph structure surrounding the two entities.
NeuralLP [33], DRUM [24] and NBFNet [39] learn the pairwise entity representations based on
the set of relation paths between two entities. NodePiece [12] learns entity representations from a
fixed-size vocabulary of tokens that can be anchor nodes in a graph or relation types.

Complex Query Answering. In the complex (multi-hop) query answering setup with logical
operators, existing models employ different approaches, e.g., geometric [14, 22, 37], probabilistic [23,
8], neural-symbolic [25, 7, 5], neural [20, 4], and GNN [10, 3]. Still, all the approaches are created
and evaluated exclusively in the transductive mode where the set of entities does not change at
inference time. To the best of our knowledge, there is no related work in inductive logical query
answering when an inference graph contains new entities. With our work, we aim to bridge this gap
and extend inductive representation learning algorithms to logical query answering. In particular,
we focus on the inductive setup where an inference graph is a superset of a training graph® such that
(i) inference queries require reasoning over both seen and new entities; (ii) original training queries
might have more correct answers at inference time with the addition of new entities.

3 Preliminaries and Problem Definition

Knowledge Graph and Inductive Setup. Given a finite set of entities £, a finite set of relations R,
and a set of triples (edges) T = (£ X R x &), a knowledge graph G is defined as G = (£,R, T).
Accounting for the inductive setup, we define a training graph Giuin = (Enainys R, Tirain) and inference
graph Giyr = (S, R, Tiny) such that £, C Eipand Ty C Tinp. That is, the inference graph extends
the training graph with new entities and edges®.The inference graph G, is an incomplete part of the
not observable complete graph Qinf- = (& R, ’ifnf) with ’ifnf = Ting U Tpreq Whose missing triples
Tprea have to be predicted at inference time.

First-Order Logic Queries. Applied to KGs, a first-order logic (FOL) query Q is a formula that
consists of constants C (C C &), variables V (V C &, existentially quantified), relation projections
R(a, b) denoting a binary function over constants or variables, and logic symbols (3, A, V, ). The
answers Ag(Q) to the query Q are assignments of variables in a formula such that the instantiated

query formula is a subgraph of the complete graph G.

Fig. 1 illustrates the logical form of a query Where did US citizens with Nobel Prize graduate? as
?U.3V : Win(NobelPrize, V) ACitizen(USA, V) AGraduate(V, U) where NobelPrize and USA
are constants; Win, Citizen, Graduate are relation projections (labeled edges); V, U - variables
such that V' is an existentially quantified free variable and U is the projected bound target of the
query. Common for the literature, we aim at predicting assignments of the query target whereas
assignments of intermediate variables might not always be explicitly interpreted depending on the
model architecture. In the example, the answer set Ag(Q) is a binding of a target variable U to
constants University of Zurich and ETH Zurich.

Inductive FOL Queries. In the standard transductive query answering setup, query constants and
variables at both training and inference time belong to the same set of entities, i.e., Cyrin = Cing C
&, Virain = Vinr C €. In the inductive setup covered in this work, query constants and variables at
inference time belong to a different and larger set of entities &;,r from the inference graph Gy, i.e.,
Cirain € Eirains Virain S Eirain DUt Cirg € Eip, Ving € Eiyy. This also leads to the fact that training queries
executed over the inference graph might have more correct answers, i.e., Ag,, (Q) € Ag, (Q). For
example (cf. Fig. 1), the inference graph is updated with new nodes Feynman, Princeton and their
new respective edges. The same query now has a larger set of intermediate variables satisfying the
formula (Feynman) and an additional correct answer Princeton. Therefore, inductive generalization
is essential for obtaining representations of such new nodes and enabling logical reasoning over both
seen and new nodes, i.e., finding more answers to known queries in larger graphs or answering new
queries with new constants. In the following section, we describe two approaches for achieving
inductive generalization with different parameterization strategies.

2The set of relation types is fixed.
3Note that the set of relation types R remains the same.
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Figure 2: Inductive node representation (NodePiece-QE, left) and relational structure (NBFNet-QE,
right) strategies for complex logical query answering. In NodePiece-QE, we obtain inductive node
representations through the invariant set of tokens (here, through incident relation types). NodePiece-
QE is the inference-only approach and is pre-trained with simple /p link prediction and can be
directly applied to inductive complex queries with a non-parametric decoder (e.g., CQD Beam). In
NBFNet-QE, we learn the the relative structure of each node w.r.t. the anchor nodes in the query.
NBFNet-QE is trainable end-to-end with complex queries.

4 Method

Inductive Representations of Complex Queries. Given a complex query Q = (C,Ro,G)), the
goal is to rank all possible entities according to the query. From a representation learning perspective,
this requires us to learn a conditional representation function f(e|C, Rg, G) for each entity e € £.
Transductive methods learn a shallow embedding for each answer entity e € £, and, therefore, cannot
generalize to unseen entities. For inductive methods, the function f(e|C, Rg,G) should generalize to
some unseen answer entity e’ (or unseen constant entity ¢’ € C’) at inference time. Here, we discuss
two solutions for devising such an inductive function.

The first solution is to parameterize the representation of each entity ¢ as a function of an
invariant vocabulary of rokens that does not change at training and inference. Particularly, the
vocabulary might consist of unique relation types R that are always the same for Gy, and Ginr, and
we are able to infer the representation of an unseen answer entity (or an unseen constant entity) as a
function of its incident relations (cf. Fig. 2 left). The idea has been studied in NodePiece [12] for
simple link prediction. Here, we adopt a similar idea to learn inductive entity representations for
complex query answering. Once we obtain the representations for unseen entities, we can use any
off-the-shelf decoding method (e.g., CQD-Beam [5]) for predicting the answer to the complex query.
We denote this strategy as NodePiece-QE.

The second solution is to parameterize f(¢|C, Rg,G) as a function of the relational structure.
Intuitively, an answer of a complex query can be decided solely based on the relational structure
between the query constants and the answer (Fig. 1). Even after anonymizing entity names (and,
hence, not learning any explicit entity embedding), we are still able to infer Princeton as an answer
since it forms a distinctive relational structure >+ with the query constants and conforms to the query
structure. Similarly, intermediate nodes will be deemed correct if they follow a relational structure
> . In other words, we do not need to know the answer node is Princeton, but only need to know
the relative position of Princeton w.r.t. the constants like Nobel Prize and USA. Based on this
idea, we design f(e|C,Rg,G) to be a relational structure search function. Such an idea has been
studied in Neural Bellman-Ford Networks (NBFNet) [39] to search for a single relation in simple
link prediction. Here, we chain several NBFNet instances with differentiable logic operations to learn
inductive complex query in an end-to-end fashion. We denote this strategy as NBFNet-QE.

4.1 NodePiece-QE: Inductive Node Representation

Here, we aim at reconstructing node representations for seen and new entities without learning shallow
node embedding vectors. To this end, we employ NodePiece [12], a compositional tokenization
approach that learns an invariant vocabulary of tokens shared between training and inference graphs.
Formally, given a vocabulary of tokens ¢; € T, each entity e; is deterministically hashed into a set of
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representative tokens e; = [tq,...,t;]. An entity vector e; is then obtained as a function of token
embeddings e; = fo([t;,...,tk]),t; € TIT1%4 where the encoder function fy : R¥*4 — R? is
parameterized with a neural network 6.

Since the set of relation types R is invariant for training and inference graphs, we can learn relation
embeddings RI™!*¢ and our vocabulary of learnable tokens 7" is comprised of distinct relation types
such that entities are hashed into a set of unique incident relation types. For example (cf. Fig. 2 left),
a middle node from a training graph G, is hashed with a set of relations e; = [/1] that stands for
two unique incoming relations +' and one unique outgoing relation t. Passing the hashes through
fo, we can reconstruct the whole entity embedding matrix E/€»|*_Additionally, it is possible to
enrich entity and relation embeddings by passing them through a relational GNN encoder [30] over a
target graph G: E', R’ = GNN(E, R, G). In both ways, the entity embedding matrix E encodes a
joint probability distribution p(h, r, t) for all triples in a graph.

