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ABSTRACT

In this paper, we study the statistical limits of deep learning techniques for solving
elliptic partial differential equations (PDEs) from random samples using the Deep
Ritz Method (DRM) and Physics-Informed Neural Networks (PINNs). To simplify
the problem, we focus on a prototype elliptic PDE: the Schrédinger equation on a
hypercube with zero Dirichlet boundary condition, which is applied in quantum-
mechanical systems. We establish upper and lower bounds for both methods,
which improve upon concurrently developed upper bounds for this problem via
a fast rate generalization bound. We discover that the current Deep Ritz Method
is sub-optimal and propose a modified version of it. We also prove that PINN
and the modified version of DRM can achieve minimax optimal bounds over
Sobolev spaces. Empirically, following recent work which has shown that the
deep model accuracy will improve with growing training sets according to a power
law, we supply computational experiments to show similar-behavior of dimension
dependent power law for deep PDE solvers.

1 INTRODUCTION

Partial differential equations (PDEs) play a prominent role in many disciplines of science and engi-
neering. The recent deep learning breakthrough and the rapid development of sensors, computational
power, and data storage in the past decade has drawn attention to numerically solving PDEs via
machine learning methods (Long et al., 2018; 2019; Raissi et al., 2019; Han et al., 2018; Sirignano &
Spiliopoulos, 2018; Khoo et al., 2017), especially in high dimensions where conventional methods
become impractical. The set of applications that motivate this interest is wide-ranging, including
computational physics (Han et al., 2018; Long et al., 2018; Raissi et al., 2019), inverse problem
(Zhang et al., 2018; Gilton et al., 2019; Fan & Ying, 2020) and quantitative finance (Heaton et al.,
2017; Germain et al., 2021). The numerical methods generated by the use of deep learning techniques
are mesh-less methods, see the discussion in (Xu, 2020). A natural deep learning technique in the
problems that are based on a standard feed-forward type of architecture takes advantage (when
available) of a variational formulation, whose solution coincides with the solution of the PDE of
interest. Despite the success and popularity of adopting neural networks for solving high-dimensional
PDEzs, the following question still remains poorly answered.

For a given PDE and a data-driven approximation architecture, how large
the sample size and how complex the model are needed to reach a prescribed
performance level?

In this paper, we aim to establish the numerical analysis of such deep learning based PDE solvers.
Inspired by recent works which showed that the empirical performance of a model is remarkably
predictable via a power law of the data number, known as the neural scaling law (Kaplan et al., 2020;
Hestness et al., 2017; Sharma & Kaplan, 2020), we aim to explore the neural scaling law for deep
PDE solvers and compare its performance to Fourier approximation.

Among the various approaches of using deep learning methods for solving PDEs, in this work, we
focus on the Deep Ritz method (DRM) (E & Yu, 2018; Khoo et al., 2017) and the Physics-Informed
Neural Networks (PINN) approach (Sirignano & Spiliopoulos, 2018; Raissi et al., 2019), both of
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which are based on minimizing neural network parameters according to some loss functional related
to the PDEs. To provide theoretical guarantees for DRM and PINN, following (Lu et al., 2021b;
Duan et al., 2021; Bai et al., 2021), we decompose the error into approximation error (Yarotsky, 2017;
Suzuki, 2018; Shen et al., 2021) and generalization error (Bartlett et al., 2005; Xu & Zeevi, 2020;
Farrell et al., 2021; Schmidt-Hieber et al., 2020; Suzuki, 2018). However, instead of the O(1/y/n)
(n is the number of data sampled) slow rate generalization bounds established in prior work (Lu
et al., 2021b; Shen et al., 2021; Xu, 2020; Shin et al., 2020), we utilize the strongly convex structure
of the DRM and PINN objectives and provide an O(1/n) fast rate generalization bound (Bartlett
et al., 2005; Xu & Zeevi, 2020) that leads us to a non-parametric estimation bound. Our theory also
suggests an optimal selection of network size with respect to the number of sampled data. Moreover,
to illustrate the optimality of our upper bound, we also establish an information-theoretic lower bound
which matches our upper bound for PINN and a modified version of DRM.

We also test our theory by numerical experiments. Recent works (Hestness et al., 2017; Kaplan et al.,
2020; Rosenfeld et al., 2019; Mikami et al., 2021) studying a variety of deep learning algorithms
all find the same polynomial scaling relation between the testing error and the number of data. As
the number of training data n increases, the population loss £ of well-trained and well-tuned models
scales with n as a power-law £ n% for some «. (Sharma & Kaplan, 2020) also scans over a large

range of « and problem dimension d and finds an approximately o < é scaling law. In Section 4, we
conduct numerical experiments to show that this phenomenon still appears for deep PDE solvers and
this neural scaling law tests more idiosyncratic features of the theory.

1.1 RELATED WORKS

Neural Scaling Law The starting point of our work is the recent observation across speech, vision
and text (Hestness et al., 2017; Kaplan et al., 2020; Rosenfeld et al., 2019; Rosenfeld, 2021) that the
empirical performance of a model satisfies a power law scales as a power-law with model size and
dataset size. (Sharma & Kaplan, 2020) further finds out that the power of the scaling law depends on
the intrinsic dimension of the dataset. Theoretical works (Schmidt-Hieber et al., 2020; Suzuki, 2018;
Suzuki & Nitanda, 2019; Chen et al., 2019b; Imaizumi & Fukumizu, 2020; Farrell et al., 2021; Jiao
et al., 2021c) explore the optimal power law under the non-parametric curve estimation setting via a
plug-in neural network. Our work extends this line of research to solving PDEs.

Deep Network Based PDE Solver. Solving high dimensional partial differential equations (PDEs)
has been a long-standing challenge due to the curse of dimensionality. At the same time, deep
learning has shown superior flexibility and adaptivity in approximating high dimensional functions,
which leads to state-of-the-art performances in a wide range of tasks ranging from computer vision
to natural language processing. Recent years, pioneer works (Han et al., 2018; Raissi et al., 2019;
Long et al., 2018; Sirignano & Spiliopoulos, 2018; Khoo et al., 2017) try to utilize the deep neural
networks to solve different types of PDEs and achieve impressive results in many tasks (Lu et al.,
2021a; Li et al., 2020). Based on the natural idea of representing solutions of PDEs by (deep) neural
networks, different loss functions for solving PDEs are proposed. (Han et al., 2018; 2020) utilize the
Feynman-Kac formulation which turns solving PDE to a stochastic control problem and the weak
adversarial network (Zang et al., 2020) solves the weak formulations of PDEs via an adversarial
network. In this paper, we focus on the convergence rate of the Deep Ritz Method (DRM) (E & Yu,
2018; Khoo et al., 2017) and Physics-Informed neural network (PINN) (Raissi et al., 2019; Sirignano
& Spiliopoulos, 2018). DRM (E & Yu, 2018; Khoo et al., 2017) utilizes the variational structure of
the PDE, which is similar to the Ritz-Galerkin method in classical numerical analysis of PDEs, and
trains a neural network to minimize the variational objective. PINN (Raissi et al., 2019; Sirignano &
Spiliopoulos, 2018) trains a neural network directly to minimize the residual of the PDE, i.e., using
the strong form of the PDE.

Theoretical Guarantees For Machine Learning Based PDE Solvers. Theoretical convergence
results for deep learning based PDE solvers raises wide interest recently. Specifically, (Lu et al.,
2021b; Grohs & Herrmann, 2020; Marwah et al., 2021; Wojtowytsch et al., 2020; Xu, 2020; Shin
et al., 2020; Bai et al., 2021) investigate the regularity of PDEs approximated by neural network and
(Lu et al., 2021b; Luo & Yang, 2020) further provide a generalization analysis. (Nickl et al., 2020)
introduces a prior over the solution of the PDE and considers an equivalent white noise model (Brown
& Low, 1996). (Nickl et al., 2020) provides the rate of convergence of the posterior. Our paper does
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Objective Function | Neural Network [ Previous Bound [ Fourier Basis
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_ _2s—4 ~3r4s-3 logn __2s—4 _ _2s—4
PINN n dt+2s—4 loo‘n n g n d+2s—4 n dt2s—4
© (Jiao et al., 2021a)

Table 1: Upper bounds and lower bounds we achieve in this paper and previous work. The upper
bound colored in red indicates that the convergence rate matches the min-max lower bound.

not need to introduce the prior on the target function and provides a non-asymptotic guarantee for
finite number of data. At the same time, (Nickl et al., 2020) can only be applied to linear PDEs
while our proof technique can be extend to nonlinear ones. All these papers also fail to answer the
question that how to determine the network size corresponding to the sampled data number to achieve
a desired statistical convergence rate. (Hiitter & Rigollet, 2019; Manole et al., 2021) consider the
similar problem for the optimal transport problem, i.e. Monge-ampere equation. Nevertheless, the
variational problem we considered is different from (Hiitter & Rigollet, 2019; Manole et al., 2021)
and leads to technical difference. The most related works to ours are two concurrent papers (Duan
etal., 2021; Jiao et al., 2021a;b). However, our upper bound is faster than (Duan et al., 2021; Jiao
et al., 2021a;b). In this paper, we also show that generalization analysis in (Lu et al., 2021b; Duan
et al., 2021; Luo & Yang, 2020) are loose due to the lack of a localization technique (De Boor &
De Boor, 1978; Bartlett et al., 2005; Koltchinskii, 2011; Xu, 2020). With observation of the strong
convexity of the loss function, we follow the fast rate results for ERM (Schmidt-Hieber et al., 2020;
Xu & Zeevi, 2020; Farrell et al., 2021) and provide a near optimal bound for both DRM and PINN.

1.2 CONTRIBUTION
In short, we summarize our contribution as follows

* In this paper, we first considered the statistical limit of learning a PDE solution from
sampled observations. The lower bound shows a non-standard exponent different from
non-parametric estimation of a function.

* Instead of the O(1/+/n) slow rate generalization bounds in (Lu et al., 2021b; Duan et al.,
2021; Jiao et al., 2021a;c), we utilized the strongly convex nature of the variational form
and provided a fast rate generalization bound via the localization methods (Van De Geer,
1987; Bartlett et al., 2005; Koltchinskii, 2011; Srebro et al., 2010; Xu & Zeevi, 2020).
We discovered that the current Deep Ritz Methods is sub-optimal and propose a modified
version of it. We showed that PINN and the modified version of DRM can achieve nearly
min-max optimal convergence rate. Our result is listed in Table 1.

* We tested the recently discovered neural scaling law (Hestness et al., 2017; Kaplan et al.,
2020; Rosenfeld et al., 2019; Hashimoto, 2021) for deep PDE solvers numerically. The
empirical results verified our theory.

2 SET-UP

We consider the static Schrodinger equation with zero Dirichlet boundary condition on the domain €2,
which we assume to be the unit hypercube in R%. In order to precisely introduce the problem, we
recall some standard notions. We consider our domain as 2 = [0, 1]¢ and use L?(2) to denote the
space of square integrable functions on {2 with respect to the Lebesgue measure. We let L>°(2) be
the space of essentially bounded (with respect to the Lebesgue measure) functions on €2 and C'(92)
denotes the space of continuous functions on 0f).
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Let f € L*(Q),V € L>(Q),and, g € L>(Q2). Our focus is on the analysis of Deep-Learning-based
numerical methods to solve the elliptic PDE:

—Au+Vu=f inQ,

u=g ondfl. 21

2.1 LoSS FUNCTIONS FOR SOLVING PDES AND INDUCED EVALUATION METRIC

In this paper, we mainly focus on analyzing Deep Ritz Methods (DRM) and Physics-Informed Neural
Network (PINN). In this subsection, we first introduce the objective function and algorithm of the
two methods.

Deep Ritz Methods (E & Yu, 2018; Sirignano & Spiliopoulos, 2018) Recall that the equation 2.1
is equivalent to following variational form

1
u* = arg min EP®™(u) := arg min 7/ [Vaull® + V]ul* dz — / fudz, (2.2)
H; (%) H3(©2) 2 Jo Q

where u is minimized over H} () with boundary condition given by g on 9.

This variational form provides the basis for the DRM type method for solving the static Schrodinger
equation based on neural network ansatz. More specifically, the energy functional given in equa-
tion 2.2 is viewed as the population risk function to train an optimal estimator approximation of the
solution to the PDE within a parameterized hypothesis function class F C H}(€2). In this paper, we
also rely on the strong convexity of the DRM objective with respect to the H' norm.

Proposition 2.1. For DRM, we further assume 0 < Viin < V(2) < Vipax, then we have

2 2
(EP(u) — B (u”)) < |lu—u"|[F <

17 - - EDRM _ EDRM *
max{l, ‘/Inax} - maX{l’ ‘/Inin} ( ('LL) (U ))

holds for all u € H}(Q)

Physics-Informed Neural Network (Raissi et al., 2019; Sirignano & Spiliopoulos, 2018). PINN
solves 2.1 via minimizing the following objective function

u* = arg min E"™N(y) := arg min / |Au(z) — V(z)u(z) + f(z)[*d.
Hy(Q) H(Q) Jo

The objective function EP™N can also be viewed as the population risk function and we can train
an optimal estimator approximation of the solution to the PDE within a parameterized hypothesis
function class F' C H} (). In this paper, we also rely on the strong convexity of the PINN objective
with respect to the H? norm, for which we need some additional assumptions on the potential.

Proposition 2.2. For PINN, we further assume V € L>®(Q) with 0 < Cyin < V2 — AV,0 <
Chmin < V() < Vinax and —AV (2) < Vinax, then we have for all u € H}(Q)

1

_* 2
2 (1 Vi + Vo) =l

(EPINN(U) _ EPINN(’U,*))

IN

2

< maX{l Cmin} (EPINN(U) _ EPINN(U*)).

2.2 ESTIMATOR SETTING

Empirical Loss Minimization In order to access the d-dimensional integrals, DRM (E & Yu,
2018; Khoo et al., 2017) and PINN (Raissi et al., 2019; Sirignano & Spiliopoulos, 2018) employ
a Monte-Carlo method for computing the high dimensional integrals, which leads to the so-called
empirical risk minimization training for neural networks. To define the empirical loss, let {X;}7_; be
an i.i.d. sequence of random variables distributed according to the uniform distribution P, in domain
2. We also have access to noisy observations f; = f(X;) +&; (1 < j < n) of the right hand side of
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the PDE (2.1), where ¢; are i.i.d. bounded random variables with zero mean and independent of X ;.
Define the empirical losses E,, by setting

B = S [0l (SIVe) P + gV - fux)]. e
j=1

n

S [190- (Au(x,) ~ VX u(x) + 1) . (24)

Jj=1

1
EPINN I
) = L

where |Q2| represents the Lebesgue measure of the domain.

Once given an empirical loss E,,, we apply the empirical loss minimization to seek the estimation u,,,
ie. u, = argmin, . E,(u), where F is the parametrized hypothesis function space we consider.
Some examples can be reproducing kernel Hilbert space (Chen et al., 2021b) and tensor training
format (Richter et al., 2021; Chen et al., 2021a). In this paper, we consider sparse neural network and
truncated Fourier basis, which can achieve min-max optimal estimation rate for the non-parametric
function estimation (Tsybakov, 2008; Schmidt-Hieber et al., 2020; Farrell et al., 2021; Suzuki, 2018;
Chen et al., 2019b; Jiao et al., 2021c; Nitanda & Suzuki, 2020).

Sparse Neural Network Function Space In this paper, the hypothesis function space F' is ex-
pressed by the neural network function space following (Schmidt-Hieber et al., 2020; Suzuki, 2018;
Farrell et al., 2021). Let us denote the ReLU? activation by 73(z) = max{z3,0} (z € R), which
is used in (E & Yu, 2018). For a vector x, () is operated in an element-wise manner. Define the
space of all neural networks with height L, width W, sparsity constraint .S and norm constraint B as

(L, W, S,B) = {WB () + b)) 0o W s () +6@) 0o Wz 4+ p1)) |

WE e RV p(E) e R W e RWV*4 p(1) e RW Wl e RV*W p) e RV (1 < [ < L),
L
S WO + [50o) < 8, mix WO s v 50| < BY, @3)
=1
where o denotes the function composition, || - ||o is the £yp-norm of the matrix (the number of non-zero

elements of the matrix) and || - ||c0,00 1S the £oo-norm of the matrix (maximum of the absolute values
of the elements).

Truncated Fourier Basis Estimator We also consider the Truncated Fourier basis as our esti-
mator. Denote the domain we are interested in by Q C [0, l}d. For any 2z € N4, we consider the
corresponding Fourier basis function ¢, (z) := €2>™{*%) (z € Q). Any function f € L?*(Q)
can be represented as a weighted sum of the Fourier basis f(z) := > _yu f-¢.(7), where
[ = [ f(@)¢.(x)dx (V z € N¥) is the Fourier coefficient. This inspires us to use the Fourier basis
whose index lies in a truncated set Zg = {z € Z|||z|l < &} to represent the function class F as

Fe = {ZHZ”wgg a.¢sla. € R, ||Z||oo <&}

3 LOWER BOUND

In this section, we aim to consider the statistical limit of learning the solution of a PDE. As discussed
in Propositions 2.1 and 2.2, we directly consider the H' norm for DRM and H? norm for PINN as
the evaluation metric. The lower bounds are shown as follows.

Theorem 3.1 (Lower bound). We denote u*(f) to be the solution of the PDE 2.1 and we can access
randomly sampled data {X;, fi}i=1,... n as described in Section 2.2. We further assume u*(f) € H®
for a given s € Z. Then we have the following lower bounds.

DRM Lower Bound. For all estimators 1 : (R)®" x R®" — H* (), we have

2s—2
inf sup  E[Y({Xi, fitizt, ) — 0" ()7 20~ T (3.1)
Y ureH#(Q)
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PINN Lower Bound. For all estimators 1 : (Rd)®n x R®" — H*(Q), we have
. . B TE
inf  sup  El[p({Xi, fitiz1, ) — 0 (f)|[F2 2 0~ 51, (3.2)
Y wreH*(Q)

Given that n™ R is the minimax rate of estimating the k-th derivative of a 3-smooth density in L?
(Liu & Wang, 2012; Prakasa Rao, 1996; Miiller & Gasser, 1979), the lower bound obtained here is
the rate of estimating the right hand side function f in terms of the H ~! norm. Given the H ! norm
error estimate on f, we can achieve an estimate of w, which provides an alternative way to understand
our upper bound. (See discussion in Appendix D.)

4 UPPER BOUND

To theoretically understand the empirical success of Physics-Informed Neural Networks and the
Deep Ritz solver, in this section, we aim to prove that the excess risk AE,, := E(u,) — E(u*) of a
well-trained neural networks on the PINN/DRM loss function will follow precise power-law scaling
relations with the size of the training dataset. Similar to (Xu, 2020; Lu et al., 2021b; Duan et al.,
2021; Jiao et al., 2021a;b), we decompose the excess risk into approximation error and generalization
error. Different from the concurrent bound (Duan et al., 2021; Jiao et al., 2021a), we provide a fast
rate O(1/n) by utilizing the strong convexity of the objective function established in Section 2.1 and
achieve a faster and near optimal upper bound. We show that the generalization error can be bounded
by the fixed point of the local Rademacher complexity

¥(r) = Ro({Z(u) | llu — w3 < r}),

where R,, is the Rademacher complexity, Z(u) = Au + Vu,|| - ||a = || - |2 for PINN and
Z(u) = |[|[Vul|?+Vu,||-||a = || - ||z for DRM. We put detailed definition and analysis in Appendix
A.5. We first provide a meta theorem to decompose the error into approximation and a fast rate
generalization error. Then we plug in the approximation and generalization error calculated in
Appendix A.4 and Appendix A.3 and finally achieve the following upper bounds.

Physics Informed Neural Network.

Theorem 4.1. (Informal Upper Bound of PINN with Deep Neural Network Estimator) With proper

assumptions, consider the sparse Deep Neural Network function space (L, W, S, B) with pa-
d

rameters L = O(1), W = O(nd+2dsf4), S =0(n#2=1), B = O(nd+2dsf4 ), then the Physics
Informed estimator 425N, = ming,ce(r,w,s,B) EPINN(y) satisfies the following upper bound with
high probability

gy — w3 S n” 75 log .
Theorem 4.2. (Informal Upper Bound of PINN with Truncated Fourier Series Estimator) With proper

assumptions, consider the Physics Informed Neural Network objective with a plug-in Fourier Series
. 1
estimator Gph" = minye g, () ER™Y (u) with € = ©(n@F25=1), then with high probability we have

|| ~ Fourier

12 < pTdreeed
Uppyy . — w* | S aFz—aL

Deep Ritz Methods.

Theorem 4.3. (Informal Upper Bound of DRM with Deep Neural Network Estimator) With proper as-
sumptions, consider the sparse Deep Neural Network function space ®(L, W, S, B) with parameters
L=0(1), W= O(nd+2d5*2), S =0(n d+2d5*2), B= O(nd+2d5*2 ), then the Deep ritz estimator

BN = mily,eq(r,w,s,B) EPRM () satisfies the following upper bound with high probability

By, — w* (|2 S n” 752 logn.

Theorem 4.4. (Informal Upper Bound of DRM with Truncated Fourier Series Estimator) With proper
assumptions, consider the Deep Ritz objective with a plug in Fourier Series estimator 45" =

minge g, (o) EY* (u) with § = O(n T ), then with high probability we have

~ Fourier

(| tpne” — u*||3 < ==
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Remark.

* There is a common belief that Machine learning based PDE solvers can break the curse of
dimensionality (E & Yu, 2018; Grohs et al., 2018; Lanthaler et al., 2021). However, we

obtained an n~ % =a+a convergence rate, which can become super slow in high dimension.
Our analysis showed that it is essential to constrain the function space to break the curse of
dimensionality. (Lu et al., 2021b) considered the DRM in Barron spaces. (Ongie et al., 2019)
showed that functions in the Barron space enjoy a smoothness s at the same magnitude
as d , which will also lead to convergence rate independent of the dimension using our
upper bound. Neural network can also approximate mixed sparse grid spaces (Montanelli &
Du, 2019; Suzuki, 2018) and functions on manifold (Nitanda & Suzuki, 2020; Chen et al.,
2019b) without curse of dimensionality. Combined with these approximation bounds, we
can also achieve a bound that breaks the curse of dimensionality using Theorem A.12 and
A.9. In this paper, we aim to consider the statistical power of the loss function in common
function spaces and leave the curse of dimensionality as a separate topic.

¢ QOur bound is faster than the concurrent bound (Duan et al., 2021; Jiao et al., 2021a) for
we provided a fast rate O(1/n) by utilizing the strong convex1ty of the objective function

—2
and 1mproved the > convergence rate from n~ TFI-7 o n~ F+%-7 for Deep Ritz and from

n~ s ton” 727 for PINN. Compared to the lower bound provided in Section 3, our
bounds for PINN is near-optimal while the upper bound for DRM is sub-optimal. We believe
our bound is tight and put the discussion in Appendix D. We’ll propose a modified version
of DRM to match the upper and lower bound in the next section.

* For upper bound of DRM, due to a technical issue, we assumed that the observation we
access is clean, i.e f; = f(X;). We conjecture that add noising on observation will not
effect the rate and leave this to future work.

5 MODIFIED DEEP Ri1TZ METHODS

Comparing the lower bound in Section 3 and the upper bound in Section 4, we find out that the
Physics-Informed Neural Network achieves min-max optimality while the Deep Ritz Method does
not. In this section, we propose a modified version of Deep Ritz which can be statistically optimal.

As discussed in Appendix D, the reason behind the suboptimality of DRM comes from the high
complexity introduced via the uniform concentration bound of the gradient term in the variational
form. At the same time, we further observed that the [ ||Vu||?dx does not require any query from
the right hand side function f, which means that we can easily make another splitted sample to
approximate the [ ||Vu||*dz term more precisely.

N n
1 1
BSM () = = 3 (100 SI9uC i) + -3 [i00- (G0 u()P - fulx)]
j:l j=1
5.1
Once we sampled more data for approximating | |Vu|?dx, we can achieve an near optimal bound

for the Truncated Fourier Estimator when % zZn I
Theorem 5.1. (Informal Upper Bound of DRM with Truncated Fourier Series Estimator)With proper

assumptions, consider the Deep Ritz objective with a plug in Fourier Series estimator G5osrer —

1 2
min,e g, () EN2M (u) with § = ©(nT2=1) and N> na==1, then we have

laazrsr — w7

S n_ di€2;34 .

Remark. We still cannot achieve optimal rate for neural network even with modified DRM methods.
The reason is because the number of neurons is not a good complexity measure for the gradient of the
function. Thus, the bound for ¢ (r) = R, ({Z(u) | ||u — u*||%;, < r}) is not enough for achieving
optimal convergence rate. However, following (Schmidt-Hieber et al., 2020; Suzuki, 2018; Imaizumi
& Fukumizu, 2020; Chen et al., 2019b; Farrell et al., 2021) to use deep networks for estimating
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functions, we optimize the best neural network with constrained sparsity in our paper. Here we
conjecture that there exists a computable complexity measure that can make DRM statistically optimal
and leave finding the right complexity of the neural network’s gradient to be future work.

6 EXPERIMENTS

In this section, we conduct several numerical experiments to verify our theory. We follow the neural
network and hyper-parameter setting in (Chen et al., 2020). Due to the page limit, we only put the
experiments for Deep Ritz Methods here.

6.1 THE MODIFIED DEEP RITZ METHODS

In this section, we conduct experiments which substantiate our theoretical results for modified Deep
Ritz methods. For simplicity, we take V(x) = 1 in our experiment. We conduct experiment in
2-dimension and select the solution of the PDE as u* = )" _ ||z|| ®¢.(x) € H*. We show the log-log
plot of the H' loss against the number of sampled data for s = 4 in Figure 1. We use an OLS
estimator to fit the log-log plot and put the estimated slope and corresponding R? score in Figure 1.
As our theory predicts, the modified Deep Ritz Method converges faster than the original one. All the
derivation of the two estimators is listed in Appendix D.

6.2 DIMENSION DEPENDENT SCALING LAW.

We conduct experiments to illustrate that the
population loss of well-trained and well-tuned
Deep Ritz method will scale with the d-
dimensional training data number N as a power-

law £ ﬁ We also scan over a range of d CogtNumber of Training Dte) " Log(Number of Training Data)

and « and verify an approximately o o & scal- (Y Becp T otece e Cpog e Moo
ing law as our theory suggests. We use the same
test function in Section 6.1 as the solution of our :
PDE. For simplicity, we take V (z) = 1 in our Figure 1: The log—log plot and estimated conver-
experiment. We train the deep Ritz method on &¢Nce slope. for Moc.hﬁed DRM gnd DRM using
20, 80, 320, 1280, 10240 sampled data points Fou.rler basis, showing the median error over 5
for 5,6,7,8,9,10 dimensional problems and we replicates.

plot our results on the log-log scale. Results are

shown in Figure 2. We discover the L o n@+2 scaling law in practical situations.

507 LH Jo B0

75 i

Theory P ey
iri 0.6595 0.7953
R2 Score 0.91 0.89

Lo
Testing Loss
Multiplicative Inverse of Scaling Law Cocfficient 1/a

Dimension

Figure 2: We verify the dimension dependent scaling law empirically. The multiplicative inverse
of the scaling law coefficient is highly linear with the dimension d, showing the mean error over 2
replicates.

6.3 ADAPTATION TO THE SIMPLER FUNCTIONS.

(Sharma & Kaplan, 2020) showed that the neural scaling law will adapt to the structure that the target
function enjoys. This adaptivity enables the neural network to break the cure of the dimensionality
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for simple functions in high dimension. (Suzuki & Nitanda, 2019; Chen et al., 2019a) also observed
this theoretically. For solving PDEs, we also observed this adaptivity in practice. Here we tested the

following two hypothesis

* Random Neural Network Teacher. Following (Sharma & Kaplan, 2020), we also tested
random neural network using He initialization (He et al., 2015) as the ground turth solution
u*. (De Palma et al., 2018) showed that random deep neural networks are biased towards
simple functions and in practice we observed a scaling law at the parametric rate. Specifically,
we obtained a linear estimate with slope a = —0.50679429 and a R? score = 0.96 in the
log-log plot. See Figure 3(a).

* Simple Polynomials. Neural network can approximate simple polynomials exponentially
fast (Wang et al., 2018). Thus, we select the ground truth solution to be the following
simple polynomial in 10 dimensional spaces u*(x) = x122 + - - - + 292 10. In this example,
we obtained a linear estimate with slope o = —0.49755418 and a R? score = 0.99 in the

log-log plot. See Figure 3(b).

7 CONCLUSION AND DISCUSSION

Conclusion In this paper, We considered the
statistical min-max optimality of solving a PDE
from random samples. We improved the previ-
ous bounds (Xu, 2020; Lu et al., 2021b; Duan
et al., 2021; Jiao et al., 2021a) by providing the
first fast rate generalization bound for learning
PDE solutions via the strongly convex nature of
the two objective functions. We achieved the
optimal rate via the PINN and a modified Deep
Ritz method. We verified our theory via numer-
ical experiments and explored the dimension
dependent scaling laws of Deep PDE solvers.

“

Figure 3: Neural networks have the ability to adapt
to simple functions and achieve convergence with-
out curse of dimensionality, showing the median
error over 5 replicates.

Discussion and Future Work Here we discuss several drawbacks of our theory

» We restricted our target function and estimators in W1°° instead of H' due to bounded-
ness assumption made in the local Rademacher complexity arguments. However, typical
functional used in physics is always unbounded, such as the Newtonian potential W,

which limits the application of our theory.

* This paper did not discuss any optimization aspect of the deep PDE solvers and always as-
sumed that global optimum can be achieved. However, it is important to investigate whether
the optimization error (Suzuki & Akiyama, 2020; Chizat, 2021) will finally dominate.

* Instead of solving a single PDE, recent works (Long et al., 2018; 2019; Li et al., 2020;
Lanthaler et al., 2021; Bhattacharya et al., 2020; Fan & Ying, 2020; Feliu-Faba et al., 2020)
considered the so-called "operator learning", which aims to learn a family of PDE/inverse
problems using a single network. It is interesting to investigate the generalization bound and
neural scaling law there.

* We find out that the sparsity of the neural network is not a good complexity measure of
neural network’s gradient. We conjecture that there exists an oracle complexity measure,
whose approximation and generalization bounds can lead Modified DRM to achieve the
optimal convergence rate.
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Appendix

A PROOF OF THE UPPER BOUNDS

A.1 NOTATIONS

In this section, we provide all the notations we need in the proof. Let  C R? be some open set. We
denote C () the space of continuous functions on §2 and C*() the space of all functions that are k
times continuously differentiable on Q (V k € ZT). For any n € Ny (Ng := Z* U {0} is the set of
all non-negative integers) and 1 < p < oo, we define the Sobolev space W™P((Q2) by

Wn™P(Q) = {f € LP(Q) : D*f € LP(Q), Yo € N¢ with |a| < n}.
In particular, when p = 2, we define H"(Q) := W™2(Q) for any n € Ny. Moreover, for any
fewnP(Q) with 1 < p < 0o, we define the Sobolev norm by:

1

ooy = (32 1D Fley) "

0<|a|<n
In particular, when p = oo, we have:

n,oco = Da =) .
| fll .o () Ogn\l(j}én,” fllLe (o)

Consider the Fourier expansion f := ) _ya f2¢.(z) of the function f € W™P(2). We can
equivalently express the Sobolev norm as:

/
1 lwsiey = (3 Nal1sele)

where f. = [, f(2)¢.(z)dzx = [, f(x)e 2= dx (x € Q) is the z—th Fourier coefficient of f.
Moreover, we use W, (Q) to denote the closure of C(2) in W'?(RQ). In particular, when p = 2,
we define H} () := W, ().

Furthermore, we use || - || to present the vector 2 norm and, given a data sample {X;}? , C Q,
I llnp = (En-p)l/p denote the empirical p norm, where E,, : L?(Q2) — R is the corresponding
empirical average operator defined as E,, f := % S f(X,), Y f € L*(9). Given two quantities
X and Y, we write X <Y when the inequality X < C'Y holds, where C is some constant. For two
functions f and g mapping from R™ to R, we write f = O(g) when there exist two constants C’ and

xo independent of f and g, such that the inequality f(x) < C’g(x) holds for any x > xo. We use
X ~Ytodenote X <YandY < X.

A.2 REGULARITY RESULT FOR THE PDE MODEL.

Regularity Results of the DRM Objective Function

Theorem A.1. We consider the static Schridinger equation on the unit hypercube on R? with the
zero Direchlet boundary condition:

—Au+Vu=fon,
u = 0 on 0N.

where f € L*(Q) and V € L*(Q) with 0 < Vigin < V(2) < Vipax > 0. There exists a unique
weak solution u to the equivalent variational problem (Evans, 1998):

(A1)

1
u}f = argmin EP®(y) := arg min {7/ {HVUH2 + V\uﬂ dx f/ fudx}. (A.2)
ue H () weri (@) 2 Ja Q

Then for any u € H'(Q), we have:

min(1, Vipin)
2

max(1, Vinax)

lu = ugll o) < B (u) — EP(uf) < 5

Ju — ug|F ) (A3)
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Proof. To show that u§ satisfies estimate A.3, we first claim that for any v € H LQ),
EPRM(y) — EPRM(y3) / |Vu — Vug||*dz + = 5 / V(uh —u)? d. (A4)
Q
In fact, by plugging in the first equation of A.1, one has that
1 1
7/ Vs |2de + 7/ Viuy Pz — / Fusda
Q Q
/ |Vug|?de + = / V0ug|?dx + / (Aug — Vug)ugde

/||Vus|| dm—l—/(AuS ugdr — /V|us|2d:1c

Furthermore, applying Green’s formula to the true solution u yields:

1
/||Vus|| dm+/(AuS)ude /V|us\ do

Jug 2 2
_ tdo— = | IVuil2de — = | Vius|2d
/c'm o US4t 2/9” ug||“dx 2/9 lug|“dx
1 1
- / IVu|2ds — / Vug|2de,
2 Ja 2 Ja

where the last identity above follows from the second equality in A.1. Now for any u € H'({),
applying Green’s formula to u and the true solution u¢ implies:

EPRM(y) — EPRM(y /||vu|\ da + /V|u|2dx—/fudx+ /||ws|| d + /V|us|2dx
/||Vu|\2dx—|— /V|u\2dx+/(AuS Vug)ude + = /||Vus|| dx + - /V|us|2dx
1
7/ ||Vu|\2dx+/(Au’§)ud$+f/ HVugHde—&—f/ V(ug—u)2dx
2 Ja Q 2 Ja 2 Ja
1/ ||Vu|\2dx+/ ausudxf/Vu§~Vudx+1/ ||Vu§||2dx+1/V(u§fu)2dx
2 Ja o0 On Q 2 Ja 2 Ja

:1/ ||Vusung2dx+1/ V(uh —u)? da,
2 Ja 2 Jo

where the last identity above again follows from the second equality in A.1. This completes our proof
of identity A.4. Using the assumptions on the potential function V' then implies:

1 .
EPRM(y) — EPRM(y%) < M[/ |\W—wg\|2dx+/(ug—u)2 dz
Q Q

BP0 ()

EPM ()

2
max (1, Vinax) .
= %”U - uS”?{l(Q)v
1 Vmin * *
EPRM(y) — EPRM(y%) > % [/ IV — V| 2de + / (w5 — w)? da|
Q Q
max (1, Vinin) .
=T 9 ||U*Us||%rl(9)~

This completes our proof of A.1. O

Regularity Results of the PINN Objective Function

Theorem A.2. We consider the static Schrédinger equation on the unit hypercube on R® with the
Neumann boundary condition:

—Au+Vu= fonQ,

u = 0on 0. (A-3)
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where f € L2(Q) and V€ L*>®(Q) with V? — AV > Chin,0 < Criin < V() < Vinax and
—AV(x) < Vinax. Then there exists a unique solution u}; € H{ () to the following minimization
problem (Brezis, 2010):

uf = argmin EP™(y) := arg min { |[Au— Vu+ f\de}. (A.6)
u€H} () ueH} () Q

Then for any u € HE(Q), we have:

min{1, Conin H|u — w52y < B (w) = B™(ug) < 21+ Vinax + Viewo) lu — w5720 -
(A.7)

Proof. For any u € H}(Q), we let & = u — u*, then we have @ € Hg ().
EP™N () — EPNN(y / |Au — Vu— Au* + Vu*dx —/ |AG — Va2 dx

= / (Aw)*dx + / VZiatdr — 2 / VaAidz.
Q Q Q

Using Green’s formula, we have:

(A.8)

/ VﬂAde:rJr/ V(Va) - Vadx :/ a—uVﬂds =0,
Q Q a0 On

where the last equality above follows from the fact that i € H{ (£2). This further implies:

PINNu o PINN U* —_ ,a2 T
EPN(u) — EPW (i) /Q<A>d+/

V2itdr 4 2 / V(Va) - Vad
Q

Q
:/(Aﬂ)zd:v+/ V2a2da:+2/ VHVﬁsz:chQ/ﬁVV-Vﬁda:.
Q Q Q Q

Using Green’s formula again, we have:
oV
2/12VV-Vﬂdx:/V(u2)-Vde=/ —~2ds—/a2Ade=—/a2Ade.
Q Q aa On Q Q

Then we can further deduce that:

PINNU o PINN ’U,* _ ’EL2 T
EPNN(y) — EPW (i) /Q<A>d+/

(V2 - AV)a 2d:c+2/ V|| Vil|2da.
Q

For we have assumed V' € L>®(Q) with 0 < Cppin < V2 — AV,0 < Chin < V() < Vinax and
—AV(2) < Vinax, thus we have

min{1, Cuin}lu — ug |72y < B (u) — BN (ul) < 2(1 4 Vinax + Vi) llu — w132 -
(A.9)
O

A.3 AUXILIARY DEFINITIONS AND LEMMATA ON GENERALIZATION ERROR

To bound the generalization error, we use the localized Rademacher complexity (Bartlett et al., 2005).
Recall that the Rademacher complexity of a function class G is defined by

R, (G) =E4E, [jlelg —Zajg HZl,. .’Zn],

where Z; are i.i.d samples according to the data distributions and o; are i.i.d Rademacher random
variables which take the value 1 with probability % and value —1 with probability %

The following important symmetrization lemma makes the connection between the uniform law of
large numbers and the Rademacher complexity.
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Lemma A.1 (Symmetrization Lemma). Let F' be a set of functions. Then

n

1
Esup = Y u(X;) - Exwpyu(X)| < 2R, (F).
ueF 1T
=1
Lemma A.2 (Ledoux-Talagrand contraction (Ledoux & Talagrand, 2013, Theorem 4.12)). Assume
that ¢ : R—R is L-Lipschitz with $(0) = 0. Let {0;}"_, be independent Rademacher random
variables. Then for any T C R"

E, [(tl Za, i}§2L-]E[ su Za}

Stn)ET ;4 t)GTl 1

Let (E, p) be a metric space with metric p. A d-cover of a set A C F with respect to p is a collection
of points {z1,--- ,2,} C A such that for every € A, there exists ¢ € {1,---,n} such that
p(z,x;) < 4. The d-covering number IN (4, A, p) is the cardinality of the smallest d-cover of the
set A with respect to the metric p. Equivalently, the j-covering number IN (9, A, p) is the minimal
number of balls B, (z, §) of radius ¢ needed to cover the set A.

Theorem A.3 (Dudley’s Integral theorem). Let F' be a function class such that sup s p || |2 < M.
Then the Rademacher complexity R,,(F') satisfies that

Ro(F)< inf 45+—/ \/logNeFH ||n2)de}

0<6<M

Lemma A.3 (Talagrand Concentration Inequality). Consider a function class F defined on a prob-
ability measure yu such that for all f € F, we have || f||s < B,Eu[f] = 0,E.[f?] < o Then for
any t > 0, we can have the following concentration results.

202 28|
| Lﬁggn S fz) = 2o By Zf —+ n] <et.

Lemma A.4 (Peeling lemma (Bartlett et al., 2005)). Consider some measurable function class F.
Assume that there exists a sub-root function ¢(r) satisfying

R,({f € FIE[fl <r}) < o(r) (Vr>0). (A.10)
Then we have
Ly oif(z) 4¢(r)
Bozn L%‘;g Efj+r |~ r

Proof. Denote F ( ) ={f € F|E[f] < r} tobe the localized set with radius . Then for a fixed set
of datapoints {z;}?_, and a fixed set of Rademacher random variables {c; }_,, we have:

%2?21 Uif(zi) <E,, .. [ i ZZ 1 sz Zz n ZEU“% [ sup

Es, .z, | sup sup
rer  E[f]+r FEF(r) FEF(raitV\F(rdd)

Ro(F(r) | ~= Ru(F(raith)) G(r4i )

< — 2 :

- r + J;J 4] 41 - Z rdi +r

(r) | =~ 211(r) _ 49(r)
< —= - < .
- or * Z rdd +r T 7

We also modify the peeling lemma above, as we aim to apply it to derive the upper bound for the
Modified Deep Ritz Method (MDRM).
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Lemma A.S (Peeling Lemma For MDRM). Given some measurable function class F and two
continuous mappings g, h : F — R, we define a class F of vector-valued functions by:
Fi={(go fihof)|feF}
Forany f € F, we use gy and hy to denote the two compositions g o f and h o f, respectively. For
any r > 0, the localized set F, is defined by:
Fr=A(g5,hy) € F[Ealgs(x)] + Ey[hs(y)] < r}.
Moreover, the modified Rademacher Complexity of F, is defined by:

Ron(F) = B ({971(97:1p) € Fo}) + Runl{hsl(95.hp) € Fo}).

Assume that there exists some function ¢ : [0,00) — [0, 00) and some r* > 0, such that for any
r > r*, we have:
o(4r) < 2¢(r) and Ry, o (Fr) < &(r).