Having a uniform featurization mechanism for both seen and unseen entities, it is now possible to
apply any previously-transductive complex query answering model with learnable entity embeddings
and logical operators [22, 10, 23, 7]. Moreover, it was recently shown [5] that a combination of
simple link prediction pre-training and a non-parametric logical executor allows to effectively answer
complex FOL queries in the inference-only regime without training on any complex query sample.
We adopt this Continuous Query Decomposition algorithm with beam search (CQD-Beam) as the
main query answering decoder. CQD-Beam relies only on entity and relation embeddings E, R
pre-trained on a simple /p link prediction task. Then, given a complex query, CQD-Beam applies
t-norms and t-conorms [18] that execute conjunctions (A) and disjunctions (V) as non-parametric
algebraic operations in the embedding space, respectively.

In our inductive setup (Fig. 2), we train a NodePiece encoder fy and relation embeddings R (and
optionally a GNN) on the /p link prediction task over the training graph Gy,,;,. We then apply the
learned encoder to materialize entity representations of the inference graph El%#!*¢ and send them
to CQD-Beam that performs a non-parametric decoding of complex FOL queries over new inference
entities. The inference-only nature of NodePiece-QE is designed to be challenging and probing the
abilities for zero-shot generalization in performing complex logical reasoning over larger graphs.

4.2 NBFNet-QE: Inductive Relational Structure Representation

The second strategy relies on learning inductive relational structure representations instead of explicit
node representations. Having the same set of relation types R at training and inference time, we can
parameterize each entity based on the relative relational structure between it and the anchor nodes
in a given query. For instance (Fig. 2 right), given a query with a particular relational structure >
and a set of anchor nodes, the representation of each node captures its relational structure relative
to the anchor nodes. Each neighborhood expansion step is equivalent to the projection step. In our
example, immediate neighboring nodes will capture the intersection pattern >, and further nodes, in
turn, capture the extended intersection-projection structure >

Therefore, a node is likely to be an answer if its captured (or predicted) relational structure conforms
with the query relational structure. As long as the set of relations is fixed, relation projection is
performed in the same way for training or new unseen nodes. The idea of a one-hop (/p) projection
for simple link prediction has been proposed by Neural Bellman-Ford Networks (NBFNet) [39].

In particular, given a relation projection query (h,r,?), NBFNet assigns unique initial states h(%) to

all nodes in a graph by applying an indicator function hgo) = INDICATOR(h, v, 1), i.e., a head node h

is initialized with a learnable relation embedding 7 and all other nodes are initialized with zeros. Then,
NBFNet applies L relational message passing GNN layers where each layer [ has its own learnable
relation embedding matrix R; obtained as a projection of the initial relation R; = W;r + b;. Final
layer representations (") are passed through an MLP and activation function o to get a probability
distribution over all nodes in a graph p(t|h,7) = o(MLP(h(F))). As each query spawns a uniquely
initialized graph and message passing procedure, NBFNet is seen to be applying a labeling trick [35]
to model a conditional probability distribution p(¢|h, ) which is provably more expressive than a
joint distribution p(h, r, t) produced by standard graph encoders.

Applied to complex queries, chaining ¥ NBFNet instances allows to answer k-hop projection queries,
e.g., two instances for 2p queries. NBFNet-QE employs NBFNet as a trainable projection operator
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and endows it with differentiable, non-parametric product logic for modeling conjunction (A),
disjunction (V), and negation (=) over the fuzzy sets of all entities « € [0, 1]¢, i.e., after applying a
logical operator (discussed in Appendix A), each entity’s degree of truth is associated with a scalar
in range [0, 1]. For the next hop projection, the indicator function initializes a node state with a

relation vector r; weighted by a scalar probability predicted in the previous hop x.: héo) = Z.T;.
Differentiable logical operators allow training NBFNet-QE end-to-end on complex queries.

5 Experiments

We designed the experimental agenda to demonstrate that inductive representation strategies are able
to: (1) answer complex logical queries over new, unseen entities at inference time, i.e., when query
anchors are new nodes (Section 5.2); (2) predict new correct answers for known training queries when
executed over larger inference graphs, i.e., when query anchors come from the training graph but
variables and answers belong to the larger inference graph (Section 5.3); (3) generalize to inference
graphs of up to 500% larger than training graphs; (4) scale to inductive query answering over graphs
of millions of nodes when updated with 500k new nodes and SM new edges (Section 5.4).

5.1 Setup & Dataset

Dataset. Due to the absence of inductive logical query benchmarks, we create a novel suite of
datasets* based on FB15k-237 [28] (open license) and following the BetaE [23] query sampling
methodology. Given a source graph with £ entities, we sample |Eypin| = 7 - |E], 7 € [0.1,0.9] nodes
to induce a training graph G;,,;,. For validation and test graphs, we split the remaining set of entities
into two non-overlapping sets each with 157’ |€| nodes. We then merge training and unseen nodes
into the inference set of nodes &;,r and induce inference graphs for validation and test from those sets,
respectively, i.e., 5;,‘]’! = Eirain U Ey and 5}5]‘5’ = Eirain U Eresr. That is, validation and test inference
graphs both extend the training graph but their sets of new entities are disjoint. Finally, we sample and
remove 15% of edges Tpreq in the inference graphs as missing edges for link prediction pre-training
and query sampling. Overall, we sample 9 such datasets varying r to obtain ratios of inference graph
size to the training graph &/ Esrain from 105% to 550%.

For each dataset, we employ the query sampler from BetaE [23] to extract 14 typical query types
1p/2p/3p/2i/3i/ip/pi/2u/up/2in/3in/inp/pin/pni. Training queries are sampled from the training graph
Girain, validation and test queries are sampled from their respective inference graphs G, where at
least one edge belongs to Tprq and has to be predicted at inference time.

As inference graphs extend training graphs, training queries are very likely to have new answers being
executed over G;,r with simple graph traversal and without any link prediction. We create an additional
set of true answers for all training queries executed over the test inference graph G;*' to measure the
generalization capabilities of query answering models. This is designed to be an inference task and
extends the faithfullness experiment [25]. Dataset statistics can be found in Appendix B.

Evaluation Protocol. Following the literature [23], query answers are separated into two sets: easy
answers that only require graph traversal over existing edges, and hard answers that require inferring
missing links to achieve the answer node. For the main experiment, evaluation involves ranking of
hard answers against all entities having easy ones filtered out. For evaluating training queries on
inference graphs, we only have easy answers and rank them against all entities. We report Hits@ 10
as the main performance metric on different query types.

Implementation Details. All NodePiece [12]-based models were pre-trained until convergence on
a simple /p link prediction task with the relations-only vocabulary and entity tokenization, MLP
encoder, and ComplEx [29] scoring function. We used a 2-layer CompGCN [30] as an optional
message passing encoder on top of NodePiece features. The non-parametric CQD-Beam [5] de-
coder for answering complex queries is tuned for each query type based on the validation set of
queries, most of the setups employ a product t-norm, sigmoid entity score normalization, and beam
size of 32. Following the literature, the NBFNet-QE models were trained on 10 query patterns
(Ip/2p/3p/2i/3i/2in/3in/inp/pin/pni) where ip/pi/2u/up are only seen at inference time. Each model
employs a 4-layer NBFNet [39] as a trainable projection operator with DistMult [32] composi-

* Available to reviewers, will be published under the CCO license
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Figure 3: Aggregated Hits@ 10 performance of test queries (involving unseen entities) executed
on inference graphs of different ratios compared to training graphs. NodePiece-based models are
inference-only and support EPFO queries, NBFNet-QE is trainable and supports negation queries.