Then for any r > r*, we have:

IS Loigp(z) + 23 Tk 4
Ea,‘r Em,y[Sup nszl gf( ) mzj 17 f(y]) :| < ¢(T)

Proof. The proof is the same as the original peeling lemma, thus we omit the detailed proof here. [J

A.3.1 LocAL RADEMACHER COMPLEXITY OF TRUNCATED FOURIER BASIS

Definition A.1. (Fourier Series) Given a domain ) C |0, l]d. For any z € N%, we consider the
corresponding Fourier basis function ¢ (x) := 2™} (x € Q). With respect to the Fourier basis,
any function f € L*(Q) can be decomposed as the following sum:

= > f0:(2). (A1)
z€Nd
where for any z € N9, the Fourier coefficient f, = fQ d;v

Definition A.2. (Truncated Fourier Series) For a fixed posmve integer £ € 7, we define the space
F¢(Q) of truncated Fourier series as follows:

Fe(Q)={f =3 f.0.
z€Nd
Equivalently, we can decompose any f € F¢(Q) as f := Z”Z”mg [0,

f:=0,V|z]e > 5}. (A.12)

Lemma A.6. (Local Rademacher Complexity of Localized Truncated Fourier Series) For a fixed
€ € ", we consider a localized class of functions F, ¢(Q) = {f € Fe(Q) ‘ ||f||%1(9) < p}, where
p > 0is fixed. Then we have the following upper bound on the local Rademacher complexity:

Rn<Fp,g<Q)):1EX[EU[ sup Zazf )| X x 5\/55‘52. (A.13)

FEF, () T
Proof. Take an arbitrary function f € F,¢(Q). Let f = ZH H <¢ [=¢- be the Fourier basis
expansion of f. p > Hf||H1 @ 1mpl1es constralnt Dzl <t |212]1z]|* < p on the Fourier coeffi-
cients(Adams & Fournier, 2003).

On the other hand, substituting the Fourier expansion into the average sum = >°" | o; f(X;) and
using Cauchy-Schwarz inequality imply:

%Zaifm):%Zai > fz¢>z(Xz->:% > D oif6.(X
=1

=1 2]l <§ llz]lec <€ i=1
1 : :
<= (S PR (Y \Z”ZH )
llz]loo <& Izllo<g =1

5%( ‘;II & )7
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where we have used the constraint } -, , | f-1?11z]1* < p in the last step above. Moreover, by

taking expectation with respect to the i.i.d Rademacher random variables o; (1 < ¢ < n) and the
uniformly sampled data points {X;}" ; on both sides and applying Jensen’s inequality, we can
deduce that:

BxE, [ Z“f D)2 e (X ‘ann
x)]

ll2llo
Using independence between the random variables o; (1 < i < n), we can further simplify the
expectation inside the square root above as below:

EX"’[ ‘z_: ||z|| } - Z [

[N

Nl=

<0 (mxa] T I3

llzlc < =1

Z Z X<7|:|| H2 d)z( z) i|
[[2]loo <€ i=1
Q) 1 d 3
- ¥ ¥y I Y pEsra e
[|2]] o <& i=1 H [loo <€

Combining the two bounds above yields the desired upper bound:
Ex Eg[ sup Zsz ‘X1,~--,Xn] 5\/5\/7@:\/?{1;2
fEF, () T n "
O

Lemma A.7. (Local Rademacher Complexity of Localized Truncated Fourier Series’ Gradient) For
afixed & € ", we consider a localized class of functions G, ¢(Q) = {||Vf|| | f € F,¢(Q)}, where
p > 0is fixed. Then for any sample {X;}_ C §, we have the following upper bound on the local
Rademacher complexity:

Rn(Gpe()) = Ex

E,| sup Zalnw Il 1, Jgﬂg\/ggé‘. (A.14)

FEF, () T i=1

Proof. Take an arbitrary function f € F,¢(Q). Let f = 3, . f.¢. be the Fourier basis
expansion of f. Similarly, the norm restriction condition || f ||§{1(Q) < p can be reduced to the
following condition about Fourier coefficients:

> Pl S e
Il <t

Moreover, substituting the Fourier expansion into the average sum = >°" | o;||V f(X;)|| and using
Cauchy-Schwarz inequality imply:

ISl =2 el Y AVel< - Y S el £Ve.(x)
=1

i=1 llzll oo <& llzlloo <€ =1

<O ) (2 \ZH Ao clf)’

llzlloo <€ llzllo

s*f(ll \;””wz ).
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where we have used the constraint } -, , | f-1?11z]1* < p in the last step above. Moreover, by

taking expectation with respect to the i.i.d Rademacher random variables o; (1 < ¢ < n) and the
uniformly sampled data points {X;}" ; on both sides and applying Jensen’s inequality, we can
deduce that:

BB LY vl £ Ley, (X |22
=1

ERAZXESTIDY
lzllo <€ =1

SC ESN D S S <uITXE S

llzllo < i=1

Using independence between the random variables o; (1 < i < n), we can further simplify the
expectation inside the square root above as below:

> |3 Zivecaif] = ) EXUH§3| w6 ol

2llc < i=1 ll2llo0

0',2
3 }jEXJhEFMV¢AX»W}

ll2]lo0 <€ i=1

4
- > et sn 5 rse
llzlloo <€ 3=1 llzll oo <&

Combining the two bounds above yields the desired upper bound:

JE(,[ sup ZO’ZHVf ”)XI’H.’X"”’S\?\/@:\/E&?

JEF, (@)

Ex

O
Lemma A.8. (Local Rademacher Complexity of Localized Truncated Fourier Series’ Laplacian) For
afixed & € I, we consider a localized class of functions J, ¢ () := {f € Fe(Q) ‘ ||f||?{2(9) < p},

where p > 0 is fixed. Correspondingly, we define a localized class of Laplacians K, ¢(Q2) =
{Af| f € Jye(Q)}. Then for any sample {X;}7_, C S, we have the following upper bound on the
local Rademacher complexity:

Ro(K,e(Q) = Ex []Ea[ sup Q)nZa,Af X Xn” < \/ggé‘. (A.15)

feF, ¢

Proof. Take an arbitrary function f € J,¢(§2). Let f = Z”Z”m <¢ [=¢- be the Fourier basis
expansion of f. Similarly, the norm restriction condition || f||3, (@) < p can be reduced to the
following condition about Fourier coefficients:

> EPlIEI S e
It

Moreover, substituting the Fourier expansion into the average sum % Yo oA f(X;) and using
Cauchy-Schwarz inequality imply:

1 & 1 & 1 -
ﬁgaiAf(Xi):EZm Do FAG(X)=— 3 D 0ifAd(X

=1zl <€ Izl <€ =1
ol

<O ) (X \2:””2 Xi)

ll2llo0 <€ lzlleo<g i=1

5\7/f<| e ’;”"1 B0 )7

[SE

20



Under review as a conference paper at ICLR 2022

where we have used the constraint } -, , | f-1?11z]|* < p in the last step above. Moreover, by

taking expectation with respect to the i.i.d Rademacher random variables o; (1 < ¢ < n) and the
uniformly sampled data points {X;}" ; on both sides and applying Jensen’s inequality, we can
deduce that:

)

]EXE[ ZoAf ) s ‘[IEXU (> ]Z” [ A= (X)
x|

Izl <€ =1
Using independence between the random variables o; (1 < i < n), we can further simplify the
expectation inside the square root above as below:

]EXU[IIX: ‘iz Zpe-0f] - P EX”{ZH p0-(0]

> Exe [ ||4| 6(X)P

[N

1
2

<2 (o] T |0 gpse

llzlloo <€ =1

Iz]|oc <€ i=1

16
= > et g 3 e
Iz]|oc <€ i=1 H lloo <€

Combining the two bounds above yields the desired upper bound:

EU[ sup ZazAf ’Xl, -,X,ng\?/f\/n?d:\/ggg.

feF, ¢

Ex

A.3.2 LocAL RADEMACHER COMPLEXITY OF THE DEEP NEURAL NETWORK MODEL

In this section we aim to bound the local Rademacher Complexity of a Deep Neural Network. We
first bound the covering number of the function space composed by the gradient of all possible neural
networks and then apply a Duley Integral to achieve the final bound.

Definition A.3. Let 1, denote the I-ReLU activiation function. Here we use 13 := max{0, z}>(E
& Yu, 2018) as the activation function to ensure smoothness. We can define the space consisting of
all neural network models with depth L, width W, sparsity constraint S and norm constraint B as
follows:

®(L,W,S,B) := {(W(L)n3(~) + o0y Wz 4 oWy | WE) e RXW (L) e R (A.16)

W e RWxd p(1) ¢ RW w0 ¢ RWXW 50 ¢ RW (1 <1 < L), (A17)
L
> (WDl + 6 l0) < 8, max W se.00 V [6V o < B} (A18)

1=1
where || - ||o measures the number of nonzero entries in a matrix and || - || oo, 0o Mmeasures the maximum
of the absolute values of the entries in a matrix.
For any d € 7T, we refer to an arbitrary element in ®(L, W, S, B) as a ReLU3 Deep Neural Network.
Then for any index 1 < k < L, we use Fy, to denote the k—ReLU3 Deep Neural Network composed
by the first k layers, i.e:

Fi(z) == WP ns() + 08 - vz + 62,

Also, we use (L, W, S, B) to denote the space consisting of all Fy,. In particular, when k = L, we
have:

F(z) = Fp(z) = W ns() + 08 - W2 + 6, and @1, (L, W, S, B) = ®(L, W, S, B).

Furthermore, given that the domain Q) C [0,1]% is bounded, we have sup,cq, ||z s = 1.
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Lemma A.9. (Upper bound on co-norm of functions in DNN space) For any 1 < k < L, the
following inequality holds:

sup [ Fr () [ oo <
z€Q, Fr,e€®,(L,W,S,B)

k—1_,

T (Bvd)™ kL

Proof. We use induction to prove this claim.
Base cases: When k = 1, we have that for any = € Q and any F; € &, (L, W, S, B), the following
holds:
171 @)oo = IWR 7+ b oo < W llcll2lloo + 15510
< AW loooo + B < dB+ B < 2(BV d)>.
When k = 2, we have that for any z € 2 and any F» € ®5(L, W, S, B), the following holds:
2 2 2 2
I1E2(@) o0 = IWE ns(F1(@)) + b oo < IWE llsoIns (Fr @)oo + 165 o0 < WIWE lloo 00|11 @) 1% + B-
By applying the bound proved in the case when k& = 1, we have:
| Fo(2)||oo < WB(dB+ B)* 4+ B=WB*d+1)*+B
=WB*d®+3d* +3d+ 1)+ B <8W(BVd).

where the last inequality follows from the assumption that W > 2.
Inductive Step: Now we assume that the claim has been proved for kK —1, where 3 < k < L. Similarly,
for any x € Q and any F), € ®,,(L, W, S, B), we have:

k k k k
1Fe (@)oo = W ns(Frer (@) + 0% loe < W sollns(Fre1 (@)oo + 16%]|c
< WIWP |oo o || Fimr (2) |13 + B < WB||Fys (2)|1%, + B.

Using inductive hypothesis, we can further deduce that:

(A.19)

k—1_ 5.3k—1_g

— k_
| F% ()] 0o <WB><W = (Bvd) Tt k46 4 g

53’€113

~(BVd) 3’3’”6+B\/d
(B\/d) [ +1]
LBy T T 2 () > 3)

SR,

Taking supremum with respect to « € 2 and Fy, € @, (L, W, S, B) on the LHS implies that the given
upper bound also holds for k. By induction, the claim is proved. O

We also need to show that the ReLU3 activation function is a Lipschitzness functions over a bounded
domain.

Lemma A.10. For any k € Z*, consider the k—ReLU activation function ny, defined on some
bounded domain D C R? (i.e, sup,cp ||2]|c < C for some C > 0). Then we have that for any
z,y € D, the following inequalities hold:

[ (2) = m@)lloe <[z =yl
[m2(2) = 12(y) oo < 2C[Jx = Yoo,
1n3(x) = 13 (W) lloe < 3C%l2 — oo

Proof. This is because |V (x )| |max{1,0}| = 1, |Vne(z)] = |2max{z,0}| < 2C and
Vi3 ()| = [3max{z,0}?| < 3C 0

Lemma A.11. (Relation between the covering number of DNN space and parameter space) For any
1 <k < L, suppose that a pair of different two networks Fy,, Gy, € ®.(L, W, S, B) are given by:

Filw) = WEns() +607) - Wz 4 )),
Gula) = W ma() +E)) - WGz + b)),
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Furthermore, assume that the || || norm of the distance between the parameter spaces of F, and
G, is uniformly upper bounded by 6, i.e

W — W llsooe <6, b — b [l <6, (V1 <1< k). (A20)
Then we have:
k—1_ ak—1_ k_
sup || Fie(z) = Gr(@)||oo < W2 (BVd) =z 272 —ktigh-1, (A21)
€N

Proof. Let’s prove the claim by using induction on k.
Base Case: When k = 1, we have that for any « € Q2 and any Fy, Gy € ®1(L, W, S, B) satisfying
constraint A.20, the following holds:

|1F1(2) = Gi(@) ]|l = WDz + 02 — W2 — 0l o
< (WP =W ol llo + 1% = 851 (A22)
<0d+6=06(d+1) <25(BVd) <25(BVd)?>

When k = 2, we have that for any x € Q and any F», Go € ®5(L, W, S, B) satisfying constraint
A.20, the following inequality holds:

|F2(x) — Ga(@)]|oo = W na(F1(2)) + b2 = WS (G (2)) = b5 ||oo
< W& (Fi(2)) = W ns(Ga (@)oo + 1B — 52 |1
< W ns(F1(x)) = WE n3(FL (@)oo + WS 13 (F1(2)) = WE n3 (G (2)) oo + 6.
By applying the upper bound proved in equation A.19, we can upper bound the first part
WS n3(Fi(x)) — WS n3(Fi (2)) oo by:
W ns(Fi(2)) = W ns(Fy () oo < WD = WP | solns(Fy(2)) oo
< Wo|Fy ()3, < sW[2(B v d)*P.

By applying the Lipschitz condition proved in Lemma A.10 and the bound proved in equation A.22,
we can further upper bound the second part ||1/Vé2 )7’]3(F1 (x)) — WG N3(G1())|| 0o by:

IWns(Fy(2) = W ns(Gr(2))|oo < W oo 13 (Fi () — ns(G1 ()|

SWBx3  sup [R5 x [[Fi(e) = Gi(x)]
Fi€®1(L,W,S,B)

< WB x 3[2(BVd)?? x 20(BVd)
< 246W (B V d)°.
Summing the two upper bounds above yields:
| Fo(2) — G2(2)]|oo < 8SW (B V d)® + 246W (B Vv d)® 46 < 246W (B Vv d)".

where we again use the assumption d > 2 in the last step.
Inductive Step: Now we assume that the claim has been proved for k¥ — 1, where k£ > 3. For any
x € Qand Fy, € (L, W, S, B), we have that:

1Fi(2) = Gr(@) o = W 05 (Fim1(2)) + 05 = W 3(Groa (2)) — b 1
< W s (Fioa () — Wé’”ng«:k_l(x))nm + 6% = b 1o
< W n3(Fie1(2)) — W n3(Grer ()l + 6.
Applying triangle inequality helps us upper bound the first term above as follows:
W ns (i () — wgk>n3<ak_1<x>>|\oo
< W ns(Frer (2) = W ns(Frer (2)) oo + IWE 0 (Fim1(2)) = WE s (Gi—1(2)) |
< IR = WE oclIns (Fr—1.(2)) e + W oo lIns(Fie—1(2)) = ns(Gr1(2)) oo
< W | Fimr ()13 + BWIns(Fe1(2)) — 13(Gr—1(2) .
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From Lemma A.9, we can upper bound the first term W || F},_1 ()2, by:

gk—1_1 5.3k—1 k

SW||Feor(z)|2, < W2 (Bvd)™ = 27 = —3k+6,

Moreover, applying Lemma A.10 and the inductive hypothesis let us upper bound the second term
BW ||ns(Fr-1(z)) — n3(Gr-1(z))||c as follows:
BW|lns(Fr-1(x)) = 03(Gr-1(x))[| 0
< BW x3 sup | Pt @)1 X [ Feca (@) = Groa (0)]oc
e, Fk71€¢k71(L,W7S7B)
<3BW x W3 (B v q)5*3" 193" 12k B (2) — Gl (@)oo

3k—2_, 5.3k—2_1 gk—1_4

<3BW x W3 (B v q)5x3" 193" 12kt syt (B @) e 2 e ke 2gh2

ok—1 ok—1 ok
3 —1 5XxX3 —1 3V -1
. —3k+5

<3 lsWw—=—(BVd) 272

Combining the two upper bounds derived above yields:

k—1_ ak—1_ k_
3 1 5-3 . 3 3 3—3k+6

[F%(2) = Gr(@)]loo < W = (BVd) 2

+ 3k_15W3k—21,1 (B v d) 5x3k2—1,1 231“2,1 _3k+5 + 5
gk—1_4

< 83w (Bv d)w%2¥—k+l,

where the last inequality above follows from k£ > 3. Taking supremum with respect to € €2 on the
LHS implies the given upper bound also holds for k. By induction, the claim is proved. O

Theorem A.4. (Bounding the DNN space covering number) Fix some sufficiently large N € Z.T.
Consider a Deep Neural Network space ®(L, W, S, B) with L = O(1), W = O(N), S = O(N)
and B = O(N). Then the log value of the covering number of this DNN space with respect to the
inf-norm ||F(x)|leo 1= supyeq |F(x)|, which is denoted by N'(§, (L, W, S, B), || - ||s), can be
upper bounded by:

log N'(8, (L, W, 8, B), || - [|ac) = O (S[log(é‘l) +3L 1og(WB)D . (A.23)

Proof. We firstly fix a sparsity pattern (i.e, the locations of the non-zero entries are fixed). By picking
k = Lin Lemma A.11, we get the following upper bound on the covering number with respect to

I+ Moo

()
SLIW T (B d) T et ree )

Furthermore, note that the number of feasible configurations is upper bounded by ((ng)L) <

(W + 1)%9 (Schmidt-Hieber et al., 2020; Farrell et al., 2021) Plug in the previous inequality and
yields:

0
3L—-1_1

-5
< Slog [5*1(W BT (B Y @) 2¥7L+1]

log N (6, (L, W, S, B), | - [|eo) < log

W+ 1)LS(

<s [1og(5—1) + Llog(3W) + 3E log(W (B V d)) + 3F log 2] .

Note that here the dimension d is some constant. Thus, by plugging in thee given magnitudes
L=0(1),W=0(N),S =0O(N) and B = O(N), we can further deduce that:

log N'(8,®(L, W, S, B), || - |loc) < S| log(67") + 3" log(WB)]|.

This finishes our proof. O
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Now let’s consider upper bounding the covering number of the /s norm of the sparse Deep Neural
Networks’ gradients. Note that for any 1 < k < L — 1, any k—ReL.U3 Deep Neural Network
Fy € ®(L,W, S, B) is amap from R? to R". Forany 1 <1 < W, we use Fy,.1(z) to denote the
[-th component of the map Fj,. This helps us write the map Fj, () and its Jacobian matrix J[F}](x)
explicitly as:

Fk(l‘) = [Fk71(l‘),Fk72(1‘),~ .. ,ijw(.r)]T S RW.

BE) AR A

By 1'0,2\T By 1h2\T) g 2\

J[F)(z) = | ° o o e RV,
s=Few(®) s=Few(@) - FZFow(z)

In particular, when k = L, we have that any F, € &1 (L, W, S, B) = ®(L, W, S, B) is a map from
R? to R. Thus, its Jacobian can be explicitly written as the following row vector:

7] 0 0
—F(2), —Fr(2),--- —F e R,
oz, F1(2) 5 - Fr(@) B, L(z)]
Lemma A.12. (Upper bound on co-norm of Jacobian/Gradient of elements in the DNN space) For
any 1 < k < L, the following inequality holds:

JIFL](z) = [

k—1_ 5.3k—1_ k_
sup ITF) (@)oo S W™= (Bvd)™ 7 277 kHigh-l,
z€Q,FL €D (L,W,S,B)

Proof. We use induction on k to prove the claim.
Base case: k = 1. By the definition of Jacobian matrix, we have that for any € 2 and any
Fy € &,(L, W, S, B), the following holds:

ITIF) @)oo = WS oo < dB < 2(B v d)?.
Inductive Step: Assume that the claim has been proved for k¥ — 1, where 2 < k < L. For any
x € Qand any Fy, € ®,(L, W, S, B), by applying the Chain Rule, we can write the Jacobian matrix

J[Fg](z) as J[Fy)(z) = W}k)J [n3 © Fr—1](x), where the ReLU3 activation function 73 is applied
to each component Fj,_1 ; (1 <1 < W) of the map Fj,. Then we have the following upper bound:

T @) oo < W llsoll T3 © Fiea)(@) oo < WBI|T 0 0 Fi—1)(@)]| oo (A.24)

Note that the composition 73 o F},_ is a map from R? to R". Hence, the Jacobian matrix .J[n3 o
Fy_1](x) is of shape R" >4, Applying the Chain Rule again implies:

: OF_1,(x)
17173 © Fi—1](@)lloc = 121SI)W(; |3772(Fk71,z(x))8793;|).

Furthermore, for any 1 <[ < W, the summation on the RHS above can be upper bounded by:

d d
8Fk_1,l(z) 3

> 1302 (Fr—1(2)) —5 =1 < 3| Frr ()13 |5 Fe-10(@)]) < 3l Fua (@) 5 1 [Fi-a] () oo

j=1 J j=1 J

Now let’s take supremum with respect to [ and apply the inductive hypothesis and Lemma A.9. This

yields:

. ok 1 k—2_ gk—2_, gk—1_
HJ’[?]B OFk—l](x)”oc S 3w3k zfl(B\/d)a-Sk 27123k —1—-2k+4 % WS 5 I(B\/d)53 5 1273 5 17’64’23]@*2

gk—1_,4 5.3k—1_1

= W (By ) ST g kgl

(A.25)
By substituting equation A.25 into equation A.24, we can derive the final bound:

k—1_4 5.3k—1_1 k_
1T[F)(2) oo < WB|[J[ns 0 Feoi](@)]lo < W2 (BVd)™ 2 277 353kl

ak—1_ 5.3k—1_ a2k _
<SWTE (Bvd)TTE 27 hHighel

where the last inequality above follows from k£ > 2. Taking supremum with respect to € €2 and
Fy, € ®,(L, W, S, B) on the LHS implies that the given upper bound also holds for k. By induction,
the claim is proved. ]
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For the convenience of the following proof, we first prove this lemma for vector 2 norm and co norm.

Lemma A.13. Given any two row vectors w,v € R*<, we have:

[l = Joll| < = vlloo-
Proof. Assume that the two vectors u, v € R? can be explicitly written as w = [uy,us, - - - , uq] and
v = [v1, v, -, vq], respectively. By applying Cauchy-Schwarz inequality, we have:

2

2 d d
[lall = oll] = || Doz = | 2
1=1 =1

d d d d
=D ub ) vl =2y ) (D o
i=1 i=1 =1 =1
d d
S I )R IR
=1 = =1
d
< (Z u =) = v
Taking the square root on both sides yields the desired inequality. O

Then we upper bound the Lipschitz constant of the gradient of the neural network. Given a DNN
space (L, W, S, B), we define a corresponding DNN Gradient space V®(L, W, S, B) as:

VO(L,W,S,B) = {|[VF| | F € ®(L,W,5, B)}. (A26)

Lemma A.14. (Relation between the covering number of the DNN Gradient space and parameter
space) For any 1 < k < L, suppose that a pair of different two networks Fy,, Gy € ®,(L, W, S, B)
are given by:

Fi(z) = WFns () + 68y - v + 00,
Gu(z) == W () + %) - W8z + %)),

Furthermore, assume that the || ||« norm of the distance between the parameter spaces is uniformly
upper bounded by 0, i.e

W =W oo <6, [0 =00l <6, (V1 <1< k). (A27)

Then we have:

gk—1_4 5.38—1_1 3k_3
sup || J[Fy](z) — J[GE](@)]|oo <SW 2 (Bvd) = 2 =z FHlg2h=2 (A.28)
€N

In particular, when k = L, we have:

aL—1

-1_4 5-3 -1 3L;1_L+1 2L—2
TBVGTT T a)

sup IVFL(2)]| = [[VGr (o)l <

Proof. We use induction on k to prove the claim.
Base case: When k = 1, we have that for any « € Q and any F;, Gy € &1 (L, W, S, B), the following
holds:

[I[E1](2) = TG @)oo = [WE = WE |l < 0d < 25(B V d)”.
Inductive Step: assume that the claim has been proved for k — 1, where 2 < k£ < L. Then for
any x € Q and Fy, Gy € @, (L, W, S, B) satisfying constraint A.27, applying the Chain Rule and
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triangle inequality help us upper bound the inf-norm ||J[F}](z) — J[Gk](2)] o by:
[T1E (@) = TG @)oo = Wi T s © Fioa] () = WE s © Gimr) @) o

< W Il © Fri) (@) = W T [nz 0 Fra](@) oo + WS Tl 0 Fr—a] () = WS T [n3 0 Gi—1](2) | oo

k k k
< IWE =W lacll T s © Faoa] (@)oo + IWE lsollT 5 © Frer)(x) = Js 0 Gi1](@) o
< W Jnz 0 Fr—1](2)||oc + BW||J[n3 0 Fi—1](x) — Jn3 © Gr—1](®)][o-
(A.30)
Using equation A.25 helps us upper bound the first term by'
SW || J[n3 0 Fre_1](2) s < ~(Bvd)™ —lo o —3k4ogh—1 (A31)

Note that the two compositions 75 o Fi,_; and 13 o Gj,_; both map from R? to R" . Hence, the two

Jacobian matrices .J[n3 o Fy,_1](2) and J[n3 o G1_1](x) are of shape R" ¢, Applying the Chain
Rule again implies:

771 3k_1

d

[J[ns © Fe—1](z) — J[n3 0 Gr—1](2)]|0c = 1<S}1<PW(Z \3772(Fk71,l(93))M — 3n2(Gr—1,(7))
<i<w i

or ]
For any 1 <[ < W, the summation on the RHS above can be upper bounded by:

OF, 0Gy,_
2\3772 Fr_1,(z)) kaljl( 2) 3n2(Gk—1,l(:l:))I€ag;l(I)

OFy_ 0F)_
< Zl |3n2<Fk1,l<x>>";9;l(””) - 3n2(ak1,z(x)>’“a;’($>|

OF— 0G_
£33 (G @) D gy ay) PP,
1 Lj T

< Z 1302 (Fr—1.1(7)) — 37}2(Gk—1,l(5”))”M

8Gk,1,l(x)

8$j

j=1 8.%'.7 = ax]
We denote the two summations above by 7 and 75, respectively:
d
. 8Fk,1,l (m)
i = 3 B (Fcra(0) = 3G =55
d
OFp—14(x)  OGr—1.(x)
Ty = 3n2(Gr— : — ’ .
2= D G|~ ——
Jj=1
For the first sum 77, applying Lemma A.9, Lemma A.10, Lemma A.11 and Lemma A.12 yields the
following upper bound:

d
6Fk_ 1T
7, < of sup Focr () [P (&) = Gaca () o 3 22210
€Q, F_1€®p_1(L,W,S,B) — Ly
< 6( sup ||Fk—1($)|\oo)||Fk—1(l’) = Gi—1(2) || ool| T [Fi—1](2) || 0
z€Q, Fr_1€P,_1(L,W,S,B)
—2_, 5.3k—2_4 Bk—lil_k+2 -2_5 5.3k—2_1 3k—171_k+2 k_2
= (BVd) 7 2 = (BVd) = > 3
T (B v d) T gt kbagh=2 _ s =R gy ) St g Ut -skg2k3

For the second sum 75, applying Lemma A.9 and inductive hypothesis yields:

7, < 3( @) W) G )@l

z€Q, Gr—1 €<I>k,1(L,W,S,B

3k—2_1 3k—

<3 W TRy @)P o198t 12k = (Bvd) 3 9 &=l k2424

3k—1_3
3

T By d) T kg,

27

(')xj

| + Z 1312 (Gr—1.1(z ))||8Fk*1’l(x) ~ 0GE—1,() ]
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Combining the two upper bounds on 77 and 75 yields:

d OF_1,(x)
D Bm(Feora(e) =555

Jj=1

0G—-1,(x)

= 3n2(Gr—1,(x)) o
J

3k—1_3 538713 3K_3 qp1g ok 3
<T 4+T5 <2x W = (B\/d) 2 272 3 .
By taking supremum with respect to 1 <! < W on the LHS yields:

gk—1_4 5.3k—1_1 3k_1
BW || J[nz 0 Fy_1](x) — Jnz 0 Gr_1](2)]|ee <OW = (BVd) = 2 2z ~3kH032k=3
(A.32)

By adding the two upper bounds in A.31 and A.32, we can deduce that:

gk—1_4 5.3k—1_1 3k_1

IT[F:] (@) = T[GR(@) |l < 6W 2 (Bvd)™ = ~t27= —Foght

gk—1_4 5.3k—1_1

LW (B d) g 3k 6g2h3

< s (B Vd) sal 11,801 p1g2k—2

where the last inequality above follows from k£ > 2. Taking supremum with respect to z € {2 on the
LHS implies the given upper bound also holds for k. By induction, the claim is proved.

In particular, when k = L, we have VFy(z) = J[Fy](z)T for any z € Q. Applying Lemma A.13
then yields:

sup [IVFL ()| = VG (@)l = sup [I9T1F] )| = 971G |

< sup ITFL](x) = JIGL](@) ]

< 5W3L721_1 (BVd) BTl 23L2‘1 —k+1g2L-2

This finishes our proof of the Lemma. O

Theorem A.5. (Bounding the DNN Gradient space covering number) Fix some sufficiently large N €
Z*. Consider a Deep Neural Network space ®(L, W, S, B) with L = O(1), W = O(N), S = O(N)
and B = O(N). Then the log value of the covering number of the DNN Gradient space with respect

1o the || - ||oo norm | F(z)||oc = sup,cq |F ()|, which is denoted by N (6, V®(L, W, S, B), || - ||o0),
can be upper bounded by:
log N'(6, VO(L, W, S, B), || - [|loc) = O (5 [mg(a—l) + 3L log(WB)D . (A.33)

Proof. We firstly fix a sparsity pattern (i.e, the locations of the non-zero entries are fixed). Using
equation A.29 in Lemma A.14, yields the following upper bound on the covering number with respect
o[ - floo:

—1_1

1) )*5
<W3L > (B\/d)%2¥fL+l32L—2 ’

Furthermore, note that the number of feasible configurations is upper bounded by: ((W‘gl)L) <

(W + 1)5 (Schmidt-Hieber et al., 2020; Farrell et al., 2021). Plug this inequality into the previous
estimation then yields:

5 -5
WS (B d) et —L+132H) ]

gl—1_,4 5.3L—1_1

L_
gSlog[é‘l(W+1)L32L—2W = (BVd) > 2%—“1}

(W + I)LS(

<s [1og(5*1) + 2L log(3W) + 3% log(W (B V d)) + 3% log 2] .

Note that here the dimension d is some constant. Thus, by plugging in thee given magnitudes
L=0(1),W=0(N),S=0(N) and B = O(N), we can further deduce that:

og A'(6, ®(L, W, S, B, || - | <) S S| 1og(67") + 8- log(WB)] .
This finishes our proof. O
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Now let’s consider upper bounding the covering number of the Laplacian of the sparse Deep
Neural Networks. Note that for any 1 < & < L — 1, any k—ReLLU3 Deep Neural Network
Fy, € ®,(L,W, S, B) is a vector-valued function mapping from R? to R". Moreover, we define the
Laplacian of F(x), which is denoted by A[F}](x), as follows:

A[Fy)(2) = [AFg (), AFg (), AR w (2)]" € RY,

where for any 1 < < W, we have:

AFy( Z F o1 (
In particular, when k = L, we have that any FL € <I>L (L,W,S,B) = ®(L,W, S, B) is a scalar-
valued function mapping from R¢ to R. Thus, its Laplacian can be explicitly written as:
d

A[FL](z) = AFp(z) = _ wFL(:c)

For both Lemma A.15 and Lemma A.16 below, we consider a fixed Deep Neural Network space
O(L,W, S, B) with L = O(1), W = O(N),S = O(N) and B = O(N), where N € Z™ is fixed
and sufficiently large.
Lemma A.15. (Upper bound on co-norm of Laplacian of elements in the DNN space) For any
1 < k < L, we have the following upper bound:
— 5- 3}‘7 —1
sup IA[F]) () oo =0(W “(BVd) )

2E€Q,FL€®,(L,W,S,B)

Proof. We use induction on k to prove the claim.
Base case: k = 1. Note that any F} € ®1(L, W, S, B) is a linear transform, so the Laplacian
A[F1](x) must be the zero vector for any = € €. This implies:

IA[R] (@)oo =0 5 (BVd)*.
Inductive Step: Assume that the claim has been proved for k — 1, where 2 < k < L. For any « € (2
and any Fy, € @, (L, W, S, B), using linearity of the Laplacian operator implies:
A[F](x) = Wi A © Fia)(a).
Taking the inf-norm on both sides of the identity above implies:

IAIF] @) oo < IWE oo | Al © Fier)(@)]loo < WBJI A © Fr1)(@)|oo-

It now remains to upper bound the term ||A[ns o Fr_1](2)||o- Forany 1 <1 < W, we will use the
Chain Rule to write the I-th component (A[ng o Fj_4] (x)) in an explicit form. Forany 1 < j <d,
!

we have:
0 0
%jTl?a[qu,l(f)] = 3772[Fk71,1($)]aT:ijle(CC)
Differentiating with respect to z; on both sides above yields:
2 lFi1s@)] = [P a(@)] (2 Prra(@) 4 3lFioaa @) Fusale). (A34)
83:? 3L k1,1 1L k—1,1 oz, k—1,1 2 F k=107 5 2 k—1,1(T). .

Summing the expression above from j = 1 to j = d implies:

(Al 0 Fe]@)) | = Za 2l Fe1(a)]

d
= |6m1[Fr—1,( Z(aFk 1(z )) + 312 [Fr—1,1( Z Fr—1,(

j=1
2
.52
< 6|m [Fr-1,( ‘ Z‘ Fk 11 ’ +3‘772Fk 1 ( ‘Z Fk 12(
Jj=1 Jj=1
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We denote the two summations above by U; and Us, respectively:

00
Uy := 6’771[171@71,1(96)]‘ Z ‘Tszle(x)
J

On the one hand, by applying Lemma A.9 and Lemma A.12, we can upper bound U; by:

2
vr <6 sup |Fie1 (@)l ) ( sup 1T1Fe1) ()]l
z€Q, Fi_1€®,_1(L,W,S,B) z€Q,Fy_1€®,_1(L,W,S,B)

gk—2_,4 5.3k—2_1

<6xWET (B d) ™ 2 ek T By )Pt 193t 12k gk

3k—1_3 5.3k—1_

SWr T (Bvd)TE o,

where the last step above follows from k& < L and L = O(1).
On the other hand, by applying Lemma A.9 and the inductive hypothesis, we have:

2
vy < 5 sup [Fia@lee) TAIF]@) e
z€Q, Fr_1€P,_1(L,W,S,B)
<3x W TRy )P I3 R S gy )

3k—1_3 5.3k—1_3

<SW =z (Bvd) T,

where the last step above follows from £ < L and L = O(1).
Summing the two bounds on U; and U; implies that for any 1 < < W, we have:

3k—1_3 5:3k—1_3

(Ao Fer)@) | <+ L s W (BY )7 (A.35)

Taking supremum with respect to 1 < [ < W then yields:

gk—1_,4 5.3k—1_1

[ALF](2)loo < WBJ|A[n3 0 Fyi](@)]o SW 2 (BVd) 2

Taking supremum with respect to z € 2 and Fy, € @, (L, W, S, B) on the LHS implies that the given
upper bound also holds for k. By induction, the claim is proved. O

Lemma A.16. (Relation between the covering number of the DNN Laplacian space and parameter
space) For any 1 < k < L, suppose that a pair of different two networks Fy,, Gy € ®,(L, W, S, B)
are given by:

Fi(z) == W s () +658)) - Wiz + 03,
Gi(w) = WG ms() +0G)) -+ W+ 86,

Furthermore, assume that the || || norm of the distance between the parameter spaces is uniformly
upper bounded by 0, i.e

W =W oo <6, [0 =00l <6, (V1 <1< k). (A.36)

Then we have:

sup IA[F](2) = A[Gr)(2)] 0o = O(5W3k72171 (B V d) patt ) (A.37)
TE

Proof. We use induction on k to prove the claim.

Base case: k = 1. Note that any F}; € ®1(L, W, S, B) is a linear transform, so the Laplacian
A[F](z) must be the zero vector for any * € €. Hence, for any z € Q and any Fy,G; €
o, (L, W, S, B), we have:

IA[F](2) = AlG1](@)llo = 0 £ 6(B V d)*.
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Inductive Step: assume that the claim has been proved for k — 1, where 2 < k& < L. Then for any
x € Qand Fy, Gy € O (L, W, S, B) satisfying constraint A.36, applying linearity of the Laplacian
operator indicates:

IA[F) (z) — AlGk) (@)oo = ||vv<F’”A[n3 o Fi_1](@) = W& Alns 0 Gi1](@) 1
= [ =) A Feil@)]|
+ e (Alns © Fic)(@) = Alms o G| @) )|
< W = WE llsoll Al 0 Fr1)(@) oo

F WP ol Al © Froa](@) — Al 0 G—1](2)]| oo

For the first term ||W1(f) - Wék) oo || A[n3 © Fr—1]()||o0> applying the bound in equation A.35 and
equation A.36 yields:

o0

k—1_g4

k k 5.3k
IWE — W el Al © Froa](@)lloo S “(Bvd) =
11 5.3k—1_3

(BV d)

For the second term HWék) loo[|A[n3 © Fr—1](x) — A[nz o Gx—1](z)]|s0, We need to upper bound
the norm [|A[ns o Fr—1](z) — A[ns o Gx—1]()||o at first. Note that for any 1 < [ < W, we can
use equation A.34 to write the [-th component of A[nz o Fj,_1](x) — A[nz o Gi_1](x) as:

(A.38)

d a9 d a9

(Al 0 B a)@) = Alms 0 G 1)@)) = 3 amlFi1@)] = Y 55l 14(a)]
) 2 9 2
= OmlFi10()) 3 (g Fi1a(@)) = 6m(Grora@)] 3 (5-Gre1a(@)

N

d
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+ 3n2[F—1,1(7)]
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F—11(x) = 3n2[Gr—1,(x )]ZﬁFk—Lz(OC)

J

02 d
32 |G F 32 |G — G .
+ 3m2[Gr—1,.(x )];8:5? k—1,1(2) — 3n2[Gr 1,1($)]Zax? k—1,1(7)
We denote the four summations above by Vi, Vs, V3 and V4, respectively:

d 2 d 2
Vii=6m[Fr1,(z)] Z (%qu,l(fﬂ)) — 6m [Gr—1,(7)] Z (%qu,z(w)) ;

a

— =1
d
0 2 0 2
Vo = 6m1[Gr—1,(z)] —F_10(x)) — 6m[Gr_1,(x)] —Gr_11(2)) ,
2 1 1 2 ([“)xj 1 ) 1 1 ; <3xj 1 )
82 2
Vs == 3na[Fr_10(2)] Y 752 Fr—1 (@) = 3n2(Cr-1(@)] Y WF’@*LI(%)’

j=1 T j=1 Tj

d . d
Vi = Bl 14(0)) Y o Fi14(2) = 3mplCi 1) S 2 G i)
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By applying Lemma A.9, Lemma A.10, Lemma A.11 and Lemma A.12, we can upper bound V; by:

Vi= 6(7]1 [Fr—1,(x)] —m [qu,l(ﬂﬁ)}) i (%FICA,I(QU))2
j=1 J
2

< 6|Fp—1,1(x) — Gr—1.,( Z‘a Fr_1,( ’ < 6] F1(2) — Gr1(2) || ool [Fr—1](2) |12

sk—2_1 gk—1_4
p)

- (BV d)S' 9 —k+2gk=2 W3’“*2—1(B v d)5-3’“*2—123’€*1—1—2k+432k—4

-1_3

- NS
= (Bvd) 2
where the last step above follows from £ < L and L = O(1).