Table 1: Test Hits@10 results (%) on answering inductive FOL queries when &/ Eyrain = 175%.
avg, is the average on EPFO queries (A, V). avg,, is the average on queries with negation.
Model avg, avg, 1p 2p 3p 2i 3i pi ip 2u up 2in  3in inp pin pni
BetaE (transductive) 18 04 28 08 04 32 51 21 11 03 03 03 07 04 03 02

Inductive Inference-only

NodePiece-QE 11.3 - 241 105 100 11.0 128 9.1 86 73 83
NodePiece-QE w/ GNN  37.4 - 565 271 160 493 57.1 357 31.8 397 23.6
Inductive Trainable
NBENet-QE 51.1 314 66.1 409 312 73.0 833 583 413 378 27.8 31.1 443 284 252 280

tion function and PNA [9] aggregation. Other logical operators (A, V, =) are executed with the
non-parametric product t-norm. Both NodePiece-QE and NBFNet-QE are implemented® with Py-
Torch [21] and trained with the Adam [17] optimizer. NodePiece-QE models were pre-trained
and evaluated on a single Tesla V100 32 GB GPU whereas NBFNet-QE models were trained and
evaluated on 4 Tesla V100 16GB. All hyperparameters are listed in Appendix D.

5.2 Complex Query Answering over Unseen Entities on Differently Sized Inference Graphs

First, we probe inference-only NodePiece-based embedding models and trainable NBFNet-QE in
the inductive setup, i.e., query answering over unseen nodes requiring link prediction over unseen
nodes. Table 1 summarizes the results on a reference dataset with ratio s/ Eain of 175% while
Fig. 3 illustrates a bigger picture on all datasets (we provide a detailed breakdown by query type for
all splits in Appendix C). We observe that even inference-only models pre-trained solely on simple /p
link prediction exhibit non-trivial performance in answering queries with unseen entities. Paired with
an additional GNN encoder, the inference-only baseline exhibits significantly better performance
over all query types and inference graphs up to 300% larger than training graphs.

The trainable NBFNet-QE models expectedly outperform non-trainable baselines and can tackle
queries with negation (—). Here, we confirm that the labeling trick [35] and conditional p(t|h, )
modeling better capture the relation projection problem than joint p(h, r, t) encoding approaches.

Still, all evaluated models with message passing, both inference-only NodePiece-QE with GNN
and trainable NBFNet-QE, suffer from increasing the size of the inference graph and having more
unseen entities. Reaching best results on &;,s/Eyqin ratios around 130%, both approaches steadily
deteriorate up until final 550% by 20 absolute Hits@ 10 points on EPFO queries and negation queries.
We attribute this deterioration to the known generalization issues [19, 34] of message passing GNNs
when performing inference over much larger graph than the network has seen during training. On
the other hand, a simple NodePiece-QE model without message passing retains similar performance
independently of the inference graph size.

Lastly, we observe that lower performance of inference-only NodePiece models can be also attributed
to underfitting (cf. train graph charts in Fig. 4). Although Ip link predictors were trained until

3Source code is available to reviewers
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Figure 4: Aggregated Hits @ 10 performance of training queries on the original training and extended
test inference graphs where queries have new correct answers. NodePiece-based models are inference-
only and support EPFO queries, NBFNet-QE is trainable and supports negation queries.

convergence (on the inductive validation set of missing triples), the performance of training queries
on training graphs with easy answers that require only relation traversal without predicting missing
edges is not yet saturated. This fact suggests that better fitting entity featurization (obtained by
NodePiece or other strategies) could further improve the test performance in the inference-only
regime. We leave the search of such strategies for future work.

5.3 Predicting New Answers for Training Queries on Larger Inference Graphs

Simulating the incremental addition of new edges in graph databases, we evaluate the performance
of our inference-only and trainable QE models on training queries on the original training graph
and extended inference graph (with added test edges). As databases are able to immediately retrieve
new answers to known queries after updating the graph, we aim at exploring and quantifying this
behaviour of neural reasoning models. In this experiment, we probe training queries and their easy
answers that require performing only graph traversal without predicting missing links in the inference
graph. While execution of training queries over the training graph indicates how well the model
could fit training data, executing training queries over the bigger inference graph with new entities
aims to capture basic reasoning capabilities of QE models in the inductive regime.

Particular challenges arising when executing training queries over a bigger graph are: (1) the same
queries can have more correct answers as more new nodes and edges satisfying the query pattern
might have been added (as in Fig. 1); (2) more new entities create a “distractor’ setting with more
false positives. Generally, evaluation of training queries on the inference graph can be considered
as an extended version of the faithfullness [25] evaluation that captures how well a trained model
can answer original training queries, i.e., memorization capacity. In all 9 datasets, most of training
queries have at least one new correct answer in the inference graph (more details in Appendix B).

Fig. 4 illustrates the performance of the inference-only NodePiece-QE (without and with GNN) and
trainable NBFNet-QE. Generally, NBFNet-QE fits the training query data almost perfectly confirming
the original finding [39] that NBFNet can perform graph traversal akin to symbolic rule-based models.
NBFNet-QE can also find new correct answers on graphs up to 300% larger than training ones. Then,
the performance quickly deteriorates which we attribute to the distractor factor with more unseen
entities and the already mentioned generalization issue on larger inference graphs.

The inference-only NodePiece-QE models, as expected, do not fully fit the training data as they were
never trained on complex queries. Still, the inference-only models exhibit non-trivial performance
in finding more answers on graphs up to 200% larger than training ones with relatively small
performance margins compared to training queries. The most surprising observation is that GNN-free
NodePiece-QE models improve the performance on both training and inference graphs as the graphs
(and the E;yy/ Eirain ratio) grow larger while GNN-enriched models steadily deteriorate. We attribute
this growth to the relation-based NodePiece tokenization and its learned features that tend to be more
discriminative in larger inference graphs where new nodes have smaller degree and thus can be better
identified by their incident relation types. We provide more experimental results for each dataset ratio
with breakdown by query type in Appendix C.
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5.4 Scaling to Millions of Nodes on WikiKG-QE

Finally, we perform a scalability experiment evaluating complex query answering in the inductive
mode on a new large dataset WikiKG-QE constructed from OGB WikiKG 2 [15] (CCO license).
While the original task is transductive link prediction, we split the graph into a training graph of
1.5M entities (5.8M edges, 512 unique relation types) and validation (test) graphs of 500k unseen
nodes (5M known and 600k missing edges) each. The resulting validation (test) inference graphs are
therefore of 2M entities and 11M edges with the &;,r/ E;qin ratio of 133% (details are in Appendix B).

None of GNN-enabled models can scale to such sizes, so we use a basic inference-only NodePiece-
QE. Due to the problem size, we only sample 10k EPFO queries of each type from the test inference
graph to run in the inference-only regime. Each query has at least one missing edge to be predicted at
inference. The answers are ranked against all 2M entities in the filtered setting (in contrast to the
OGB task that ranks against 1000 pre-computed negative samples) and Hits@ 100 as the target metric.

We pre-train a NodePiece encoder (in addition to relation types, we tokenize nodes with a vocabulary
of 20k nodes, total 3M parameters in the encoder) with the ComplEx decoder on /p link prediction
over the training graph for 1M steps (see Appendix D for hyperparameters). Then, the graph is
extended with 500k new nodes and 5SM new edges forming the inference graph. Then, using the
pre-trained encoder, we materialize representations of entities (both seen and new) and relations from
this inference graph. Finally, CQD-Beam executes the queries against the bigger inference graph
extended with 500k new nodes and SM new edges.

Table 2: Test Hits@ 100 of NodePiece-QE on WikiKG-QE (2M nodes, 11M edges including 500k
new nodes and SM new edges) in the inference-only regime. avg, is the average on EPFO queries.

Model avg, 1p 2p 3p 2i 3i pi ip 2u up

NodePiece-QE 92 226 52 39 116 174 70 45 74 32
NodePiece-QE w/ GNN  10.1 66.6 09 06 54 82 23 08 52 05

As shown in Table 2, we find a non-trivial performance of the inference-only model on EPFO queries
demonstrating that inductive node representation QE models are able to scale to graphs with hundreds
of thousands of new nodes and millions of new edges in the zero-shot fashion. That is, answering
complex queries over unseen entities is available right upon updating the graph without the need
to retrain a model. This fact paves the way for the concept of neural graph databases capable of
performing zero-shot inference over updatable graphs without expensive retraining.