2
Furthermore, note that for any 1 < j < d, we can upper bound the difference (% Fr_1, (x)) —

2
(%qu,z(nﬁ)) as follows:

0 2 0 2 B 2 o 2
(aTjF}cfl,l(x)) (8% Gr-1 l(a:)) < ‘(ax]Fku(éﬂ)) - (a—%Gk,l,l(x))
— a—Iij—l,l(iU) + @qu,l(x) ‘ijFkl’l(x) — a—Iij () (A.39)

0 0 0
< (‘aerk 1l ‘—i— ‘8 Gp_ 11( )D ’aijkl,l(x) - %kal,l(ff) :

J

Note that 7y (Gr—1,(z)) > 0. Comblmng the non-negativity with equation A.39, Lemma A.9,
Lemma A.12 and Lemma A.14 helps us upper bound V5 by:

Vo = 6m1[Gr—1,(x)] Zd: [(aiijLz(w))Q - (aiiju(w))T

Jj=1
d
< 6||Gk—1(l’)\|oo; 088 Fr_q(x ‘ + ‘8 Gr-1,(x )D ‘aiij—l,z(x) - aiij—l,l(m)
d a5 5
<6)|Gr-1(z) |00 g‘fﬂz 1,1( ‘+Z‘7Gk 1,1( ’ ;‘%Fku(@ - aijkau(fC)‘

s6||Gk_1<x>uoo(||J[Fk_11<x>||oo+HJ[Gk_l](x)noo)HJ[Fk_ﬂ(> JGra)@) | _

_2271 (B y d) 5.3k—2_1 2%—7;71_#&_2 k—22,1 (B v d) 5.3k—2_1 23k+—k+23k—2
T BV )T (B

where the last step above follows from & < L and L = O(1).
Moreover, using Lemma A.9, Lemma A.10 and Lemma A.15 helps us upper bound V3 by:

Vs = (3772 [Fr—1,(x)] — 3n2 [qu,z(fﬂ)]) Z %%qu,l(l’)

< [l — 3l s ]| 3 2o )

<6 sup 1B ) o ) [ Fier (2) = G () o A Fir ]2 o
e, kaleékfl(L,W,S,B)

5.3k—2

-2 ) 1 gk—1_
271(B\/d)052 123 S 1—k+23k—2

-2_1 gk—

<SOWEE T (Byd) T etk

k—2_4 5.3k—2_4 3k—1_3 5.3k—1_
= (Bvd) =  SO0W 2z (Bvd) >
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where the last step above follows from k& < L and L = O(1).
Finally, applying Lemma A.9 and inductive hypothesis helps us upper bound Vj by:

Vi = 3m2[Gr-1,( (Zang 1( ZBQGk 1,1( )

< 3||Gk—1(x)||oo||A[Fk—1](x) - A[Gk—ﬂ(x)IIDO
<3WS (B v @)t g ey s (Bvd)® -2y

—1_3

—l3 5-3F
= (Bvd) =
where the last step above follows from & < L and L = O(1).
Combining the four bounds on V7, V5, V3 and Vy implieS'

53k13

(Bvd)

T~

(A[ns o Fi—1](z) — Alns 0 Gr—1] )
Taking supremum with respectto 1 < [ < W glves us an upper bound on the second term
IWE Nl | Al © Froa () = Alns 0 Gion (@)
k—1_ k—1_ 4
IV ool Alns © Fia](@) = Alng 0 Gra] (@)oo S WB x 6W 7 (BVd) ™ 7

~

k—1_4

3k 2—1(B\/d)5»32

(A.40)
Combining the two bounds derived in equation A.38 and equation A.40 then implies:

sk—1_4 5.3k—1_3 3k—1_3 5-3
[A[FE](z) — AlGE](2) [l S 7 (Bvd) > (BVd)
14 5.3k—1_1
= (BVd)

Taking supremum with respect to x € €2 on the LHS implies that the given upper bound also holds
for k. By induction, the claim is proved. O

k—1_,

Given a Neural Network function space ®(L, W, S, B), we define a corresponding Neural Network
Laplacian space A®(L, W, S, B) as:

AD(L,W,S,B):={AF |F € ®(L,W,S,B)}. (A.41)
Theorem A.6. (Bounding the Neural Network Laplacian space covering number) Fix some suffi-
ciently large N € Z". Consider a Deep Neural Network space ®(L, W, S, B) with L = O(1), W =
O(N),S = O(N) and B = O(N). Then the log value of the covering number of the DNN

Laplacian space with respect to the || - ||oc norm || F(z)||oc := sup,cq |F(x)|, which is denoted by
N6, AD(L, W, S,B), | - ||loo), can be upper bounded by:
log N'(8, AD(L, W, S, B), || - ||oc) = O (s[log(a—l) +3F log(WB)D . (A.42)

Proof. We firstly fix a sparsity pattern (i.e, the locations of the non-zero entries are fixed). Applying
Lemma A.16 yields that there exists some constant C' = O(1), such that the covering number with
respect to || - || can be upper bounded by:

-S
( 3L£”(1§vd)5'321‘1) '

Furthermore, note that the number of feasible configurations is upper bounded by (
(W + 1)59(Schmidt-Hieber et al., 2020; Farrell et al., 2021). Then we plug this into the pervious

estimation and yields:
5 -S
(W+ 1)LS( 3L—1_1 5.3L—1_1 )
= (Bvd) =z

< Slog [5’1(W+1)L S (Bva)tr *1}

(WEI)L) <

log N (6, (L, W, S, B), | - [|eo) < log

<s [1og(5*1) + Llog(W) + 3L log(W(B v d))] .
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Note that here the dimension d is some constant. Thus, by plugging in thee given magnitudes
L=0(1),W=0(N),S=0(N) and B = O(N), we can further deduce that:

log N (8, A®(L, W, 8, B), | - <) < S| log(6™") + 3" log(WB)] .
This finishes our proof. O

Lemma A.17 (Local Rademacher Complexity Bound of DNN Estimator for Deep Ritz Method).
Consider a Deep Neural Network space F'(Q)) = ®(L,W, S, B) with L = O(1), W = O(N), S =
O(N) and B = O(N), where N € Z* is fixed to be sufficiently large. Moreover, assume that the
gradients and function value of F(Q),u*,V and f are uniformly bounded

max { sup Julleg@) s [Vullpoea 1oz o, V0|0, Vinass 1 (0 | < C.
ueF(Q) ueF(Q)
(A.43)

For any p > 0, we consider a localized set L, defined by:

L,(Q) = {u:ue FQ), |lu—u|% < p}.
Then for any p 2 n~2, the Rademacher complexity of a localized function space S,(Q) =
{n =190 [F(IVal = 196 12) + 3V (lul? = [w2) = flu—w)] | u e L)} can be
upper bounded by a sub-root function

é(p) == O <\/5in log (Bwn)> :

¢(4p) < 2¢(p) and R, (5,(2)) < ¢(p). (A.44)

i.e. we have

holds for all p > n=2.

Proof. Firstly, we will check that for any v € L,(2), the corresponding function h in S,(12) is
Lipschitz with respect to u — «* and ||Vu|| — [[Vu*||. Note that for any ui,us € L,(§2) with
corresponding functions Ay, hy € S,(£2), applying boundedness condition A.43 yields:

(@) = ho(@)] < 5 [IVu @) ~ [us(@)P| + 31V @)lfa(2)? ~ wn(a)?] + @)l s (@) ~ o)
< O|IVu (@) - [Vua@)l| + (€2 + O)fur (@) — us(a)|
= c|(IVu @l = IVa @) = (IVua(@)| - Ve (@)] )
+(C2 4+ O) (i (@) = u* (@) — (ua(a) — ' ()]

Let’s pick L = C? + C > C. Applying the Talagrand Contraction Lemma A.2 helps us upper bound
the local Rademacher complexity R, (S,(€2)) by

n

s =S o[ (IVulP ~ 190 2) + SVl — ) — Flu - u*)}]

Rn(SP(Q)) =E,Es
ueL, () " i

n

sp =3 g (u() - u*(mn)]

u€L,(Q) n i=1

<2LE,E,

n

sup =3 o ([ V()] - ||w<x;>||)]

u€L,(Q) i
<R, ({u —uuE Lp}) R, ({||vu|| V]| u e Lp}) .

From the localization constraint p > |ju — u* ||%11(Q) = ||u—u* ||%2(Q) + ||Vu - Vu* ||%2(Q), we can
deduce that

+ 2LE /E,/

|lu —u*[|z2q) < Vpand ||Vu — Vu*|p2) < /. (A.45)
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Moreover, note that  C [0, 1]%. Applying triangle inequality yields:

2
_ < * 2
ooy = | IFu@I = Ve @I de < [ 19ut@) = vu @)l

Q)S\/ﬁ
(A.46)

vl = 7w

= [Vu = Vu e < p = IVl = V]|,

Using inequality A.45 and inequality A.46, we have:
Ra(S,() < Rn ({u —u.ue LP}) R, ({HVUH Vet s u e LP})
<R, ({u —u tu e O(L,W, S, B), u— g2 < ﬁ})

# 8 ({19l = 190 s e oz w,,8). 19 - 9]

wmgﬁD'

(Geer & van de Geer, 2000; Rakhlin et al., 2017) showed a “upper isometry” property, where the
metric || - ||, is equivalent to || - ||,,2 with high probability. Combining this fact with Theorem A.3,
we can bound the local Rademacher complexities using Dudley integral:

Ru(Sp(@) S Ra ({u— v ue ®(LW, S, B), Ju— | 120) < Vi )

# 8 ({I9ull = 190w e o258, 190 o <VP))
§anu—ﬁ:ue@@ﬂK&BMm—uwmyEAQD
+ 8, ({I19ull = 190l s we oz W, 5). 19l - 191, < 2v} )

S inf faat 2 / o8 NG, (L W, 5, B) || |25}

0<o¢<2\f

+, ot fiat / 05N (5, V(LW 5. B). | - 02)d6)

< inf {4 122ﬁ¢1N6@LWSB dé
N0<01422\f{ Oé+7/ og (; ( s V¥V 0, )7””00) }

£ {da+ — 1 5. VO(L,W.S,B), | - [w)dd}.
+0<0122f{04+ 2 [ e v AR

For any p 2 -5, we pick a = 5 y/p and plug in the upper bounds proved in Theorem A.4 and
Theorem A.5, Wthh implies:

1 2./p 2./p
Ru(S,() S ~ + Vﬁ bg +%mgWB(w+—— bg +%mgWBﬂ5

< \/Si p log (BWn).
O

Lemma A.18 (Local Rademacher Complexity Bound of DNN Estimator for Physics Informed Neural

Network). Consider a Deep Neural Network space F'(2) = ®(L, W, S, B) with L = O(1), W =

O(N),S = O(N) and B = O(N), where N € 77 is fixed to be sufficiently large. Moreover,

assume that the gradients and function value of F(Q),u*,V and f are uniformly bounded

maX{ sup |[ul Lo (o), bu? [Au|[ oo (@), [u” || o< (@), 1AW Lo (9), Vinaa | f[ L () } <C
ueF

u€F(Q)
(A47)
For any p > 0, we consider a localized set M, defined by:

M,(Q) :={u:u e F(Q),|lu—u*|3} <p}.
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Then for any p > n~2, the Rademacher complexity of a localized function space T,(Q) := {h =
Q- [(Au—Vu+ f)? — (Au* — Vu* + f)?] ‘ u € MP(Q)} can be upper bounded by a sub-root

function
é(p):=0 (\/5in log (BWn)) .

6(4p) < 26(p) and Ry (T,()) < 6(p). (A48)

i.e. we have

holds for all p 2 n =2

Proof. Firstly, we will check that for any u € L,(f2), the corresponding function h in S,(12) is
Lipschitz with respect to u —u* and Au— Au*. Note that for any w1, us € L,(§2) with corresponding
functions hy, hy € S,(£2), applying boundedness condition A.47 yields:

|h1(.’L‘) — hg(x)‘ < \Aul — Aug — V(u1 — u2)||Au1 —Vuy + Aug — Vug + 2f|
< (2C2% 4+ 4C) (|Auy — Aug| + Cluy — us))
= (2C° + 4C)‘(Au1( )= Au* (@) — (Aus(e) — A (2))|
+ (20 +4C%)|(u (@) — w* (@) — (ua(a) — w* (2))]-
Let’s pick L = max{2C? + 4C,2C® + 4C?}. Applying the Talagrand Contraction Lemma A.2
helps us upper bound the local Rademacher complexity R,,(T,(€2)) by
n

R, (T,(Q)) = ]EIEU{ sup — > o [(Au—Vu+ f)” = (Au* = Vu* + )] ]

ueM,(Q) " i

1 n
<2LE.E, sup — o; (u(:rz) U (xz))
u€M,(Q) n ;
1 n
+2LE,Ey, | sup — Z ol (Au(m;) — Au* (:z:;))
ueEM,(Q) i—1

U — Uy :ueMp}) + R, ({Au—Au* :ueMp})
<R, ( w—u*u€ S(LW,S,B), |lu— @ < \/,3})

+R, ({Au —Auiu€ B(L,W, 8, B),||Au — Au|ns < 2\/5})

205
< if {dat— [\ log N (5, (LW, S.B).| - [ln.2)d6)}

™~ 0<a<2p f

ot {dat —/ \/logj\f (6, AB(L, W, S, B), || - |n.2)do}

< f 4 — 1 (L, B .
S, int {aa+ 2 / Viog N3, (L, W. 5. B). || - )ds}

f 4 ! 6, AD(L,W,S,B Moo )dd b
sl {ta n/ Viog N (5, AB(L, W, S, B), || - [)ds’}
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For any p = 2, we pick a = 5 y/p and plug in the upper bounds proved in Theorem A.4 and
Theorem A.5, “which implies:

2/p 2./p
R (T,(2)) f+—/ \/ log +3Llog(WB d6+f/ \/ log +3L10g(WB)]d5

L
< \/SS p log (BWn).

A.4 AUXILIARY DEFINITIONS AND LEMMATA ON APPROXIMATION ERROR
A.4.1 APPROXIMATION USING TRUNCATED FOURIER BASIS

Lemma A.19. Given o > 0 and a fixed integer & € 7. For any function f € H*(Q), we let
fe= ZHZ\IOO<£ f-@. be the best approximation of f in the space F¢(Y). Then for any 0 < 8 < ¢,
we have the following inequality:

1 = felZin o < €2 .

Proof. For f € H*()), we know the Fourier coefficient satisfies
Yo LIPS UF e
llzlloc =€

We directly construct fe = ZH o<t f-®. to be the truncated Fourier series of the function f, then
we have

If = felfoy S D IEPI=P < €7@ 3 PP < €207 £,

llzll oo =€ llzllo0 =€

A.4.2 APPROXIMATION USING NEURAL NETWORK

In this section, we aim to provide approximation bound for deep neural network. Our proof of the
approximation upper bound is based on the observation that the B-spline approximation(De Boor &
De Boor, 1978; Schumaker, 2007) can be formulated as a ReLU3 neural network efficiently(Suzuki,
2018; Giihring et al., 2020; Duan et al., 2021; Jiao et al., 2021a). Although the proof of the
approximation of the neural network to the Sobolev spaces is a standard approach, we still demonstrate
the proof sketch here.

Definition A.4. (Univariate and Multivariate B-splines) Fix an arbitrary integer | € Z+. Consider
a corresponding uniform partition m; of [0, 1]:

m0=tP <t <o <t <l =1,
where tl(l) = % (V0 < i <I). Now for any k € 7, we can define an extended partition 7y, as:

gt =t =0 =t <t <t <t =1 =4l = =0,

Based on the extended partition T, i, the univariate B-splines of order k with respect to partition m
are defined by:

N®(z) == (~1)* )

W —iy. [tg.”, . t(Qk} max{(z —),0}*"Y, z € [0,1], i € I, (A49)

where I}, = {-k+1,—k+2,---,l — 1} and [ 0. ﬂfi_&,ﬁ] denotes the divided difference
operator.
Equivalently, for any x € |0, 1], we can rewrite the univariate B-splines NZ(I:) () in an explicit form:

lk—l

. i El ‘
(kq)tZJ ol— )(J)max{x—Tﬁ} ,(0<i<i—-k+1)
N () = k-1 i oLkt k=2, n : A

i () = 2 j—o aiymaxqx — 7,0 + Yo binx™ 4+ b, (—k+1<i<0) (AS0)

. k—1
zgzl_kﬂcijmax{xf%,o} L(—-k+1<i<l-1)
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where {a;; | —k+1<i<0,0<j<k—1}{bin| —k+1<i<0,1<n<k—2}and
{eij | l=k+1<i<l—1,1—-k+1<j<Il—1} are some fixed constants.

For any index vector t = (31,12, ,i4) € Iffk, we can define a corresponding multivariate B-spline
as a product of univariate B-splines:

N (@) =11 N (). (A51)

i

Definition A.5. (Interpolation Operator(Schumaker, 2007)) Take some domain Q C [0, 1]d and
two arbitrary integers k,l € Z*. Consider the extended partition 7, , and the corresponding set

of multivariate B-splines {Nz(,lz) (2)}icra, defined in Definition A.4. For any i € Iﬁk, we define the

domain Q; = {x € Q : x; € [t;,,ti,+x], 1 < j < d}. There exists a set of linear functionals

{Aiticra , where A; : L'(Q) =R (Vie Ig’l), such that for any i € I,gl’l and p € [1,00], we have:
k

NN = 81 and (D] < 9D @k +1)7(7) "I oo, ¥ f € LP(Q). (A5

The corresponding interpolation operator Q) is defined as:

Quif =Y MNHNE, Y feL ().

el

Theorem A.7. [(Schumaker, 2007)] Fix f € W*(Q) with Q C [0,1]¢,s € Z* and p € [1,0).
Then for any k,l,v € Z+ with k > sand 0 < r < s, we have that there exists some constant
C = C(k,s,r,p,d), such that:

1\s—r
||f - Qk,lf”HT(Q) S O(j) ||f||He(Q)

Theorem A.8. (Approximation result of Deep Neural Network) Fix some dimension d € 7, some
domain Q C [0, 1}d. We pick some | = Ni > 2, for any s,r € ZT with 0 < r < s and any
Sunction u* € H?()), there exists some sparse Deep Neural Network upyy € ©(L, W, S| B) with
L=0(1),W=0(N),S=0(N),B = O(N), such that:

lupnn — u*|lgr@) S N ™ u*|| e (- (A.53)

Proof. We firstly show that the given function v* can be approximated well by some linear combi-
nation of multivariate splines, which is denoted by wus,. Note that IV is assumed to be sufficiently
large. Hence, we may pick [ = [N ﬂ = O(N 5) € Z™ to be the partition size of the B-splines.
Moreover, by picking k = 4 and p = 2 in Theorem A.7, we have that the linear combination
Usp := Quu* = Zz’eljf', Y (u*)Nl(j) satisfies:

s—

* * * 1ys—r * —s5=r *
' =l = ' = Quaw ey <€ () l*llars() = CN ™ [l (a.

We will then show that the linear combination ug, = » ;. I, Ai(f)N, z(j) can be implemented by

some Deep Neural Network upny € ®(L, W, S, B) with L = O(1),W = O(N), § = O(N) and
B = O(log N). Firstly, note that for x > 0, both = and 22 can be expressed in terms of the ReLLU3
activation function n3 with no error:

. _%[ng(x +3) — B2 + 2) + T (2 + 1) — 3n3(x) + 6],

22 = —%[ﬂs(:r +2) —4ns(xz + 1) + 3n3(x) — 4].

Applying the explicit formula listed in equation A.50 implies that for any —3 < ¢ < [ — 1, the

univariate B-spline function [V l(? (x) (x € [0,1]) can be implemented by some ReLU3 Deep Neural
Network vpnn With both scalar input and scalar output. We have that for vpny, the depth L, is 2 and
the maximum width W, is upper bounded by 11.
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Secondly, for any x,y > 0, we have that the product operation x - y can be expressed in terms of the
ReL U3 activation function 13 with no error:

1
w~y:§[(w+y)2*w2*y2]

= —% [ns(fv+y+ 2) —dnz(z+y+1)+3n3(z +y)
—m3(z+2)+4n3(z +1) —3n3(x) —n3(y +2) +4n3(y + 1) — 3na(y) + 4]

In (Schumaker, 2007), it has been proved that the B-splines are always non-negative, i.e [V, z(j) (z) >
0, V x € [0, 1]. Therefore, by multiplying the non-negative univariate B-splines, we can implement
any multivariate B-spline NV l(i) = H?le l(‘;) (x;) with some ReLU3 Deep Neural Network ppan.

J

We have that for ppyw, the depth L, = [log, d] + 2 and the maximum width W), = max{11d, 2d}.

Hence, we can further claim that v* = >, _;a \i(u*)N, l(;l.), which is a linear combination of the
4,1 ’

multivariate B-splines [V, l(é), can be implemented by some ReLU3 Deep Neural Network upnn.
It remains to check that upny € O(L, W, S, B) with L = O(1),W = O(N),S = O(N) and
B = O(N). Note that we can ensure that the hidden layers of upnyn are of the same dimension W by
adding inactive neurons.

For the depth L of upnn, we have that L is equal to L,, + 1, where L,, denotes the depth of the
ReLU3 Deep Neural Network ppnn. Thus, we have L = L, + 1 = [log, d| + 3, which implies that
L=0().

For the width W of upnn, we have that W < |I}!|W),, where W), denotes the width of the ReLU3
Deep Neural Network ppnn. This implies:

W < |I{ )| x 11d = 11d(l + k)* = 11d(l + 4)* = O(1*) = W = O(N).

For the sparsity constraint S of upnn;, starting from the third layer, the number of activated neurons is
half of the number of activated neurons at previous layer. This yields the following upper bound on
S:

L=2

S§2(W+W+Z§) <8W = 5 =0(W)=0O(N).

j=0
For the norm constraint B of upnn, we have the following upper bound on B from equation A.50
and equation A.52:

B = O(max{l*7!, sup \;(u*)}) = O(max{?19}) = O(N).

icll,

Now we have shown that parameters L, W, S, B of the Deep Neural Network upnn are of the desired
magnitude, which completes our proof. O

A.5 FINAL UPPER BOUND

In this subsection, we provide the proof of upper bounds for PINN and DRM. For both estimator,
we first provide a meta-theorem to illustrate the approximation and generalization decomposition
with a O(1/n) fast rate generalization bound(Bartlett et al., 2005; Xu, 2020). Then we use truncated
Fourier basis estimator and neural network estimator as example to obtain the final rate.