6 Limitations and Future Work

Limitations. With the two proposed inductive query answering strategies, we observe a common
trade-off between the performance and computational complexity. That is, inductive node repre-
sentation models like NodePiece-QE are fast, scalable, and can be executed in the inference-only
regime but underperform compared to the inductive relational structure representation models like
NBFNet-QE. On the other hand, NBFNet-QE incurs high computational costs due to executing each
query on a uniquely initialized graph instance. Alleviating this issue is a key to scalability.

Societal Impact. The inductive setup assumes running inference on (partly) unseen data, that is, the
nature of this unseen data might be out-of-distrbution, unknown and potentially malicious. This fact
has to be taken into account when evaluating predictions and overall system trustworthiness.

Conclusion and Future Work. In this work, we defined the problem of inductive complex logical
query answering and proposed two possible parameterization strategies based on node and relational
structure representations to deal with new, unseen entities at inference time. Experiments demon-
strated that both strategies are able to answer complex logical queries over unseen entities as well as
identify new answers on larger inference graphs. In the future work, we plan to extend the inductive
setup to completely disjoint training and inference graphs, expand the set of supported logical query
patterns aligned with popular queries over real-world KGs, enable reasoning over continuous features
like texts and numbers, support more KG modalities like hypergraphs and hyper-relational graphs,
and further explore the concept of neural graph databases.
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A Differentiable Logical Operators

T-norms (T) and t-conorms (L) are fuzzy versions of conjunction (A) and disjunction (V), respectively.
Fuzzy operators can be applied to vectors of continuous values within a certain range, e.g., [0, 1]¢,
depending on the chosen fuzzy logic, and are executed as algebraic operations which makes them
differentiable. Different fuzzy logics implement different t-norms and t-conorms. In this work,
we experiment with two such logics: product logic and Gddel (min) logic. In the product logic,
conjunction C, disjunction D, and negation A/ are modeled as follows:

Clx,y) =0y
D(x,y)=x+y—z0Oy
NEZz)=1—=

where inputs x,y € [0,1]? are d-dimensional vectors with values in the range [0,1], ® is the
element-wise multiplication, and 1 is the universe vector of all ones.

In the Godel logic, conjunction C and disjunction D are modeled as min and max, respectively:

C(z,y) = min(z,y)
D(z,y) = max(z,y)

For NBFNet-QE we employ solely the product logic for end-to-end training on all types of complex
queries. For NodePiece-QE and its inference-only mechanism based on CQD-Beam, we may select
the best performing logic for each query type based on the validation set. The chosen operators for
NodePiece-QE are reported in Table 12 in Appedix D.

B Benchmarking Datasets Details

We sampled 9 datasets (used in Section 5.2 and Section 5.3) from the original FB15k-237 [28] with
already added inverse edges for ensuring reachability and connectedness of the underlying graph for
the subsequent query sampling. Creation details are provided in the Section 5.1 and statistics on the
sampled graphs are presented in Table 3. Varying the ratio of entities in the inference graph to the
training graph &;,r/Eiain, We aim at measuring inductive capabilities of proposed strategies in the
out-of-distribution size generalization scenario. To measure scalability of inductive query answering
approaches, we create WikiKG-QE, an inductive split of the originally transductive OGB WikiKG
2 [15], following the same sampling strategy as for 9 Freebase datasets.

Table 3: Sampled graphs statistics for various ratios s/ Eyain. Originally inverse triples are included
in all graphs except WikiKG-QE. R - number of unique relation types, £ - number of entities in
various splits, 7 - number of triples. Validation and Test splits contain an inference graph (i, Tins)
which is a superset of the training graph with new nodes, and missing edges to predict 7.,

i Traini h Validati h Te h
Ratio, % R Eromal raining Grap| alidation Grap! est Grap
b Ten & T Ty &Y Tt Ty

106% 472 14,480 13,032 492,334 13,756 541,237 8,631 13,756 548,469 9,907
113% 466 14,463 11,567 392,672 13,015 486,517 16,557 13,015 479,993 15,403
122% 460 14,416 10,079 294,556 12,247 417,213 21,643 12,248 420,110 22,152
134% 458 14,271 8,528 218,192 11,397 361,228 25,240 11,402 364,747 25,861
150% 450 14,271 7,085 153,280 10,679 317,862 29,044 10,677 309,554 27,578
175% 438 13,960 5,429 98,664 9,707 258,788 28,236 9,682 268,987 30,051
217% 442 13,864 3,969 55,052 8,935 230,509 30,949 8,898 211,947 27,683
300% 402 13,992 2,643 24,338 8,322 190,655 29,337 8,313 174,442 26,482

550% 346 13,522 1,057 5,324 7,304 136,898 23,210 7,275 139,093 23,583
WikiKG-QE
133% 512 2,492,122 1,494,033 5,824,868 1,992,739 9,466,319 638,389 1,993,416 10510906 824,713
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In all datasets, entities and relations are anonymized and only have an integer ID. Furthermode,
inference graphs at validation and test time are supersets of the respective training graph with new
nodes and edges. The amount of new unique nodes is simply the difference &,y — & ain between
entities in those graphs, e.g., for the dataset of ratio 175%, the validation inference graph contains
4,278 new nodes and test inference graph contains 4, 253 news nodes. Note that those 4, 278 and
4,253 nodes are unique for each graph and do not overlap. That is, validation inference and test
inference graphs are disconnected except sharing the same core training graph.

Then, for each created inductive dataset, we sample queries of 14 query patterns following the
BetaE [23] procedure. That is, training queries are sampled from the training graph G, and have
only easy answers reachable by simple edge traversal. Validation and test queries are sampled from
the respective splits, e.g., validation queries are sampled from the validation graph G, using entities
from the validation inference graph Sl.‘r’f}’ (which, in turn, are a union of training nodes and new, unseen

validation nodes &, U £,41), and at least one edge in each query belongs to ’7;‘;2 and has to be

predicted during query execution. Queries might have easy answers that are directly reachable by

traversing edges ’T”‘Ui" in the validation inference graph, whereas hard answers are only reachable after

predicting missing edges from the set 7;;‘;2 Final evaluation metrics are computed only based on the

hard answers. Following the literature [23], we only retain queries that have less than 1000 answers.
Table 4 summarizes the statistics on the sampled queries for each dataset ratio, each graph, and query
type that we use in Section 5.2 for evaluating inductive query answering performance. In graphs
with smaller inference graphs and smaller number of missing triples, we sample fewer queries with
negation (2in, 3in, inp, pin, pni) for validation and test splits. For WikiKG-QE, due to its size, we
only sample 10k EPFO queries to be executed in the inference-only regime without training (at the
moment, CQD-Beam does not support queries with negation). We use those queries in Section 5.4 to
evaluate scalability of NodePiece-QE and prediction quality in the inference-only mode.

Table 4: Statistics on sampled queries for each dataset ratio and query type. For WikiKG-QE, we
only sample EPFO queries without negation.
Ratio Graph 1p 2p 3p 2i 3i pi ip 2u up 2in 3in inp pin pni

training 134,988 50,000 50,000 50,000 50,000 50,000 50,000 50,000 50,000 50,000 40,000 50,000 50,000 50,000
106%  validation 5,753 10,000 10,000 10,000 10,000 10,000 10,000 10,000 10,000 1,000 1,000 1,000 1,000 1,000
test 6,370 10,000 10,000 10,000 10,000 10,000 10,000 10,000 10,000 1,000 1,000 1,000 1,000 1,000

training 111,869 50,000 50,000 50,000 50,000 50,000 50,000 50,000 50,000 50,000 40,000 50,000 50,000 50,000
113%  validation 10,513 10,000 10,000 10,000 10,000 10,000 10,000 10,000 10,000 1,000 1,000 1,000 1,000 1,000
test 10,090 10,000 10,000 10,000 10,000 10,000 10,000 10,000 10,000 1,000 1,000 1,000 1,000 1,000