A.5.1 DEEP RITZ METHODS

Theorem A.9 (Meta-theorem for Upper Bounds of Deep Ritz Methods). Let u* € H*(2) denote
the true solution to the PDE model with Dirichlet boundary condition:

—Au+Vu= fonQ,
u = 0on 082,

where f € L2(Q) and V € L>(Q) with 0 < Vipin < V(2) < Vinax > 0. In Theorem A.1, it has
been proved that u* can be obtained by minimizing the loss E(u):

1
u* = argmin E(u) := arg min {f/ [||Vu||2 + V|u|2} dx —/ fudm}.
ueHL(Q) weHt (@) ‘2 Ja o

(A.54)

39



Under review as a conference paper at ICLR 2022

For a fixed function space F(SY), consider the empirical loss induced by the Deep Ritz Method:

n

Ba(w) = Y [190- (FITu06) 12+ 5V E = F0ux)], ass)

j=1
where {X; } _, are datapoints uniformly sampled from the domain ). Then the Deep Ritz estimator

associated wzth Sunction space F(Q) is defined as the minimizer of E, (u) over the function space

tpry = min E,(u).
u€F(Q)

Moreover, we assume that there exists some constant C' > 0 such that all function v in the function
space F(Q), the real solution u* and f,V satisfy the following two conditions.

* The gradients and function value are uniformly bounded

max{ sup ||u||L°° (@), Sup Hvu||L°° @) 1" || Lo ), VU™ || Lo (), VmaaanHLoe(Q)}S

ueF(Q ueF(Q

(A.56)

o All the functions in the function space F () satisfies the boundary condition
u = 0 on 0f2.

At the the same time, for any p > 0, we assume the Rademacher complexity of a localized function
space S,(©) i= {h = 1] [L(IVul? = [V |2) + 3V (Juf® = [u*?) = fu-w)] | u-

w2, < p} can be upper bounded by a sub-root function ¢ = ¢(p) : [0,00) — [0, 00), i.e.

6(4p) < 26(p) and R, (S,(2)) < 6(p) (¥ p > 0). (A7)

For all constant t > 0. We denote r* to be the solution of the fix point equation of local Rademacher
complexity v = ¢(r). There exist two constants C,,, Cy such that with probability 1 — C, exp(—C\t),
we have the following upper bound for the Deep Ritz Estimator

t
ol 5 (Blor) - B 4o £}
lier — 'l S inf  (Blur) - B@)) + max {r*, -

Proof. To upper bound the excess risk AE(™) := E(iprm) — E(u*), following(Xu, 2020; Lu et al.,
2021b; Duan et al., 2021), we decompose the excess risk into approximation error and generalization
error with probability 1 — e~C4?, where C4 > 0 is some constant:

AE™ (iippm) = E(iipru) — E(u*) = [E(ﬂDRM) — E,,(iprm)] + [En(iprm) — En(ur)]

+ [ uF)] + [E(uF) — E(u*)}

< [E(iprm) — En(iprm)| + [En(ur) — E(up)] + [E(up) —
< [E(iprm) — E(u*) +E (u*) — En(aprm)]

- %[EWF) B(w)] + 5

(A.58)
where the expectation is on all sampled data. The inequality of the third line is because Uprm
is the minimizer of the empirical loss E,, in the solution set F'(Q2), so we have E, (liprm) <
E, (ur). The last inequality is based on the Bernstein inequality. The variance of h = |Q] -
[%(HVMP — HVu*||2) + 3V (Jul* = u?) = flu— u*)] can be upper bounded by % [E(ur) —
E(u*)] due to the strong convexity of the variation objective (A.60). According to the Bernstein

inequality, there exists some constant C, > 0, such that with probability 1 — e~“4* we have:

(Blup) ~ B@)] + -
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Note that A.58 holds for all function lies in the function space F'. Thus, we can take up :=
arg min, e p (o) (E(uo) - E(u*)) and finally get
t

3
(n) < ~ o * ®\ e o * v
AB™ < Blivew) ~ B(') + Ba(w’) ~ Ba(w) 45 inf (Bur) - B(u)) +5-.

A Fen AE,
app

This inequality decompose the excess risk to the generalization error A Fgep := E(iprm) — E(u*) +
E,(u*) — E,(iprm) and the approximation error AE,,, = inf,, . cp () (E(up) — E(u*))

From the lemmata proved in Section A.4, we already have an estimation of the approximation error’s
convergence rate. So now we’ll focus on providing fast rate upper bounds of the generalization error
for the two estimators using the localization technique(Bartlett et al., 2005; Xu, 2020). To achieve the
fast generalization bound, we focus on the following normalized empirical process

S.(Q) = {h(x) = =" | h e S(Q)) (r > 0).

First, we try to bound the expectation of the normalized empirical process. Applying the Symmetriza-
tion Lemma A.1, we can first bound the expectation as

heS(Q)

5,(Q) == {h(z) = % | h e S},

where S(Q2) = {h =19 [%(HVUHQ - ||Vu*||2> + 2V (Jul? = Ju?) = flu— u*)} } Then ap-
plying the Peeling Lemma A.4 to any function h € S(2) helps us upper bound the local Rademacher
complexity R, (S,(€2)) with the function ¢ defined in equation A.57:

1 n
n Zi=1 oih(x;) 4o(r)
B [h?slfm E[h] +r H =T

R.(5,(Q)) =E,

Combining all inequalities derived above yields:

n

LY ial)

n
i=1

8¢(r)

r

sup E,/ < 2R,(5,(Q) <

heS.(Q)

(r>0). (A.59)

Secondly we’ll apply the Talagrand concentration inequality, which requires us to verify the condition
needed. We will first check that the expectation value E[h] is always non-negative for any h € S(Q):

Bl = g7 [ 191 GIVa@)IP + 5V @ule)? - f(@pu(e)s

_ 2 1 ZL'U*LL'Q— Dt ()

|Q|/'Q SIVu @)+ SV (@) @) = f()u (2))d
— E(u )>0:>E[h] 0.

E[h]—h

E[h]+r
that any h € S(Q) is of bounded inf-norm beforehand. Using boundedness condition listed in

We will proceed to verify that any h = €8s, (€2) is of bounded inf-norm. We need to prove
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equation A.56 implies:

1 . 1 N *
1l = 1920115 (190l = 19" 12) + 5V (juf? = %) = £ =) o

‘Q| 2 * (|2 |Q| 2 * (|2 *

< — — Vi

< S IVl + 19012, ) + 55 Vinas (s + 1% ) + 19201 loo (Jaloo + 1 o )
Q Q

< ‘—2| x 2C% + |2—‘Vmax x 2C% +2|Q|C? = |9 (Vinax + 3)C2.

By taking M := |Q|(Vinax + 3)C?, we then have ||h||oc < M for all h € S(9). Note that the
denominator can be lower bounded by |E[h] + r| > r > 0. Combining these two inequalities help us

upper bound the inf-norm ||A|oe = sup,cq |h(z)| as follows:

_ER) Al _ 2kl _ 20

Il = S < 2 < 2 =i

‘We will then check the normalized functions % in S'T(Q) have bounded second moment,

which is satisfied because of the regularity results of the PDE. We aim to show that there exist some
constants «, &’ > 0, such that for any h € S(€2), the following inequality holds:

aE[h?] < [lu — u*||3 0y < 'E[h]. (A.60)

The RHS of the inequality follows from strong convexity of the DRM objective function proved in
Theorem A.1:
. min{1, Viin } .
E[h] = E(u) — E(u") > fmmﬂu —u*||F -

The LHS of the inequality follows from boundedness condition listed in equation A.56 and the
QM-AM inequality:

)= [ [2 (190 = 190 1) 3~ )~ s )] e

2
§/ (HVqufHVu*Hz) dx+§/ V2(|u|2f|u*|2)2da:+3/ fz(ufu*)zd:c
4 /o 4 Jo Q

3 . 2
AL
Q

(Jul + [u*])*da
+3C? / (u —u*)?dr < 302/ [Vu — Vu*||2dz + 3C%(1 + V2,) / lu — u*|*dx
Q Q Q

IN

2

IN

* 3 *
IVl + 19" 2+ Vi | il = o

<BC*(1+ Vi) llu — w3 -

By picking o = W and o = W, we have finished proving inequality A.60. Then

we can can upper bound the expectation E[h?] as:

_, E[(h—E[)?Y E[R]ER? _  E[
B = " m T = R R S TR R

Using the fact that E[h] > 0 and inequality A.60, we can lower bound the denominator [E[h] + r|?
as follows:
2
E[h] +r[? > 2E[h]r > Z~E[h7].
a

Therefore, we can deduce that:
- E[h?] E[h?] o 2

E[R?] < < = =:0°.
[h7] < [E[R] + 72 — 2(;—,0‘E[h2] a0

Hence, any function in the localized class S}(Q) is of bounded second moment.
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It is easy to check that for any h € S,.(Q), we have

i.e. any function in the localized class S’T(Q) is of zero mean.
Now we have verified that any function he S‘T(Q) satisfies all the required conditions. By taking x4

to be the uniform distribution on the domain €2 and applying Talagrand’s Concentration inequality
given in Lemma A.3, we have:

n

P, | sup %Zh(xi)zzﬁ}lp Ez,[iiﬁ(x;)}+\/?+%f] .

heS. () " =1 heS-(22) i=1

By using the upper bound deduced above and plugging in the expressions of 3 and o, we can rewrite
Talagrand’s Concentration Inequality in the following way. With probability at least 1 — e~*, the
inequality below holds:

1 - 1 - 1 « 202 2
it Zh(xi) < sup -— Zh(xl) <2 sup E, {— z } 7" 4 28
nia hes () " i hes,. () nia n n
16¢(r ta! 4Mt
)
r nar nr

Let’s pick the threshold radius rg to be:

24 Mt 't
ro = max{2Mr*, 36a 1. (A.61)
n an

Note that concavity of the function ¢ implies that ¢(r) < r for any r > r*. Combining this with the
first inequality listed in A.57 yields:

166(r) _ 2'9(5tr) _ 1 o(5t) <L
r 214 70 8 >ir 8
On the other hand, applying equation A.61 yields
\/ a't \/ o't an
narg na 36a’t 6
4Mt 4M n 1

nro n Mt 6

Summing the three inequalities above implies:

1

16¢(ro) ta/  4AMt 1 1 1
+ + <-+-+=
0 nary nro 8 6 6

Y(ro) =

By picking r = r, we can further deduce that for any function u € F'(€2), the following inequality
holds with probability 1 — e~*:
E(u) — E(u”) — E,(u) + En(u”
E(u) — E(u*) + 19

i;ﬁ l'z <'L/)(T'0) %

Multiplying the denominator on both sides indicates:
1 1 1 1
AEg, = E(u) — E(u") — E,(u) + E,(u*) < 3 [E(u) — E(u*)] + 30 = §AE(") + 370

Substituting the upper bound above into the decomposition AE() < AEg, + %AEapp + ﬁ yields
that with probability 1 — 2~ ™*{Ca:1} e have:
1 3 t

" 3 t 1o
AE™ < AEu + 58wy + 5 - < 5AE< ) 4+ 570 5 0By + 5.
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Simplifying the inequality above yields that with probability 1 — 2¢~ ™"{C4:1}¢ we have:
t t "t t
AE™ <1+ 3AE,, + — =3 inf (E(uF) - E(u*)) +max{2i4y* gap L 3000y Lt
n up €F(Q) n a n n
t
S inf (E(uF) —E(u*)) + max {r*,—}.
up €EF(Q) n

Moreover, using strong convexity of the DRM objective function proved in Theorem A.1 implies:

. . min{1, Vi N *
AE™ = E(iprm) — E(u") > {#"‘“}IIUDRM — @)

Combining the two bounds above yields that with probability 1 — 2e~ ™in{Ca,1}t

t
~ * (12 : *
[aprRm — {710y S uFlEl}f(Q) <E(uF) - E(u*)) + max {T , E}

, we have:

O

Deep Neural Network Estimator. For any N € Z, there exists some Deep Neural Network in
O(L,W,S,B) with L =0O(1), W =0O(N), S=0O(N), B= O(N), such that the approximation

error AE,,, = O(N~ A ) and generalization error A Ege,, = O(W). With optimal selection

—_t— . . . __2s-2
N = na+2s=2 to balance the bias and variance, we can achieve n~ #+2s-2 log n convergence rate for
the DNN estimator.

Theorem A.10. (Final Upper Bound of DRM with Deep Neural Network Estimator) Consider the
Deep Ritz objective with the sparse Deep Neural Network function space ®(L, W, S, B), where the
parameters L = O(1), W = O(nd+2ds—2 ), S =0(n e ), B=0(n T ). Then we have
that the DNN estimator Uy = min,ecaz,w,s,5) EL (u) satisfies the following upper bound with
high probability:

by, — u*|[% < -T2 log .

Proof. On the one hand, by taking s = 1 and p = 2 in Theorem A.8 proved above, we have that
there exists some Deep Neural Network upny € (L, W, S, B) with L = O(1), W = O(N), S =
O(N), B = O(N), such that.

_2s-2
||UDNN—U*H§11(Q)§N T lu* g (@)

Applying strong convexity of the DRM objective function proved in Theorem A.1 yields the following
upper bound on the approximation error of DRM:

25—2

AEup < [Jupny — ¢ |[Fiq) S N7 77

On the other hand, from Lemma A.17 proved above, we know that the function ¢(p) that upper bounds
the local Rademacher complexity of the Deep Neural Network space is of the same magnitude as

SP’ITLP log (BWn). By plugging in the magnitudes of L, W, S, B, we can determine the thresholding
localization radius 7*:

'35 ‘N N(log N +1
\/r - log(BWn)z\/Tn (2log N +logn) ~ r* = r* ~ (log n+ ogn)_

Combining the two bounds above with Theorem A.9 yields that with high probability, we have:
s— N(log N +1
B s S Ay + 77 < =22 4 Mg o),
n
By equating the two terms above, we can solve for the optimal N that yields the desired bound:

2(s=1) N d
N7 7 ~— = Nox~ndfs-2,
n

Plugging in the optimal N gives us the magnitudes of the four parameters L = O(1), W =
O(nd+2dsf2 ), S = O(ndﬂiﬁ)7 B=0(n dﬁif?), as well as the final rate:

~DNN P _26-1  Nlog N _ 2oy
[aprm — v lgn SN~ @ "‘T Sn” @GS0 Jogn.
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Truncated Fourier Series Estimator. For any £ € Z™, there exists some Truncated Fourier Series
. . . . _ —2(s—1) i7ati — ¢
in F¢(£2) with approximation error1 AE,,, =0(¢ ) and generalization error A Eye,, = O2 ( - ).
With optimal selection £ = nd+2s=2 to balance the bias and variance, we can achieve n~ a+2z—2
convergence rate for the Fourier estimator.

Theorem A.11. (Final Upper Bound of DRM with Truncated Fourier Series Estimator) Consider the
Deep Ritz objective with the Truncated Fourier Series function space F¢ (), where the parameter

E=0(n T2 ). Then we have that the Fourier estimator U5 = min,e g, () EPRM (y) satisfies
the following upper bound with high probability:

| | ~ Fourier

25s—2
* 12 — 91535
pry " — u*|[gn ST AR

Proof. Let’s firstly derive the function ¢(p) that upper bounds the local Rademacher complexity of
$p() = {n =100 [£(IVul> = Ve |2) + §V (juf? = [ ) = flu—w)] |ue Fe(@)}.
where F, ¢(Q) = {v € F:(Q) ‘ |v]1%4 @ < p} denotes the localized Truncated Fourier Series
space. From Talagrand Contraction Lemma A.2, Lemma A.6 and Lemma A.7 proved above, we have

R.(S,(Q) < R, ({u — U u € Fle(Q), [lu—u||g o) < \/ﬁ})

+R, ({||vu — V|| s u € B, e(Q), u— | oy < fp})

<Ex EU[ sup oi(u — eu* (X ‘u—l‘[u*2 gp}
[ o ng e’ (X0))|llu = Tew" [ )
* * (|2
+Ex Ea|: sup ZO’ZHVU — VIIeu* (X5)]| ‘Hu — Heu™ |70y < p}‘|
ueF, () T

+Ex +Ex

E, [% Zl o;|| VIIs eu™ (X5) H]

Eos [% i U¢H>§U*(Xv:)”
=1
SExlEo[ sup Zm »\nmzmsfﬂ

vEF, ¢(2)

+Ex EU[UEIS?B&Q ZUz”V?f i)‘”||%11(sz)<PH
+Ex EU[ ZUL||VH>5u( .)M +Ex U[iZa¢H>gu*(Xi)H

\/7 /||H>5u T g3 \/752 [¢-26-1) \/75 L1 +£ (-1,

(A.62)

where Ilcu := ZHsz < Uz (z) is the projection to the Fourier basis whose frequency is smaller
than § and Il cu = Z\Iz\loo< ¢ u.¢,(x) is the projection to the Fourier basis whose frequency is
larger than &. Then, the thresholding localization radius r* can be determined as follows:

* 1 d
\/%g%+ﬁ+g—2<s—1> ot =t f—+ — ¢

Moreover, by taking & = s and 5 = 1 in Lemma A.19 and applylng strong convexity of the DRM
objective function proved in Theorem A.1, we can upper bound the approximation error A E,;, as
below:

AEy, S0,
Combining the two bounds above with Theorem A.9 yields that with high probability, we have:
gd

~ 1 _ _
|| E%lﬁer_u*“%p SAEapp+r*5;+g+£ 2(s—1)
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By equating two of the three terms above, we can solve for ¢ that yields the desired bound:

gd ~ 572(57

> 1):>§£nﬁ.
n

Plugging in the optimal £ gives us the final rate:

d
urier < f

. o(s— 1 __2s=2_
[apga — |7 Soote 2 1)4‘55” R

A.5.2 PHYSICS INFORMED NEURAL NETWORK

Theorem A.12 (Meta-theorem for Upper Bounds of Physics Informed Neural Network). Ler u* €
H?#(Q) denote the true solution to the PDE model with Dirichlet boundary condition:
—Au+Vu= fonQ,
u = 0 on 02,
where f € L*(Q) and V € L>(Q) with V — %AV > Ciin, 0 < Chyin < V(2) < Viax and

S
—AV(2) < Vinax. In Theorem A.2, it has been proved that u* can be obtained by minimizing the
loss E(u):

(A.63)

u* = argmin E(u) := arg min {/ |Au — Vu + f|2dx}.
u€H () u€Hg () Q

For a fixed function space F(S)), consider the empirical loss induced by the Physics Informed Neural
Network:

Bu(u)= S (10 (Aa() - VI )u) + 1x) . (A64)

j=1
where {X;; };‘:1 are datapoints uniformly sampled from the domain (). Then the Physics Informed

Neural Network estimator associated with function space F(Q) is defined as the minimizer of E,,(u)
over the function space F({2):

ﬁPINN: min En(u)
ueF(Q)

Moreover, we assume that there exists some constant C' > 0 such that all function v in the function
space F(Q), the real solution u* and f,V satisfy the following two conditions.

» The gradients and function value are uniformly bounded

max{ sup |Jullpe(ay, sup [|Vulp= (),
ueF(Q)

sup [|Aul|p= (),
ueF(Q) F(Q)

ue

(A.65)
ol V0" 22w - 1At = @) Vi |l e } < €

o All the functions in the function space F(Q) satisfies the boundary condition
u = 0 on 0.

At the the same time, for any p > 0, we assume the Rademacher complexity of a localized function
space T, () := {h = Q- [(Au—Vu+ f)? = (Au* = Vu* + [)?] ‘ lu—u*|?. < p} can
be upper bounded by a sub-root function ¢ = ¢(p) : [0,00) — [0, 00), i.e.

6(49) < 26(p) and Ro(Ty(©)) < 6(p) (¥ p > 0). (A.66)

For all constant t > 0. We denote r* to be the solution of the fix point equation of local Rademacher
complexity r = ¢(r). There exists two constants Cy,, Cy such that with probability 1 — C), exp(—Clt),
we have the following upper bound for the Physics Informed Neural Network Estimator

t
g~ 'l S int - (B(ug) — B(uw)) +max {r*, .
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Proof. To upper bound the excess risk AE™), following(Xu, 2020; Lu et al., 2021b; Duan et al.,
2021), we decompose the excess risk into approximation error and generalization error with probabil-
ity 1 — e~ Cet, where Cy > 0is some constant:

AE(n)(ﬁPINN) = E(ipnN) — E(u*) = [E(UPINN) (UPINN)] + [En(UPINN) En(uF)]

+ [En, ur)] + [E(ur) — ( )]

< [ (tUpNN) UPINN)] + |[E,(u UF)] + [E(UF) - E(U*)}
< [E(ipn) — E(u®) + By (u*) — En(UPINN)]

+%[Wﬂ E(ﬂ+£?