training 90,648 50,000 50,000 50,000 50,000 50,000 50,000 50,000 50,000 50,000 40,000 50,000 50,000 50,000
122%  validation 13,656 10,000 10,000 10,000 10,000 10,000 10,000 10,000 10,000 5,000 5,000 5000 5,000 5,000
test 13,833 10,000 10,000 10,000 10,000 10,000 10,000 10,000 10,000 5,000 5,000 5000 5,000 5,000

training 70,237 50,000 50,000 50,000 50,000 50,000 50,000 50,000 50,000 50,000 40,000 50,000 50,000 50,000
134%  validation 15,609 50,000 50,000 50,000 50,000 50,000 50,000 20,000 20,000 5,000 5,000 5000 5000 5,000
test 15,768 50,000 50,000 50,000 50,000 50,000 50,000 20,000 20,000 5,000 5,000 5000 5000 5,000

training 54,501 50,000 50,000 50,000 50,000 50,000 50,000 50,000 50,000 50,000 40,000 50,000 50,000 50,000
150%  validation 17,414 50,000 50,000 50,000 50,000 50,000 50,000 50,000 50,000 5,000 5,000 5000 5,000 5,000
test 16,733 50,000 50,000 50,000 50,000 50,000 50,000 50,000 50,000 5,000 5000 5000 5000 5,000

training 38,573 50,000 50,000 50,000 50,000 50,000 50,000 50,000 50,000 50,000 40,000 50,000 50,000 50,000
175%  validation 17,054 50,000 50,000 50,000 50,000 50,000 50,000 50,000 50,000 10,000 10,000 10,000 10,000 10,000
test 17,867 50,000 50,000 50,000 50,000 50,000 50,000 50,000 50,000 10,000 10,000 10,000 10,000 10,000

training 22,457 30,000 30,000 50,000 50,000 50,000 50,000 50,000 50,000 30,000 30,000 50,000 50,000 50,000
217% validation 18,154 50,000 50,000 50,000 50,000 50,000 50,000 50,000 50,000 10,000 10,000 10,000 10,000 10,000
test 16,790 50,000 50,000 50,000 50,000 50,000 50,000 50,000 50,000 10,000 10,000 10,000 10,000 10,000

training 11,920 15,000 15,000 40,000 40,000 50,000 50,000 50,000 50,000 15,000 15,000 50,000 40,000 50,000
300%  validation 17,387 50,000 50,000 50,000 50,000 50,000 50,000 50,000 50,000 10,000 10,000 10,000 10,000 10,000
test 16,014 50,000 50,000 50,000 50,000 50,000 50,000 50,000 50,000 10,000 10,000 10,000 10,000 10,000

training 3,253 15,000 15,000 40,000 40,000 50,000 50,000 50,000 50,000 10,000 10,000 30,000 30,000 30,000
550% validation 14,027 50,000 50,000 50,000 50,000 50,000 50,000 50,000 50,000 10,000 10,000 10,000 10,000 10,000
test 14,183 50,000 50,000 50,000 50,000 50,000 50,000 50,000 50,000 10,000 10,000 10,000 10,000 10,000

WikiKG-QE

training 10,000 10,000 10,000 10,000 10,000 10,000 10,000 10,000 10,000 - - - - -
133%  validation 10,000 10,000 10,000 10,000 10,000 10,000 10,000 10,000 10,000 - - - - -
test 10,000 10,000 10,000 10,000 10,000 10,000 10,000 10,000 10,000 - - - - -

Furthermore, for the experiment in Section 5.3 to measure the abilities of inductive models to find
new answers of known queries, we take the created training queries and find their easy answers in
the validation inference Gp¢/ = (€', Tp¢') and test inference Gie' = (€<, Tj") graphs. That is,
those new answers do not require predicting missing edges in the inference graphs and only require a
model to execute edge traversal to find (if any) new correct answers involving new, unseen entities

and edges. For the validation (test) split, we only count such training queries ¢ whose answer set in
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Table 5: Statistics on training EPFO queries that have a different (often, larger) answer set when
executed against validation and test inference graphs. We list the original number of training queries,
number of those queries with new easy answers in the validation (In val) and test graphs (In test), as
well as their percentage ratio to the total number. Most queries (except 2i,37) have new answer sets.

Ratio Graph 1p 2p 3p 2i 3i pi ip 2u up
#Q % #Q % #Q % #Q % #Q % #Q % #Q % #Q % #Q %
Train 134,988 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0

106%  Inval 11,834 8.8 30,541 61.1 40,466 809 7414 148 4,605 9.2 15410 30.8 28,846 57.7 33,069 66.1 41483 83.0
In test 13,824 102 30,481 61.0 39,995 800 7311 146 4315 8.6 15225 305 28,782 57.6 33,068 66.1 40909 81.8
Train 111,869 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0

113%  Inval 18,048 16.1 34,773 695 42955 859 10,163 203 5,326 10.7 18,583  37.2 32,986 66.0 37,570 75.1 44209 884
In test 17,271 154 34,666 693 42907 858 10,149 203 5384 108 18916  37.8 33,245 66.5 37,589 752 44,067 88.1

Train 90,648 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0
122%  Inval 20253 223 37454 749 44415 8.8 11,850 237 6,128 123 21,787  43.6 35921 71.8 40,396 808 45660 91.3
Intest 21,077 233 37,593 752 44479 890 11976 240 6,036 12.1° 21,919 438 35969 71.9 40467 809 45754 915

Train 70,237 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0
134% In val 19360  27.6 37446 749 44421 888 12,600 252 7,094 142 21975 440 36,598 732 41,371 827 45597 912
Intest 20,241 28.8 38,135 763 45002 90.0 13,036  26.1 7,268 145 22432 449 37215 744 41968 839 45888 918

Train 54,501 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0
150%  Inval 18302 33.6 39,579 79.2 45704 914 14312 28,6 7,594 152 25152 503 39,059 78.1 43,072 86.1 46,758 935
Intest 16,791  30.8 39,625 793 45809 91.6 14,348 287 7,539 151 24982 50.0 39,032 78.1 42842 857 46,765 935

Train 38,573 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0
175%  Inval 13,637 354 39,658 79.3 45985 920 15293 30.6 8,625 17.3 25382 508 39,108 78.2 43,506 87.0 46,764 935
Intest 13,978 362 39,575 792 45968 91.9 15347 307 8,581 172 25414 508 38999 78.0 43,656 87.3 46,778 93.6

Train 22,457 100.0 30,000 100.0 30,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0
217% In val 10,008  44.6 23,609 78.7 26,875 89.6 15379 308 8731 17.5 24,688 494 39376 78.8 43,585 872 46,338 92.7
In test 9,791  43.6 23,520 784 27017 90.1 15385 30.8 8712 174 24874 497 39398 78.8 43,583 872 46,389 928

Train 11,920 100.0 15,000 100.0 15,000 100.0 40,000 100.0 40,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0
300%  Inval 6,008 504 12,225 815 13,509 90.1 12,542 314 6,993 17.5 27,002 540 41,088 822 43,837 87.7 46,715 934
In test 5986 502 12,147 81.0 13472 898 12248 30.6 6879 172 26938 539 41,063 82.1 43875 878 46,727 935

Train 3,253 100.0 15,000 100.0 15,000 100.0 40,000 100.0 40,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0
550%  Inval 1,863 573 11,678 779 12,793 853 11,682 292 7459 18.6 23544  47.1 39,279 78.6 39,011 78.0 45383 908
In test 1,785 549 11,459 764 12,755 85.0 10,736 268 7,081 17.7 22939 459 39,177 784 36,909 738 45296  90.6

Table 6: Statistics on training negation queries that have a different (often, larger) answer set when
executed against validation and test inference graphs. We list the original number of training queries,
number of those queries with new easy answers in the validation (In val) and test graphs (In test), as
well as their percentage ratio to the total number. Most queries have new answer sets.

2in 3in pin pni inp
#Q % #Q % #Q % #Q % #Q %

Train 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0
106% Inval 25212 504 18,851 377 37,619 752 26859 5377 37,448 749
Intest 25,395 50.8 18,677 374 37,298 746 26825 537 36,868  73.7

Train 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0
113% Inval 30,812 61.6 23,642 473 41,676 834 32,247 645 41833 837
Intest 31,035 62.1 23,620 472 41,695 834 32351 647 41,687 834

Train 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0
122% Inval 35,066 70.1 27,325 547 44,149 883 36,253 725 44,085 88.2
Intest 35451 709 27,548 55.1 44290 88.6 36,565 73.1 44,207 884

Train 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0
134% Inval 37,592 752 29,415 58.8 45,189 904 38,261 76.5 45,098  90.2
Intest 37,948 759 29,925 599 45444 909 38,447 769 45,631 913

Train 50,000 100.0 40,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0
150% Inval 40,368 80.7 26354 659 46,630 933 40,992 82.0 46446 929
Intest 40,354  80.7 26,823 67.1 46,612 932 40997 82.0 46,553 93.1

Train 50,000 100.0 40,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0
175%  Inval 42,265 845 29,046 72.6 47,325 947 42361 847 47,328  94.7
Intest 42,224 844 29392 735 47,293 946 42480 85.0 47438 949

Train 30,000 100.0 30,000 100.0 50,000 100.0 50,000 100.0 50,000 100.0
217%  Inval 26,402  88.0 22,665 756 47905 958 43,7705 874 47987  96.0
Intest 26,412  88.0 22,562 752 48,019 960 43,7736 875 47,854 957

Train 15,000 100.0 15,000 100.0 50,000 100.0 40,000 100.0 50,000 100.0
300%  Inval 13,612 907 11,980 799 48,663 973 36,046 90.1 48570 97.1
Intest 13,549 903 11,690 779 48,502 97.0 36,091 90.2 48461 969

Train 10,000 100.0 10,000 100.0 30,000 100.0 30,000 100.0 30,000 100.0
550%  Inval 9,353 935 8573 857 29480 983 27,764 925 29,087 97.0
Intest 9,169 91.7 8389 839 29,295 977 27298 91.0 29,127 97.1

Ratio Graph
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this split is different from the answer set in the training graph, e.g., A/ # A" We summarize the
statistics of identified new answer sets in all datasets in Table 5 (for EPFO queries) and Table 6 (for
queries with negations). We find that in most query patterns across all dataset ratios, training queries
indeed have new answer sets when executed against validation or test inference graphs.

C More Experimental Results

Here, we present a detailed breakdown of query answering performance measured in Sections 5.2
and 5.3 by query type. Fig. 5 and Table 7 contain detailed results from Section 5.2 of executing test
queries with new, unseen entities over inference graphs of various ratios of new entities.
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Figure 5: Hits@10 results on answering test inductive FOL queries on all ratios &nf/ Errain-
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Table 7: Test Hits@3 and Hits@ 10 results (%) on answering test inductive FOL queries on all ratios
Ein/ Errain- avg, is the average on EPFO queries (A, V). avg, is the average on queries with negation.

Ratio Model Metric avg, avg, 1p 2p 3p 2i 3i pi ip 2u up 2in 3in  inp pin  pni
NodePicce-OF His@3 48 76 48 44 51 56 43 45 34 36
iece- His@10 103 155 99 94 114 130 100 88 70 77
550% ! His@3 68 15 49 30 80 95 60 59 81 44
NodePiece-QEwW/GNN @10 132 27 95 62 161 189 126 107 139 82
NBFNet-OF His@3 226 94 273 157 84 328 536 305 139 111 101 82 159 87 82 59
et Hits@10 294 148 350 219 133 408 632 403 187 155 158 126 247 146 135 89
NodePicce-QF His@3 54 112 62 49 49 54 41 47 29 45
Hits@10 114 193 122 102 115 132 100 104 66 90
300% ) His@3 138 234 115 56 185 223 128 102 101 96
NodePiece-QEW/GNN i @10 246 395 200 108 329 383 243 189 197 17.1
NBFNet.OE His@3 311 126 38.1 226 151 486 694 396 213 122 128 106 214 124 112 175
et Hits@10 415 211 481 340 245 618 807 524 311 181 228 164 342 222 201 124
] His@3 52 ILI 50 46 50 61 42 38 33 37
NodePiece-QE His@10 11.1 196 107 97 117 147 100 84 70 81
217% . His@3 186 313 114 60 277 354 175 133 160 9.1
NodePiece-QE W/ GNN' @10 31.1 491 205 128 446 532 305 232 280 177
NBFNet.QE Hits@3 375 169 471 265 174 589 759 454 295 213 151 157 291 162 121 114
His@10 492 270 599 392 282 739 S87.1 592 39.5 312 250 242 447 274 200 189
. His@3 55 148 49 46 47 54 37 39 32 338
NodePiece-QE Hits@10 113 241 105 100 110 128 o1 86 73 83
175% . Hits@3  25.1 396 174 93 321 395 223 220 278 156
NodePiece-QEW/ONN @10 37.4 565 27.1 160 493 57.1 357 318 39.7 236
NBENet-QE Hits@3 389 196 543 279 205 59.1 722 447 297 244 178 186 306 167 160 16.1
His@10 511 314 661 409 312 730 833 583 413 37.8 278 311 443 284 252 280
NodePicce-QF Hits@3 49 134 42 39 44 50 34 36 31 35
i Hits@10 104 25 92 85 103 120 84 80 71 74
150% - His@3 222 380 142 61 303 370 196 186 235 127
NodePiece-QE W/ ONN @10 3511 545 241 118 474 558 327 301 378 220
NBFNet-OF His@3 390 225 541 266 185 589 718 439 288 287 192 242 323 180 17.1 210
Hits@10 513 353 665 397 203 728 828 5.5 40.6 427 298 37.6 463 296 268 360
NodePicce-OF His@3 6.7 128 66 36 70 82 52 67 54 48
chiece Hits@10 13.7 235 132 78 150 177 114 138 110 100
133% ! His@3 247 436 166 64 329 390 227 226 254 128
NodePiece-QEW/GNN i @10 37.4 505 263 118 50. 574 359 343 395 214
NBFNet.OF His@3 406 211 574 202 213 600 70. 440 317 301 216 231 255 183 177 209
et Hits@10 535 342 707 435 319 742 817 576 450 445 321 369 398 302 279 362
NodePicce-QF His@3 64 139 49 34 75 83 44 55 54 42
Hits@10 123 28 96 72 141 165 99 110 105 85
121% ] His@3 262 472 167 73 344 404 213 240 298 145
NodePiece-QEW/GNN - @10 3835 624 256 122 503 584 341 355 441 236
NBFNet.OE His@3 386 206 606 258 205 552 654 414 296 293 196 285 163 162 209
et- His@10 508 314 727 382 322 690 780 544 412 410 308 40 274 254 313
] His@3 56 138 45 32 54 55 37 52 50 39
NodePiece-QE His@10 117 248 97 72 129 141 87 103 97 82
113% . His@3  28.1 473 176 7.1 354 405 243 285 352 164
NodePiece-QE W/ GNN' 1y c@10 402 627 267 117 514 571 366 410 497 246
NBFNeL.QE His@3 348 182 582 211 164 521 626 362 237 270 155 206 218 139 144 205
His@10 475 286 712 338 280 678 755 490 359 386 282 312 332 240 236 308
. His@3 5.0 112 46 33 48 46 36 51 42 39
NodePiece-QE His@10 107 230 90 68 118 117 81 102 81 74
106% . Hits@3 307 471 225 97 332 382 265 360 432 202
NodePiece-QE W/ ONN @10 41.1 634 303 138 473 543 375 442 533 262
NBENet-QE His@3 337 190 600 210 167 488 530 328 250 292 167 216 183 125 148 278
Hits@10 452 276 729 331 269 63.1 653 440 366 37.0 280 298 284 221 242 335
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612 Fig. 6 and Table 8 contain detailed results from the experiment in Section 5.3 about executing training
613 queries over the original fraining and extended test inference graphs.
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Figure 6: Hits@ 10 results on answering training queries executed over the original train (solid line)
and test inference (dashed line) graphs. NodePiece-QE models are inference-only and were trained
on Ip queries, NBFNet-QE is end-to-end trainable on all complex queries.
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Table 8: Hits@ 10 results (%) of training queries executed over the original fraining graph and
extended fest inference graph. All ratios s/ Eyrain. avg, is the average on EPFO queries (A, V). avg,
is the average on queries with negation. NodePiece-QE models are inference-only and were trained

on Ip queries, NBFNet-QE is end-to-end trainable on all complex queries.