(A.67)
where the expectation is on all sampled data. The inequality of the third line is because upn
is the minimizer of the empirical loss E,, in the solution set F'({2), so we have E, (lipN) <
E, (ur). The last inequality is based on the Bernstein inequality. The variance of h = |Q] -
[(Au—Vu+ f)* = (Au* — Vu* + f)?] can be bounded by % [E(up)—E(u*)] due to the strong
convexity of the variation objective (A.69). According to the Bernstein inequality, there exists some
constant C; > 0, such that with probability 1 — e~ Cat we have:

(Blup) ~ B@)] + -

t|FE — E(u* 1
Note that B.5 holds for all function lies in the function space F'. Thus, we can take up :=
arg min,, e p(q) (E(uo) - E(u*)) and finally get

3 t
AE™ < E(q — E(w") + E,(u") — E, 2 f (E —E(u*))+—.
< E(upnN) (u*) + Ep(u”) (UPINN)+2 UFIGI}?(Q)( (ur) (u )) +2n

AEg,
AE,,

This inequality decompose the excess risk to the generalization error A Eye, := E(tpin) — E(u*) +
E,(u*) — E,(ip~) and the approximation error AE,,, = inf, .c p(o) (E(up) - E(u*))
From the lemmata proved in Section A.4, we already have an estimation of the approximation error’s
convergence rate. So now we’ll focus on providing fast rate upper bounds of the generalization error
for the two estimators using the localization techinque(Bartlett et al., 2005; Xu, 2020). To achieve the
fast generalization bound, we focus on the following normalized empirical process

Q) == {h(z) == W |heT(Q)} (r>0).

First, we try to bound the expectation of the normalized empirical process. Applying the Symmetriza-
tion Lemma A.1, we can first bound the expectation as

n

=3 )

sup Eu
heT,.(Q)

where the function class S,.(€2) is defined as:

Q) := {h(z) = ELQZZT |heT(Q)},

where T'(Q) = {h = Q- [(Au—Vu+ f)* = (Au* — Vu* + f)?] } Then applying the Peeling
Lemma A.4 to any function h € T'(2) helps us upper bound the local Rademacher complexity
R, (T,-(€2)) with the function ¢ defined in equation A.66:

Ro(T,(©) = B, |Eo[ sup nZi—wihm)H _40(r).

her(Q)  E[R] 47 T
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Combining all inequalities derived above yields:

8¢(r)

r

< 2R, (T,(Q)) < (r>0). (A.68)

Secondly we’ll apply the Talagrand concentration inequality, which requires us to verify the condition
needed. We will first check that the expectation value E[h] is always non-negative for any h € S(Q):

E[h] = ‘ﬁl| /Q Q|- (Au — Vu + f)*dx — ﬁ /Q Q|- (Au* — Vu* + f)%dx
= E(u) — E(u*) > 0=E[h] > 0.

E[h]—h
Elh]+r
that any A € T'(Q) is of bounded inf-norm beforehand. Using boundedness condition listed in
equation A.65 implies:

hlloe = 1921 - [[(Au = Vu+ f)? = (Au" = Vu' + f)?[loo = |Q] - [|(Au = Vu+ f)?[l
<19 - (1Aulloo + Vinaxltll oo + [ flloc)? < 192/ (Vinax + 2)*C2.

By taking M = |Q|(Vaax + 2)2C?, we then have ||h| o < M for all h € T(£). Note that the
denominator can be lower bounded by |E[h] + r| > r > 0. Combining these two inequalities help us

upper bound the inf-norm ||A|oe = sup,cq |2 ()| as follows:

We will proceed to verify that any h= € TT(Q) is of bounded inf-norm. We need to prove

~ ER] — hlloe _ 2||h||cc _ 2M
i = B0 = bl _ 2l 201
[E[R] + 7| T r
We will then check the normalized functions % in T,.(Q) have bounded second moment,

which is satisfied because of the regularity results of the PDE. We aim to show that there exist some
constants «, &’ > 0, such that for any h € T'(2), the following inequality holds:

aE[h?] < [lu — u*||32 0y < 'E[h]. (A.69)

The RHS of the inequality follows from strong convexity of the PINN objective function proved in
Theorem A.2:

E[h] = E(u) — E(u*) > min{1, Crin }Hju — u*HIqu(Q).
The LHS of the inequality follows from boundedness condition listed in equation A.65 and the
QM-AM inequality:
2 2 * * 212 4
E[h ]:/ [(Au—Vu+ f)* = (Au* = Vu* + f)?] dxz/(Au—Vu—kf) dx
Q Q

= M2/(A“‘ Vu—Au® + V') do < 2M2/[(Au— A+ V2w — ") de
@ Q

< 2M2 max{l, Vn?ax}Hu - U*H%I?(Q)
By picking o/ = m and o = m, we have finished proving inequality A.69.

Then we can can upper bound the expectation E[ﬁQ] as:

o E[(h—E[n)?  E[h?] - E[h)? E[h?]
ElR = EF+r2 B rE R+

Using the fact that E[h] > 0 and inequality A.69, we can lower bound the denominator [E[h] + r|?
as follows:

IE[h] + r|? > 2E[A]r > 2;—?E[h?].
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Therefore, we can deduce that:
- E[r?] E[»?] o 2

E[h?] < < = =0
WS B P S TR T 2ra O

Hence, any function in the localized class TT(Q) is of bounded second moment.

It is easy to check that for any i € T,.(2), we have
[~] _ ]E[h] _E[h] —
R
i.e. any function in the localized class S,.(Q) is of zero mean.

Now we have verified that any function he S’T(Q) satisfies all the required conditions. By taking p
to be the uniform distribution on the domain €2 and applying Talagrand’s Concentration inequality
given in Lemma A.3, we have:

1< R [2ta? 2t
P, | sup th(a:i)22~spp Etx[nlz_;h(x:)}—k ; +f] <e

heT, (@) "= heT(Q)

By using the upper bound deduced above and plugging in the expressions of 3 and o, we can rewrite
Talagrand’s Concentration Inequality in the following way. With probability at least 1 — e, the
inequality below holds:

%iﬁ($i)§~8pp liﬁ(xz)SQ sup [E,/ [ Zh } \/275”?_,_2;5

im1 hes, (@) " iT hes, ()

/
L 160(r) | [tol  ant

r nar v(r).
Let’s pick the threshold radius rg to be:
24Mt 36t
ro = max{2Mr*, T e 1. (A.70)
n an

Note that concavity of the function ¢ implies that ¢(r) < r for any r > r*. Combining this with the
first inequality listed in A.66 yields:

16¢(r) _ 2"e(5t) 1 o(5) 1
r = 9l4 T04 8 2’% - 8

On the other hand, applying equation A.70 yields:

[ o't ot an 1
naro na 36a’t 6
4Mt 4Mt » n
nrg — n 24Mt 6
Summing the three inequalities above implies:
16¢(r ta! 4Mt 1 1
$(ro) Y A 1 1
0 nary nro 8 6 6 2

Y(ro) =

By picking r = rg, we can further deduce that for any function u € F(€2), the following inequality
holds with probability 1 — e~ ¢:

E(u) — E(u*) — E,(u) + E,(u*) 1~ 1

E(u) — E(u*) + 19 - ﬁzh(%) < (ro) < 5.

[\

Multiplying the denominator on both sides indicates:

1 1

By = B(u) ~ B(w*) ~ B(u) + Ba(u*) < 3 [B(w) ~ B@")] + 5ro = JAB® 4 Iy,
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Substituting the upper bound above into the decomposition AE™ < AEye, + $AE,, + 5 yields
that with probability 1 — 2~ ™*{1.Ca}t e have:

3 t 1 1 3 t
AE™ < AEyy + -AE,, + — < ~AE"™ 4 Zrg+ SAE, + —.
= Sfgen 588wy T 5 =5 Tt Bl o,
Simplifying the inequality above yields that with probability 1 — 2~ ™ {1.Ca}t  we have:
t t 360/ t, t
AE™ <74+ 3AEy, + — =3 inf (E(uF) - E(u*)) +max{2M4* 24p 2, 2L Iy b
n urp€eF(Q) n o an n

< (B0 B00) e ).

Moreover, using strong convexity of the PINN objective function proved in Theorem A.2 implies:
AE(n) = E(ﬁPINN) — E(u*) 2 min{l, Cmin}HﬂPINN - 'LL* H?{Q(Q)

—min{1,Cq }t

Combining the two bounds above yields that with probability 1 — 2e , we have:

~ * . . « t
[|tipinn — u ||§—12(Q) S uFlerlef(Q) (E(up) —E(u )) + max {r , ﬁ}

O

Deep Neural Network Estimator. For any N € Z™, there exists some Deep Neural Network in
O(L,W,S,B)with L =0O(1), W =0O(N), S=O(N), B= O(N), such that the approximation
error AE,y,, = O(N~ 7" NloglVy
N=n T to balance the bias and variance, we can achieve n— TrEa log n convergence rate for
PINN estimator.

Theorem A.13. (Final Upper Bound of PINN with Deep Neural Network Estimator) Consider the
PINN objective with the sparse Deep Neural Network function space ®(L, W, S, B), where the

parameters L = O(1), W = O(nd+2dsf4 ), S = O(nd+2d>'f4) and B = O(n T ). Then we have
that the DNN estimator Gibny, = ming,ee(r,w,s,B) EP'INN () satisfies the following upper bound with
high probability:

) and generalization error A Eye, = O( . With optimal selection

aBak — u*[|%2 S n” T log .

Proof. On the one hand, by taking s = 2 and p = 2 in Theorem A.8 proved above, we have that
there exists some Deep Neural Network upxy € ®(L, W, S, B) with L = O(1), W = O(N), S =
O(N), B = O(N), such that.

2s—4
lupnn — w2y S N ™7 [|ull ooy

Applying strong convexity of the PINN objective function proved in Theorem A.2 yields the following
upper bound on the approximation error of PINN:

2s5—4

AEqypp S llupny — 0| F2qy < N777

On the other hand, from lemma A.18 proved above, we know that the function ¢(p) that upper bounds
the local Rademacher complexity of the Deep Neural Networks upny is of the same magnitude as

A/ S3TLP log (BWn). By plugging in the magnitudes of L, W, S, B, we can determine the thresholding
localization radius 7*:

"3 ‘N N(log N +1
\/r > Slog(BWn) ~ \/r (2log N +logn) ~ r* = r* ~ (log N + ogn).
n n n

Combining the two bounds above with Theorem A.12 yields that with high probability, we have:

7 * * _26-2  N(log N +logn
||uPDIl§1§_u ||%{25AEapp+r SN d _|_ ( g - g )
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By equating the two terms above, we can solve for the optimal N that yields the desired bound:

2(s—2) N d
N7 ~ — = Nx~ndfs-1,
n

Plugging in the optimal N gives us the magnitudes of the four parameters L = O(1), W =
O(nd“dk4 ), S = O(nd+2d574 ), B=0(n T3 ), as well as the final rate:

2e-2) NlogN<
n >

2(s—2)
lapNy — w32 S N™ n” T2 logn.

O

Truncated Fourier Series Estimator. For any ¢ E Z, there exists some Truncated Fourier Series
d
in F¢(£2) with approximation error AEapp = O(¢72(=2)) and generalization error A Ege, = O(%)

. . . . _ _2s—4
With optimal selection £ = n@F:=1 to balance the bias and variance, we can achieve n~ a+2s—4
convergence rate for the Fourier estimator.

Theorem A.14. (Final Upper Bound of PINN with Truncated Fourier Series Estimator) Consider
the PINN objective with the Truncated Fourier Series function space F¢ (), where the parameter

E=0(n Tr2ea ). Then we have that the Fourier estimator G554 = min,, ¢ Fe(9) EPINN(y) satisfies
the following upper bound with high probability:

H ~ Fourier

*(|2 — 24
Uppyy . — u* | STz

Proof. Let’s firstly derive the function ¢(p) that upper bounds the local Rademacher complexity
of T,(Q) = {h = 10| - [(Au—Vu+ )2 — (Au* — Vu* + £)?] ‘ u e Jp,g(sz)}, where

J, () = {v € Fe(2) ’ ||v||§{2(ﬂ) < p} denotes the localized Truncated Fourier Series space.
From Talagrand Contraction Lemma A.2, Lemma A.6 and Lemma A.8 proved above, we have

Ro(Ty() S Ru ({u =" w € Jpe(Q), Ju = v |20y < v} )

+ R, ({Au — AU u € T, (), u— v ey < \/5})

SE Ea{ Uz Hu i ”LL—HU*2 < ]
X e 5(9)”; ew” (X))l 3 ||H1(Q) P
FEx (B[ swp 237 on(A(X) — Alleu (X)) [ - Tew’ s oy < ]

u€F, ¢ () n i=1

1 1 & .
+Ex IEU[EZUZAHXu (X, )} +Ex Eg[gz:aiﬂxﬂ (Xi)]]

=1

S Ex EU{ sup Zgz (X:) ‘HU”%I?(Q) <PH

’UEF 5(9
+Ex IEO[ sup o Av(X ‘ v <p}

anz ooy

1 . 1 & .
+EX EU[EZO'Z‘AH>§U (Xz)} +EX ]Ea[gZaZ'qu (Xz)]

(s—2)

< §€g+ /\|H>§u P8 \/>€2 A \/>§ Fote 2(s-2)

(A71)
where IIcu := Z\Iz\loo <¢ Uz ¢.(x) is the projection to the Fourier basis whose frequency is smaller

than € and IIscu := ZHszQ u, ¢, (x) is the projection to the Fourier basis whose frequency is
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larger than £. Then, the thresholding localization radius r* can be determined as follows:

[0 1 d
15%4_*_1_5—2(5—2 ~r* = p* Ni_|_ _A'_g (s— 2)’
n n

Moreover, by taking & = s and 5 = 1 in Lemma A.19 and applylng strong convexity of the DRM
objective function proved in Theorem A.2, we can upper bound the approximation error AE,,, as
below:

AEapp g 5—2(5—2).
Combining the two bounds above with Theorem A.12 yields that with high probability, we have:

~ gd 1 B B
[ E?Igﬁer_u*“ip SAEapp+r*§;+ﬁ+§ 2(s-2)

By equating two of the three terms above, we can solve for ¢ that yields the desired bound:

é-d

n

~ 720672 oo naFea=a,
Plugging in the optimal & gives us the final rate:

” ~Fourier gd

1
UpINN *”%PN*‘*‘f + N T,

B PROOF OF MODIFIED DRM

In this section, we provide the proof of the modified deep Ritz method here. We first provide a similar
meta-theorem as we did for DRM.

Theorem B.1 (Meta-theorem for Upper Bounds of Modified Deep Ritz Method). Ler u* € H*(Q)
denote the true solution to the PDE model with Dirichlet boundary condition:
—Au+Vu= fon{,
u = 0on 08,

where f € L?(Q) and V € L>(Q) with 0 < Vipin < V(2) < Vipax > 0. In Theorem A.1, it has
been proved that u* can be obtained by minimizing the loss E(u):

u* = arg min E(u) —argmln{ / [||Vu||2—|—V|u| dx—/ fudx
ueHL(Q) weHL(Q) \ 2

(B.1)

For a fixed function space F'(Q2), consider the empirical loss induced by the Modified Deep Ritz
Method (N > n):

N n
1 1

By (u) = Z (190 SIvuxIP] + 13" (101 (GVEDGGP ~ FKu(x))],

i=1 j=1

(B.2)

where { X/} | and {X; }i_ are datapoints uniformly and independently sampled from the domain
Q0. Then the Modified Deep Ritz estimator associated with function space F(Q) is defined as the
minimizer of Ey ,(u) over the function space F(Q):

N _ By
UpMpRM = H};gz) N (w).

Moreover, we assume that there exists some constant C' > 0 such that all function u in the function
space F(Q), the real solution v* and f,V satisfy the following two conditions.

e The gradients and function value are uniformly bounded

max{ sul(:) l|lull Lo () SUI() V]| oo (s |17 [ oo ()5 [ VU™ || Loo (02), Vmax,Hf”Loo(Q)} <C.
u€F (2 ueF
(B.3)
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o All the functions in the function space F(Q)) satisfy the boundary condition

u = 0 on 0f).

At the the same time, for any p > 0, we assume the Rademacher complexity of the following
vector-valued function space

5,(@) = { (.l = 191 - |5 (1917 = 197)
ha = 100 | GVl = o) = fla— )| = < ).

can be upper bounded by a sub-root function ¢ = ¢(p) : [0,00) — [0, 00), i.e.
P(4p) < 2¢(p) and Ry n(S,(€)) < ¢(p) (Y p > 0), (B.4)

where Ry ,,(S) :== Rn({h1|(h1, h2) € S}) + R, ({h2|(h1, he) € S}). For all constant t > 0. We
denote r* to be the solution of the fix point equation of local Rademacher complexity r = ¢(r). There
exists two constants C,, Cy such that with probability 1 — C, exp(—Cjyt), we have the following
upper bound for the Modified Deep Ritz Estimator

7 * . N t
[asra — w7 < uFIEI}f(Q) (E(UF) - E(u*)) + max {r ’ﬁ}'

Proof. To upper bound the excess risk AE'") := E(typrm) — E(u*), following(Xu, 2020;
Lu et al., 2021b; Duan et al., 2021), we decompose the excess risk into approximation error and
generalization error with probability 1 — e~:

4t
min{N,n}’

(B.5)
where the expectation is on all sampled data. The inequality of the third line is because typrym is the
minimizer of the empirical loss E,, in the solution set F'(2), so we have En , (Uvprm) < En o (ur).
The last inequality is based on the Bernstein inequality. For any up € F(Q2), we use hp 1, hp 2 to
denote the following two functions:

L 1 2 *(12
hea =5 (IVurlP = [Va[?).
1
heo =5V (upl* = [ ) = flur — ).

Applying Bernstein’s inequality twice to hp,; and hg 2 implies that there exists some constant Cl,
such that with probability 1 — 2e~%4?, the following two inequalities hold simultaneously:

t &S Elh% ]
Ey(hp1) = E(hpa) S\~
tSEh ]
En(hp’g) — E(hp’g) < TF’Q

Note that the variance sum E[h% ] + E[h% ,] can be upper bounded by < [E(up) — E(u*)] due
to the strong convexity of the variation objective (B.9). Adding the two inequalities above implies
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with probability 1 — 2e~+* we have:
EN,n(uF) — ENyn(u*) — E(UF) + E(u*) = EN(hF,l) — E(hF,l) + En(hp’g) — E(hpyg)

t2 Eh? t2 E[h?
<\/a [F,11+\/a o)
- N n

22 (Bl ] + Elh%,])
min{N,n}

2t[E(ur) — E(u*)] 4t
< < |F — Eu* _
- \/ min{N,n} - [ (ur) (u )] + min{N,n}
Note that B.5 holds for all function lies in the function space F'. Thus, we can take up :=

arg min, . c p(Q) (E(up) - E(u*)) and finally get:

N . " . . N 4t
AEN™ < B(iypry) — E(u*) + Exn(u*) — Exn(iypry) +2  inf (E(UF) _E(u )) + 2
ur €EF(Q) n
AEg,
AEqy,
This inequality decomposes the excess risk to the generalization error AEg, := E(iimprm) —

E(u*) + Enn(u*) — Enn(Uvprv) and the approximation error AEyy, = inf,, .c p(a) (E(uF) -

E(u*)) From the lemmata proved in Section A.4, we already have an estimation of the approx-

imation error’s convergence rate. So now we’ll focus on providing fast rate upper bounds of the
generalization error for the two estimators using the localization techinque(Bartlett et al., 2005; Xu,
2020). To achieve the fast generalization bound, we focus on the following two normalized empirical
processes:

Q) := {hi(z) := [h[ﬂ iE[h;(ﬁ) (b1, he) € S} (r>0),
8ra(@) = {hale) = 2120y ) e s()} (> 0)

E[hﬂ +Efho] +7r
where the space S(€2) is defined as:

S(©) = {(hn. )l = 191 |5 (1901? - 1917)

=101 |3V (P - ') - S - )| cu € (@)}

First, we try to bound the expectation of the two normalized empirical processes. Applying the
Symmetrization Lemma A.1, we can first bound the two expectations as:

N
1 - hi(y;) — E[h] )
sup Ep =) h(y)| <E, | sup ‘ ! ’ 2RN(S71(9)),
heda@) [N; hesi () NZ]Ehl +Efha] +7
1 1~ ha(y;) — E[he] 5
sup E, |— E ha(y;)| <E, ‘* E < 2Ry (S,2(€))
EQEST',Z(Q) Y n = J hzész(Q) n =1 E[hl] + E hz] +r

where the function classes S,. () (1 < k < 2) are defined as:

S () = {Ine) = g Tg}@] — | (hn.ha) € SO},
Sr,2(Q) = {Bz(x) = B —thI[(;Ei)LQ] - | (h1,h2) € S(Q)}
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Applying the modified Peeling Lemma A.5 to any function h = (hq, he) € S(€2) helps us upper

bound the sum of the two local Rademacher complexities Ry (S,.1(Q)) + Ry (S,.2(€2)) with the
function ¢ defined in equation B.4:

4 A =5V oiha(ys) =3 Tiha(y))
RN (S, 1(Q) + Ry (Sr2(Q) =E, |E,| sup ==t ' ‘ +E, |E,| su =1 J
W (SrlfD) + Bnl5ra () l oL 2o ST B+ v) o2 Sl Bl 1)
N 1 /
4 . -h . = . T:h .
B TS AN > AL 2)
" Lhes(o) Elhi] + Elho] + 7 hes(a) E[ha] + Elhe] +r
N 4¢(r
= RN,n(ST(Q)) < #
Combining all inequalities derived above yields:
1 L. 1A
_osup Ey Nzhl(y;) ~sup K, 72]12(3/1')
h1€8,,1(Q) =1 h2€5,,2(Q) nia (B.6)
: o : 8(r)
<2RnN(S:1(2)) + 2R, (S;2(2)) = 2Rn ., (S:(2)) < " (r>0).

Secondly we’ll apply the Talagrand concentration inequality to the two function classes 5}}1 (©) and

Sr,2 (€2), which requires us to verify the conditions needed. We will first check that the expectation
sum E[h1] + E[h2] is always non-negative for any (h1, ho) € S(Q):

Bfh] + Elh] = g [ 190 GIVu@)? + 3V @@ ~ f(@u(w)ds

2 2 1 z)|u(z)|? — f(z)u*(z))dx
Q|/'“' IV @) + 5V @) (@) — f)u (@)d
—E(u ) >0 = E[h] + E[ho] > 0.

Next, We will verify that Sr.,l (Q) satisfies all three requirements. At first, we will show that any
hy = % € S’r,l (€2) is of bounded inf-norm. We need to prove that any h; € S1(12) is of
bounded inf-norm beforehand. Using boundedness condition listed in equation B.3 implies:

1 * 1 *
Ihalloe = 15 (19l = 1902 oo < 5 (IVul + V0" %,) < €2

By taking M; := C2, we then have ||h1||oc < M for all by € S1(€2). Note that the denominator of
h1 can be lower bounded by |E[R1] + E[ho] + 7| > r > 0. Combining these two inequalities help us
upper bound the inf-norm ||7; || oo = SUP,cq |hy (2)| as follows:

B[] = Mlloe  _ 20Palle _ 2M1

Pl =
1Pl |E[h1] +Eho] +7| = + — r

=: Bi.

Also, it is easy to check that for any hy € S’m (€2), we have

; E[h1] — E[h4]
Bl = El ]+ Efhg] 7~

i.e. any function in the localized class S, 1(€) is of zero mean.
Moreover, we take o7 = SUDj,. 8,1 () ]E[h ] to be the upper bound on the second moment of
functions in 5’,«,1 (©2). Now we have verlﬁed that any function hy € Sr’l (Q) satisfies all the required

conditions. By taking  to be the uniform distribution on the domain €2 and applying Talagrand’s
Concentration inequality given in Lemma A.3, we have:

N
1 - 1 - 2t0? 2P
P, sup  — g hi(z;) > sup Ey{— E hl(yi)} + Ly 22 <e
hes @ Vo ﬁleém(m NS N N
(B.7)
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Moreover, We will verify that S'T 2(€2) also satisfies all three requirements. At first, we will show that
any hy = % €S, 2(€) is of bounded inf-norm. We need to prove that any he € S5(£2)
is of bounded inf-norm beforehand. Using boundedness condition listed in equation B.3 implies:

1 * *
halloe = 15V (lul® = ) = f(u = w)llo

1 * *

< 5 Vanas (ulZe + 7112 ) + 1 £lloo (Jellow + lu* o)
1

< ~Vinax X 2C% +2C? = (Viax + 2)C2.

2
By taking My := (Vinax + 2)C?, we then have ||ha||oo < Mo for all hy € S5(£2). Note that the
denominator of hy can be lower bounded by |E[h1] + E[h2] + 7| = r > 0. Combining these two
inequalities help us upper bound the inf-norm [|A oo = sup,cq |ha(z)| as follows:

[E[ho] = halloc  _ 2[lh2floc _ 2M>

hollso = =: f3s.
Wholleo = B+ Bl + 71 <~ 7 = P2
Also, it is easy to check that for any hy € ST’Q(Q), we have
~ Elhs| — E[R
E[hﬂ _ [ 2] [ 2]

E[hy] + Elho] + 7
i.e. any function in the localized class S’T.,Q(Q) is of zero mean.
Moreover, we take 05 = SUDj, 8, .(Q) E[h3] to be the upper bound on the second moment of

functions in ST’Q(Q). Now we have verified that any function hy € ST,Q () satisfies all the required
conditions. By taking  to be the uniform distribution on the domain €2 and applying Talagrand’s
Concentration inequality given in Lemma A.3, we have:

1 - 1 ~- [2to3 2t
P, sup — Zh sup E, [thg(y;)} Ty i 20, <e .
ha€8,2() ™ 5 n < n n
(B.8)

By applying a union bound to the two inequalities derived in B.7 and B.8, we can derive that with
probability at least 1 — 2e~%, the inequality below holds:

N n
%Zﬁl( Zh sup Zhl x;) sup lZiL
i=1

hlesr RO hzesr,z(ﬂ) =
N
1 - 2t02 2By
<2 sup Ey[—Zh(yl)}ﬁ- Ly ——
h1€8,,1(Q) N i=1 N N
1 - [2to3 2t
+2 sup Ey, {—Zhg(yé)} + 2 +ﬁ
h2€8,,2(52) n j=1 n "
16¢(r 2t 2t +
S#‘i‘ g(O’l"‘rUg)—f—M.

W can be upper bounded by:

By the definition of 5; and 2, we have that the term
2t(B1 + B2)  4t(My + My) - 4(Vinax + 3)C%t

n nr nr
Now we will derive some upper bound on the sum o1 + o2. By definition we have that:

(01 +09)* <2(07 +03) = 2{ sup  E[RI]+ sup [E[h2]

h1€8,.1(2) ha€8,.2(02)
E[h3] — E[]? E[h3] — E[ho]?
=2| sup + sup
{hes @) |E[h1] + E[ho] + 712 hesiq) [E[h] + E[he] + 7’|2}
2 2
<4 sup E[h{] + E[h3]

nes(@) [E[ha] + E[hg] + 7[>
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Now it suffices to derive an upper bound of % for any h € S(Q). The existence of such

an upper bound is guaranteed because of the regularity results of the PDE. We aim to show that there
exist some constants o, &’ > 0, such that for any h € S(f2), the following inequality holds:

a(E[h] + E[A3]) < [lu — u*[|3(q) < o (B[h1] + E[ha)). (B.9)

The RHS of the inequality follows from strong convexity of the DRM objective function proved in
Theorem A.1:
. min{1, Vi N
Elh] + Elhs] = B(u) - B(u*) > WMok e,

The LHS of the inequality follows from boundedness condition listed in equation B.3 and the QM-AM
inequality:

i)+ k1) = [ (19l 19w ) e [ (2 - ) - o)

1
I RGLE )+ /v?(m2 u2) dx+2/ 2 - ) da
Q

1 wnl?
AL
Q

+ 2C? / (u —u*)?dr < 02/ |Vu — Vu*||2dz 4+ 2C%(1 + V2,) / lu — u*|2dx
Q Q Q

IN

IN

IVl + 1902 + 5 [ [fel = o

<2C%(1 + Vi llu — w* || B q)-

By picking o/ = and o = y> we have finished proving inequality B.9. Then we

1
2C2(1+Vi3,)°
E[h3]+E[h3

can can upper bound the term m as:

4
min{1,Viin }

B+ By _ % (Bl +BR) o

|E[h1] + Elho] + 72 — QT(E[hl] —HE[hg}) - 2ar’

Combining the bounds derived above helps us upper bound the term / % (01 + 03) as below:

/ (01 + ) /8t E[h?] + E[h3] < 4a't
! 2 hes(Q y [E[h1] + E[hy] + 7|2 — nar’

Thus, using the two upper bounds on 4/ % (o1 + 02) and M’ we have

. v 15~ 16 2t 2
N e+ Y obla) < 2 s 4y 222

16 40t A(Viax + 3)C%t
< 2o0) |\ JAart | AW T3 _ 0y
r nar nr
Let’s pick the threshold radius rg to be:
24Mt 1440t
ro = max{2'r*, T/ @ 1. (B.10)
n an

Note that concavity of the function ¢ implies that ¢(r) < r for any r > r*. Combining this with the
first inequality listed in B.4 yields:

16¢(7"0) <211¢(2ﬁ)_1x 14 1
ro . 2¥Z% 8" .~ 8
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On the other hand, applying equation B.10 yields:

\/40/25 < \/4a’t an 1

norg — V na 144a’t 6’

4(Vinax + 3)C%t < UVinax +3)C?t y n 1
nro - n 24(Viax +3)C%t 6

Summing the three inequalities above implies:

16 At A(Vew +3)C% _1 1 1 1
W(ro) = ¢(r0)+1/ ot AV £3)C7 1 111
narg 8 6

70 nro 6 2

By picking r = rg, we can further deduce that for any function u € F(€), the following inequality
holds with probability 1 — 2e~*:
E(u) — E(u”) + Enn(u”) = Eyn(u
E(u) — E(u*) + g

) _ %Zﬁ(mi) < 4(r) < %
i=1

Multiplying the denominator on both sides indicates:

AEg, = E(u) — E(u*) + Exp(u) — Exn(u) < %[E(u) _ E(u*)} L

1
—— (n) o —
B 0 2AE + 2T0.

Substituting the upper bound above into the decomposition AE(™) < AFEgn +2AE,,, + % yields
that with probability 1 — 4e~™*{1.Ca}t e have:

-t
2n

4t
o

1 1
AE™ < AEg + ;AEapp +—< §AE(”) + 570 + 28 By, +

Simplifying the inequality above yields that with probability 1 — 4e~ ™*{1.Ca}t we have:

t t "t
AE™ <74+ 4AE,, + 8 g it (E(uF) - E(u*)) + max{247* 24 M =, 3ba
n up€F(Q) n

8t
o tw
t
S inf (E(uF) —E(u*)) + max {r*,—}.
up€F(Q) n
Moreover, using strong convexity of the DRM objective function proved in Theorem A.1 implies:
AE™ = E(inprv) — E(u*) 2 [|ivpry — 0*[|31 (g -

Combining the two bounds above yields that with probability 1 — 4e~ ™i*{1.Ca}t e have:

t
~ * (12 : *
liwess ey < inf  (Blur) = Bluw')) +max {r*, -}

O

Truncated Fourier Series Estimator. Next we aim to show that the truncated Fourier series
estimator can achieve the min-max optimal rate using the MDRM objective function. For any
€ € 7" satistying €2 < %, there exists some Truncated Fourier Series in F¢(2) with approximation

error AE,,, = O(¢72(5=1) and generalization error A Ege, = O(#) With optimal selection

1 . . ) __2s—2
& = na+25=1 to balance the bias and variance, we can achieve n~ @+z:—1 convergence rate for the
Fourier estimator.

Theorem B.2. (Final Upper Bound of MDRM with Truncated Fourier Series Estimator) Consider

the Modified Deep Ritz objective with the Truncated Fourier Series function space F¢(SY), where
d d—
the parameter § = O(n e ). By assuming % < &7 \we have that the Fourier estimator

. n ’
afourier — ming,e F () E%?fM(u) satisfies the following upper bound with high probability:

Fourier

252
[ appra — u*Hip hS T
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Proof. Following the same proof as shown for the DRM upper bound in Theorem A.11, we firstly
need to determine the localization radius 7*:

‘/ﬁ§%+1/ﬁ§%+l+i+£—2(3—l)gr*.

For we have assumed %V < & the solution of the fixed point equation is 7* ~ &~ + 1 1206,
On the other hand, by taking a = sand B = 1in Lemma A.19 and applying strong convex1ty of the
DRM objective function proved in Theorem A.1, we can upper bound the approximation error A E,,
as below:

AEapp g 5—2(3—1).
Combining the two bounds above with Theorem B.1 yields that with high probability, we have:

d—2
*<£

% 1
H Efgﬁii—u*llﬂl SAEapp—f—r 4+ = _|_£ 2(s—1)

By equating the two of the three terms above, we can solve for £ that yields the desired bound:

5d—2

n

~ T2 oo e naFR

Plugging in the expression of £ gives the final upper bound:

|| ~ Fourier gd—Q
n

1 2s—2
* 12 —2(s—2) 282
typrm — U S +& —l—ﬁ,Sn aF25—14

C PROOF OF THE LOWER BOUNDS

C.1 PRELIMINARIES ON TOOLS FOR LOWER BOUNDS

In this section, we list the standard tools we use to establish the lower bound. The main tool we use is
the Fano’s inequailty and the Varshamov-Gilber Lemma.

Lemma C.1 (Fano’s methods). Assume that V' is a unifrom random variable over set V, then for any
markov chain V.— X — V, we always have:
I(V;X) +1og2

PVAEV) 2 1= =50

Lemma C.2 (Varshamov-Gillbert Lemma,(Tsybakov, 2008) Theorem 2.9). Let D > 8. There
exists a subset V = {1 ... ,T(QD/S)} of D—dimensional hypercube HP = {0,1}? such that
70 = (0,0,---,0) and the ¢ distance between every two elements is larger than %:

D D
Z |7 — 7|, > g,forall() < j k< 2P/8

C.2 PROOF OF LOWER BOUND

In this section, we provide the proof of the lower bound for learning a PDE. Our proof uses standard
Fano method to establish minimax lower bound but finally leads to a non-standard convergence rate.
We state standard results for Fano methods in Appendix C.1. Following is the proof our main lower
bound.

Theorem C.1 (Lower bound). We denote u*(f) to be the solution of the PDE 2.1 and we can access
randomly sampled data {X;,Y; }i=1.... n as described in Section 2.2.

DRM Lower Bound. For all estimators 1 : (R?) O ROy HS (), we have

2s—2
inf sup  E[Y({Xi, fitizt, ) — 0" ()7 20~ T (C.1)
Y ureH#(Q)
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PINN Lower Bound. For all estimators 1 : (Rd)®n x R®" — H*(Q), we have

2s—4
inf sup  E[Y({X;, fitizi, ) — 0" ()| F2 2 0~ T (C.2)
Y ureHs(Q)

Proof. We construct the following bump function to construct the multiple hypothesis test used for
proving the lower bound. Consider a simple C'>° bump function supported on [0, 1]¢

d

g(i) = Hﬁ(wz),x = (‘le"' 7$d)7

i=1
where ¢ : R — R is a non-zero funtion in C'*°(R) with support contained in [0, 1] and satisfies
£(x) # 0,2 £L¢(x) # 0. Then Vg(z) # 0 and the support of function g is [0, 1]°.

Next, we take m = [n 2s—l4+d] and consider a regular gird 2), j € [m]?. According to the Varshamov-
md

Gilbert lemma, there exist 2™"/8 (0,1)-sequences 71, ... | 7(2 ™ e {0, 1}md such that ||7(*) —

75|12 > %d forall0 < k # k' < 2m*/8_ Then we construct the multiple hypothesis as

Z T é+dg (x_x(j)))?k:1727"'72md/87
jEm

where w is a constant to be determined later. It is easy to find out that u;, € C*.

Then we reduce solving the PDE to a multiple hypothesis testing problem, which considers all
mappings from n sampled data to the constructed hypothesis ¥ : (Rd)®n X RO — V= {u;li =
1,2,---, om*/ 8}. Then we apply the local Fano method and check that we can obtain a constant
lower bound of P(V # V') for any estimator V. From the local Fano method, we know that

I(v; W‘QZZDKL (PlIPy),

z v#v!

where Py, denotes the joint distribution of the sampled data (z, y). In specific,  follows a uniform
distribution on [0, 1]? and y = f(X) + ¢, where € is independently sampled from a standard Gaussian
distribution N (0, 1). Then we have

de Cw

(b, —=) = [[Aug, + V|7, <

Using Fano inequality, if we select m o [n 2s—l4+d] then we have the following lower bound when w
is taken to be sufficiently large:

. I(V; X) + log 2 M
Vayy> - A T8 oy mE T
PV #V)2 log(|V]) - mlog 2

>1/2.
At the same time, we can estimate the separation of the hypotheses in two different norms:

* Deep Ritz Method:

2 (k) k’) 2 1
T T e = Py I [ IVe@Ide 2 —ms.

¢ Physic Informed Neural Network:

k k 1
N R Y

j€[m]d
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Plugging in m  [n T ], we know that with constant probability we have

inf  sup  El$({X0,Yi}ictn) — ()3 20T, C3)
Y ureHs(Q) )
inf  sup  E|p({X;, Yi}ictn) — 0" (f)|%e 2 0~ 75w 4
P u*eHS(Q) B
O

D INTUITION BEHIND THE SUB-OPTIMALITY OF THE UNMODIFIED DEEP
RITZ METHODS

In this section, we aim to discuss the intuition behind the sub-optimality of the unmodified DRM via
using the truncation Fourier basis. To simplify the notation, in this section we consider the following
simplest Poisson equation Au = f on the hypercube with zero Dirichlet boundary condition. To
illustrate the necessity of the modification we made, we consider the difference between the following
two estimators

» Estimator 1. We use the truncated Fourier basis estimator to learn the right hand side
function f and then we invert the PDE exactly to get the estimated u.

» Estimator 2. We plug in a parametrization of the truncated fourier basis into the empirical
DRM objective

We would like to point out that estimator 1 isn’t build for computational consideration. Instead, we
use it to consider the statistical limit of our sampled data. We first show that the estimator 1 can
achieve the minimax optimal estimation error.

Error Of Estimator 1  Firstly, we show that if one wants to learn the function « in H norm, one

need to learn the right hand side function f in H ! norm. The H, 0 ! norm is defined as the dual norm

of the H! norm, i.e. ||“||Hg1 = max|,|,, <1 (u, v). Once we assume we have an estimate f of f in
1<

H&l, we can have an estimate of v via @ := (A)71 f. whose distance to  in the H' norm satisfies:

[Vu = Vil|gy = max (Vu— Vi, V)

ol 3 <1

= max (Au— Aa,v)
ol 3 <1

= max <f—f,v> =|f = flla_,-
ol <1

Estimator 1 using the truncated Fourier estimator to estimate the right hand side function f. Suppose

we can access a random sample of observed data as {z;, f(x;)}!_;, then the Fourier coefficient

Jiz = (u, ¢z) can be estimated as f, = LS f(xi)¢(x;). To bound the estimation error of
f= lezllooSZ fz0. in Ho’l, we first apply the bias-variance decomposition:

ENF ~ S < NEF = FI2 2 +ENf ~EFI2,

We first bound the bias term ||Ef — flI3;,-1. Given Ef = > |isll<z [2¢=, we have that for a
truncation set Z of the from Z := {z € N%|||z||, < Z}, the bias term can be controlled by:

1Y fetela <€ Y0 2 <PV S,

llzlleo>2 llzlloo>2
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Next we estimate the variance of the estimator by decomposing the variance into the following sum:

Elf = flf, <E Y (=fPle:la, < D |17 Var(f).

lzllo<Z l2llec<Z

. . d-2 . . . .
Finally we achieve a Z—2(s=1) 4 ZT upper bound for estimator 1. With optimal selection of Z, we
25—2
can achieve the min-max optimal convergence rate n~ +2s—4 .

Difference Between Estimator 1 and Estimator 2 Next we aim to understand the Deep Ritz
Method objective function via plugging in a truncated Fourier series estimator. We consider an
estimator of the form u =}, @, ¢, (x), which lies in the space of truncated Fourier series. Then the
empirical DRM objective function can be expressed as

o 2 (Z azv@(mi)) + > (i) f (). (D.1)

We observe that (D.1) is a quadratic formula with respect to the Fourier coefficients u := (u.)|.||..<z-
Thus, we can rewrite it as the following matrix form

min %qulu +u' f, where A = ( Z Voi(z;)Vo,; xl)> . (D.2)
lillee <Z,ll5llc0 <2
Based on the matrix formulation D.2, we can compare the solution given by the two estimators
» Estimator 1: The Fourier coefficients of the solution of Estimator 1 are
iy = diag (|2]2) -, /- (D3)
* Estimator 2: The Fourier coefficients of the solution of Estimator 2 are

U -17. (D.4)

Note that EA = (112112) I2lw<z® Thus, we can further introduce another variance from the sampling

of A. By directly estimating 4 — w2, we will show that this term will be larger than the final
convergence rate. Notice that

. . T . R
s — a3 = 7 (BA) = A7) ding (I1212),._, (EH =47)f @3

Next we aim to bound ((Efl)_l — /1_1). We first use the Matrix Bernstein Inequality(Tropp, 2015)

to bound the H' distance between @, and 5. According to the Matrix Bernstein Inequality, we have
that with probability 1 — e~ ¢, the following inequality holds

I -a)], <5+

where || - ||gr is the matrix operator norm respect to the vector || - || defined as ||z||%; =
2T diag (||z||2)[:” % Note that

(1 + (EA)! (/1 - (EA))) ((EA)—l - A—l) = (EA)! (A - (EA)) EA D7)
When n is large enough, we know that 17 < I + (EA)~! (/i — (IEA)) < I with high probability.

Thus the term || iy —i2||3;, is at the scale of H ( (EA) ) H Z% \whichis of the same magnitude

. d—
as what we get from the empirical process approach in our main proof. It is also larger than ZT2
which is the magnitude of the variance term for #;. Therefore, here we conjecture that the our bound
for DRM itself is tight and leads to the sub-optimal convergence rate.
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