Ratio  Model Graph avg, avg, 1p 2p 3p 2i 3i pi ip 2u up  2in 3in  inp  pin  pni
NodePicce-QE train  81.9 789 777 680 950 960 862 725 899 73.1
test 516 521 414 294 775 826 614 385 501 313
550% ! train 832 873 773 486 979 978 891 809 955 742
NodePiece-QE w/GNN o™ 53 621 447 254 866 885 647 476 684 365
NBENet-OE train 997 991 1000 999 99.0 1000 100.0 1000 99.5 999 986 99.8 1000 973 99.0 99.7
test 859 797 974 837 553 99.0 99.1 945 772 956 713 90.1 923 642 668 85.1
NodePicco-QE train 614 659 546 SI1 692 799 622 555 564 582
test  40.6 486 305 262 572 712 431 293 305 289
300% ! train 882 982 864 541 986 993 935 897 930 8l.1
NodePiece-QE w/GNN 0" 629 824 522 300 877 923 695 515 579 424
NBENetOE train 999 992 1000 999 994 1000 100.0 1000 999 100.0 99.6 994 997 980 99.1 99.6
3 test 937 885 999 950 838 998 998 965 884 958 842 924 957 846 828 871
NodePicco-QE train 455 565 390 383 509 60.1 447 375 392 434
test 348 463 271 252 446 551 359 256 262 273
217% ! train 884 989 876 515 99.1 995 943 919 935 794
NodePiece-QE w/GNN 0" 707 906 616 349 933 964 790 647 671 485
NBENet.QE train 998 971 1000 999 994 1000 100.0 1000 99.6 100.0 992 977 988 964 936 99.0
o test 989 933 1000 995 960 1000 1000 999 992 1000 954 955 978 912 899 923
NodePioco-QE train 360 549 308 322 369 437 325 270 316 342
test 292 481 232 237 326 405 269 201 233 244
175% ! train 912 99.9 947 542 999 999 960 964 979 822
NodePiece-QE w/GNN' 4" 790 954 742 422 965 982 852 790 812 594
NBENet-QE train 998 984 1000 999 994 1000 1000 999 998 1000 99.0 993 996 952 985 99.4
test 989 941 1000 997 97.1 1000 100.0 992 983 999 957 969 956 91.6 935 93.0
NodePicce-QE train 333 514 292 286 323 385 305 274 279 339
test 282 470 233 230 293 360 252 212 222 265
150% . train 882 998 885 457 998 999 921 930 983 7638
NodePiece-QE w/GNN 0" 784 952 731 375 961 983 832 790 820 612
NBENet-QE train 997 986 1000 998 98.1 1000 1000 998 99.7 1000 994 994 994 968 97.7 99.7
test 983 941 1000 988 961 999 999 984 969 990 960 961 959 928 927 93.0
NodePicce-QE train 345 484 262 217 412 495 329 272 310 327
test 289 422 213 179 351 435 268 221 247 270
133% . train  88.7 998  89.1 447 999 999 936 950 983 775
NodePiece-QE w/ GNN ¢ 81.6 9.5 772 393 974 988 878 849 873 652
NBENet-QE train 995 976 1000 999 982 1000 999 994 998 999 986 99.1 99.1 949 959 99.2
test 987 949 1000 99.6 974 999 999 987 984 985 963 971 969 930 931 946
NodePicce-QE train  29.1 419 232 222 297 379 262 237 264 306
test 252 385 196 197 260 341 208 192 228 263
121% . train  85.6 999 836 396 998 999 889 911 981 689
NodePiece-QE w/ GNN ¢ 81.8 977 777 371 981 992 848 861 912 64.1
NBENet-QE train 994 973 1000 999 980 998 998 987 99.6 999 990 990 982 935 968 99.1
test 982 945 1000 984 971 995 995 975 966 989 960 971 954 925 931 944
NodePicce-QE train  24.0 382 196 209 225 278 192 181 228 265
test 221 363 179 197 205 256 174 166 208 245
113% ) train 852 998 817 373 997 999 892 918 986 685
NodePiece-QE w/ GNN_ ¢ 825 985 769 355 986 994 866 87.8 951 63.8
NBENet-OE train 997 982 1000 100.0 983 1000 100.0 99.6 999 100.0 992 99.5 99.6 959 967 99.6
test 995 973 1000 998 97.9 1000 100.0 997 997 100.0 980 989 992 947 953 982
NodsPioce-QE train  23.1 374 194 218 205 254 179 187 217 255
test 224 365 189 213 200 245 172 180 208 247
106% ! train 82,9 996 759 356 994 997 867 879 973 639
NodePiece-QE w/GNN .y 81.7 988 73.9 349 988 994 855 862 957 620
NBENet-GE train 995 97.5 1000 999 980 999 996 99.1 997 999 99.1 992 982 955 954 99.1
test 992 970 1000 998 974 998 998 990 99.1 992 985 987 978 951 950 983

20



614

616
617
618

619
620
621
622
623

624

626

627

629
630
631

632
633
634
635

636
637
638
639

640
641

642
643
644
645

646
647
648

649
650
651
652
653

D Hyperparameters

Both NodePiece-QE and NBFNet-QE models are implemented with PyTorch [21] (MIT License). In
particular, NodePiece-QE models employ PyG [11] (MIT License) and PyKEEN [2] (MIT License)
for training link prediction models. NBFNet-QE is implemented based on the official NBFNet
repository © (MIT License) and TorchDrug [38] library (Apache 2.0).

For all inductive experiments in Sections 5.2 and 5.3, Table 9 lists best hyperparameters for NodePiece-
QE models without GNN encoder, Table 10 contains hyperparameters for GNN-enabled NodePiece-
QE models. The GNN-free models use only relation-based tokenization where each entity e is
represented with two fixed-size sets: a set of k£ unique incoming r; and a set of k unique outgoing r,
relation types. Looking up their d-dimensional vectors, we obtain:

e= [[?“ilﬂ“z?, s Tk [To1, To2, - ,Tok]} € R2xkxd

If, for some entity, the number of unique relations of a certain kind is less than k, we pad the
set with auxiliary [PAD] tokens. Entity representations are built as a function of the two sets
fle): R2xkxd _, Rd.

k k

he = MLP(RP( ) + RP(3 r.y))

=0 =0

Particularly, we first sum up tokens of the same direction, pass them through a random projection layer
RP (we found that making this projection learnable does not improve results), sum up representations
of incoming and outgoing parts, and pass the resulting vector through a learnable MLP. This way, the
number of learnable encoder parameters does not depend on the sequence length k, i.e., the number
of chosen tokens per node.

The GNN-enabled models employ a slightly different Concat + MLP encoder where each node is
tokenized with a sample of k incident relations. Then, we concatenate d-dimensional embeddings
of those tokens t; into a single long vector R*®, and then use a 2-layer MLP to project it to a model
dimension d, i.e., f(e) : RFY — R%:

h, = MLP([to;tl; .. .;tk])

For the large-scale experiment on WikiKG-QE in Section 5.4, we employ the Concat + MLP encoder.
Instead of separating incoming and outgoing relation types, we first tokenize each node with 20
nearest anchors (pre-selected in advance using the default NodePiece strategy [12]) and add a sample
of k unique incident relations.

The overall tokens vocabulary consists of 20,000 anchor nodes, 1,024 relation types (including inverse
relations) and one [PAD] token. All hyperparameters for this experiments are listed in Table 11.

Having trained the link predictors, we tune CQD-Beam hyperparameters on the validation set varying
the t-norms, t-conorms, and scores normalization. Table 12 lists best options for each EPFO query
type. For all experiments, we used a beam size k = 32 except for queries on WikiKG-QE where we
used k£ = 8 due to the memory-expensive need of maintaining a beam over 2M entities.

Table 13 lists hyperparameters for NBFNet-QE models for all inductive splits. We found this
architecture is quite stable under various configurations and eventually employed the same set of
hyperparameters across all datasets.

The experiment on the tranductive baseline BetaE (Section 5.2) assumes random initialization of
new nodes at inference time and confirms that pure transductive models can not generalize to
graphs with unseen nodes. BetaE was configured with 400d embedding dimension, batch size
512, 32 negative samples, learning rate 0.0005, margin v 60, and trained on 10 query patterns
{1p,2p,3p,2i,3i,2in,3in,inp,pin,pni} for 200k steps.

Shttps://github.com/DeepGraphLearning/NBFNet
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Table 9: NodePiece-QE hyperparameters for all inductive splits.
Dataset &,¢/Erain Ratios

Hyperparameter

106 113 133 134 150 175 217 300 550
Vocab size 472 466 460 458 450 438 442 402 346
Tokens per node 50 50 50 50 50 50 30 30 30
Vocab dim 400 400 400 400 400 400 400 400 1000
Scoring function ComplEx [29]
Encoder MLP
Encoder dim 400 400 400 400 400 400 400 400 1000
Encoder layers 2
Batch size 256
Epochs 19 19 28 100 30 70 100 150 510
Learning rate le-4
Optimizer Adam
Loss function Negative Sampling Self-adversarial Loss [26]
Margin 3 3 3 10 3 10 3 3 3
# negatives 30 30 30 30 30 30 50 50 20
# parameters 510k 508k 505k 504k 501k 496k 498k 482k 2.35M

Training time,h  0.75 0.6 0.7 2 05 075 0.6 0.6 2.3

E Identifying Easy and Hard Answers

In addition to evaluating faithfullness that measures whether a model could recover easy answers, it
is also interesting to measure whether all easy answers can be ranked higher than hard answers. That
is, a reliable query answering model would first recover all possible easy answers and would enrich
the answer set with highly-probable hard answers.

To this end, we apply a ROC AUC metric over original unfiltered scores.

The idea of computing ROC AUC is as follows: Suppose we have a list of unfiltered raw scores from
which we extract scores of all easy and hard answers. Suppose we have a query with 4 easy and 1 hard
answer: [5,6,7,8,32] where 8 is a rank of a hard answer while 5, 6, 7, 32 are ranks of easy answers.
We then create binary labels for the scores assigning 1 to the hard answers, e.g., [0,0,0, 1, 0].

Given those two arrays, we then compute the ROC AUC score that would measure how many hard
answers are ranked after easy answers, e.g., in our example ROC AUC is 0.75. Note that the score
does not depend on actual values of ranks, that is, the metric will be high when easy answers are, e.g.,
ranked 1000-1004 as long as hard answers are ranked 1005 and lower. Therefore, ROC AUC still
needs to be paired with MRR to see where easy and hard answers are ranked absolutely.

We compute ROC AUC for each query and average them over each query type thus making it
macro-averaged ROC AUC. Our experimental results on all query types using the models reported
in Table 1 on the reference 175% dataset are compiled in Table 14.

NBFNet-QE performs almost perfectly w.r.t. ROC AUC as it was trained on complex queries.
NodePiece-QE models are acceptable for inference-only models that were only trained only on 1p
simple link prediction and have never seen any complex query at training time.
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Table 10: NodePiece-QE with GNN hyperparameters for all inductive splits.

Dataset &/ Enain Ratios

Hyperparameter
106 113 133 134 150 175 217 300 550
Vocab size 472 466 460 458 450 438 442 402 346
Tokens per node 50
Vocab dim 200
Scoring function ComplEx [29]
Encoder MLP
Encoder dim 200
Encoder layers 2

GNN encoder CompGCN [30] + attention aggregator + RotatE [26] message function
GNN layers 3

GNN dim 200

GNN attn dropout 0.1

GNN attn heads 2

Batch size 256

Epochs 100 100 250 310 400 500 500 1000 510
Learning rate le-4

Optimizer Adam

Loss function Negative Sampling Self-adversarial Loss [26]

Margin 20 20 20 20 20 20 20 20 5
# negatives 20 20 30 20 30 30 30 30 50
# parameters 539k 537k 536k 536k 534k 532k 533k 525k 513k
Training time, h 30 23 34 25 17 12 5 5 2

Table 11: NodePiece-QE hyperparameters for WikiKG-QE.

Hyperparameter WikiKG-QE (133%)
Vocab size 20,000 anchors + 1024 relation types
Tokens per node 20 nearest anchors + 20 relations
Vocab dim 100

Scoring function ComplEx [29]

Encoder Concat + MLP
Encoder dim 200

Encoder layers 2

Batch size 512

Epochs 40 (= 1M steps)
Learning rate le-4

Optimizer Adam

Loss function BCE

Adversarial temp. 1.0

# negatives 64

# parameters 2,922,900

Training time, h 40
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Table 12: CQD-Beam t-norm hyperparameters for all splits and both link predictors, NodePiece-QE
and NodePiece-QE w/ GNN, when answering EPFO queries. The default beam size k = 32, prod +
o is product t-norm with sigmoid score normalization. Details on t-norms are in Appendix A.

Ratio  Link predictor 1p 2p 3p 2i 3i pi ip 2u up

NodePiece-QE min
NodePiece-QF, w/ GNN prod+o prod+c prod+o prod+oc prod+oc prod+oc prod+o prod+o prod +

zggzgzgzz:gg w/ GNN prod+o prod+c prod+o prod+o prod+o prod+o prod+o prod+o

106%

min

113% prod + o

NodePiece-QE
NodePiece-QE w/ GNN

NodePiece-QE rod + o min min rod + o rod + o min min
NodePiece-QE w/ GNN P prod+c prod+ o P P prod+ o prod+ o
NodePiece-QE
NodePiece-QE w/ GNN

NodePiece-QE
NodePiece-QE w/ GNN

NodePiece-QE
NodePiece-QE w/ GNN

NodePiece-QE
NodePiece-QE w/ GNN

NodePiece-QE
NodePiece-QE w/ GNN

min

122% prod + o

prod+oc prod+c prod+o prod+oc prod+oc prod+o prod+o prod+ o

134% prod+ o prod + o

150% prod+c prod+c prod+o prod+c prod+oc prod+oc prod+o prod+o prod+ o

175% prod+oc prod+c prod+o prod+c prod+oc prod+o prod+o prod+o prod+ o

217% prod+c prod+c prod+o prod+c prod+oc prod+o prod+o prod+o prod+ o

300% prod+o prod+c prod+o prod+oc prod+oc prod+oc prod+o prod+o prod+o

550% prod+o prod+oc prod+o prod+oc prod+oc prod+oc prod+o prod+o prod+o

133% NodePiece-QE (WikiKG-QE) prod + ¢ for all query types

Table 13: Hyperparameters of NBFNet-QE on different datasets. All the hyperparameters are selected
by the performance on the validation set.

Hyperparameter All splits
#layers 4
hidden dim. 32

GNN composition DistMult [32]
aggregation PNA [9]
#layer 2

MLP hidden dim. 64

Traversal Dropout  probability 0.5

Logical Operator  t-norm product
batch size 64
sample weight uniform across queries
loss BCE

Learnin # negatives 32

g optimizer Adam

learning rate S5e-3
iterations (#batch) 10,000
adv. temperature 0.1

Table 14: Macro-averaged ROC AUC score over unfiltered predictions to measure if all easy answers
are ranked higher than hard answers. Higher is better.

Model avg, avg, 1p 2p 3p 2i 3i pi ip 2u up 2in 3in inp pin pni
Inductive Inference-only
NodePiece-QE 0.653 0.609 0.656 0.666 0.628 0.627 0.645 0.681 0.677 0.686
NodePiece-QE w/ GNN  0.675 0.688 0.689 0.667 0.655 0.624 0.646 0.690 0.713 0.701
Inductive Trainable
NBFNet-QE 0.978 0.901 0.997 0.981 0962 0987 0978 0975 0975 0.982 0965 0919 0.884 0.888 0913 0.904
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