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Abstract

Language models employ a very large number of trainable parameters. Despite1

being highly overparameterized, these networks often achieve good out-of-sample2

test performance on the original task and easily fine-tune to related tasks. Recent3

observations involving, for example, intrinsic dimension of the objective landscape4

and the lottery ticket hypothesis, indicate that often training actively involves only5

a small fraction of the parameter space. Thus, a question remains how large a6

parameter space needs to be in the first place — the evidence from recent work7

on model compression, parameter sharing, factorized representations, and knowl-8

edge distillation increasingly shows that models can be made much smaller and9

still perform well. Here, we focus on factorized representations of matrices that10

underpin dense, embedding, and self-attention layers. We use low-rank factorized11

representation of a reshaped and rearranged original matrix to achieve fast, space12

efficient, and expressive linear layers. We prove that stacking such low-rank layers13

increases their expressiveness, providing theoretical understanding for their effec-14

tiveness in deep networks. In Transformer models, our approach leads to more than15

ten-fold reduction in the number of total trainable parameters, including embedding,16

attention, and feed-forward layers, with little degradation in on-task performance.17

The approach operates out-of-the-box, replacing each parameter matrix with its18

compact equivalent while maintaining the architecture of the network.19

1 Introduction20

Natural language models involve large number of parameters. A single encoder-decoder Transformer21

[1] in its base variant has about 44 million parameters, not counting the word embedding matrix,22

which adds another 10 million or more, depending on the chosen vocabulary or tokenization scheme.23

Base variant of encoder-only BERT [2], including the embedding, has about 108 million parameters.24

GPT-3 [3] has about 175 billion parameters, and the largest of the Switch Transformer [4] models has25

1.5 trillion. This explosion in the model size has led to increased interest in approaches for reducing26

the number of parameters in the model.27

Models with high-dimensional parameter space have much lower intrinsic dimension [5], that is,28

training trajectory can be successfully restricted to a random, smaller-dimensional subspace, even29

though training a small-parameter architecture is often less successful. These observations have been30

recently extended to the fine-tuning trajectories of language models [6]. Lottery ticket hypothesis31

[7, 8], recently demonstrated to hold also for language model fine-tuning [9, 10], shows that smaller32

subnetworks can be selected from a large model, re-trained in isolation, and perform as well as the33

large model; what those subnetworks are is not known a prior, in absence of the trained large model,34

though. Some approaches for reducing model size build on this observation to train a smaller model35

based on an existing large model, for example a 66 million parameter DistillBERT [11] student has36
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been distilled from 108 million parameter BERT-base [2] teacher with little loss in quality. Many37

other approaches train a reduced-parameter model de novo, without relying on an already trained38

large model. For example, DeLighT [12] uses an alternative parameterization of the multi-headed39

self-attention based on group linear transform to reduce a 62 million parameter Transformer to 2240

million.41

One simple way to reduce model size involves factorized matrix representations. ALBERT [13]42

employs a rank r decomposition of a d×nvocab embedding matrix storing d-dimensional embedding43

vectors for each of the nvocab tokens by using a stack of two linear layers, d× r on top of r× nvocab.44

Similar low-rank decomposition is also used implicitly in the multi-headed self-attention in the generic45

Transformer [1] with hidden dimension d and nheads self-attention heads. In each Transformer head,46

a r = d/nheads-rank factorized representation involving d × d/nheads key (K) and query (Q)47

matrices are used, with the pairwise self-attention scores for sequence x calculated using xTKTQx,48

instead of xTWx involving a full general attention d× d trainable matrix W as originally considered49

in trainable-attention encoder-decoder LSTM models [14]. In both cases, the models are trained from50

a random initialization of the factorized parameter space, instead of attempting to find the lowest-error51

factorized representation of an already trained original model.52

We explore here a Transformer model that uses an alternative way to decompose a matrix into two53

smaller matrices. Instead of standard low-rank factorization as above, it involves reshaping and54

reordering matrix dimensions prior to the decomposition, and is equivalent to a sum of Kronecker55

products with an efficient implementation. For non-square matrices, the approach allows for increased56

reduction in parameters for the same decomposition rank. For square matrices, the benefits come57

from increased expressiveness of the decomposition for the same rank, allowing for reducing the58

rank needed to preserve model accuracy, and thus reducing the model size. Our main contribution59

is proving that stacking multiple linear layers decomposed this way increases the expressiveness60

of the network, unlike stacking multiple low-rank layers factorized in the standard way, which61

can only map into a subspace of dimensionality equal to the rank. Empirically, we show that the62

decomposition can reduce the size of a simple encoder-decoder Transformer to as little as 4 million63

parameters, including 2 million for the model and 2 million for the embeddings. The technique can64

be employed automatically to any matrix, including embedding, dense, attention, and output layers,65

without requiring any modification of the model architecture.66

2 Related Work67

The two approaches most closely related to ours are word2ket embeddings [15] and parameterized68

hypercomplex multiplication (PHM) linear layers [16]. Word2ket represents input embedding matrix69

in language models via a sum of Kronecker products, each involving two smaller matrices. It achieves70

above 100-fold reduction in the number of trainable embedding parameters; however, their approach71

relies on lazy tensors to efficiently extract embeddings for a limited number of words in the input72

sequence, and does not extend to output embedding matrix or other model matrices that perform73

general linear transformations of their input vectors. PHM linear layers [16] arise from generalizing74

hypercomplex number layers [17] to arbitrary dimensionality r, with the arithmetic over the numbers75

learned during training. For a given dimensionality r, the arithmetic takes form of a sum of r76

Kronecker products. Irrespective of the original matrix size n×m, each Kronecker product involves77

a small r × r matrix and a larger n/r × m/r matrix, which together have r3 + nm/r trainable78

parameters. For r used in practice, the second term dominates, resulting in r-fold reduction in size.79

PHM layers with r as large as 16 have been demonstrated to be effective, leading to a reduction of a80

44 million parameter Transformer to a 2.9 million parameter PHM-Transformer. These numbers do81

not include the embedding matrix for token embeddings which is not reduced in size by the PHM82

approach; and which for example for 32, 000 BPE tokens requires about 16 million parameters.83

Both of the Kronecker-based compact language model approaches [15, 16], as well as Kronecker-84

based convolutional [18] and recurrent networks [19], demonstrate that a sum of Kronecker products85

leads to very compact representations. Here, we advance theoretical understanding of why this86

low-rank representation has advantages in terms of expressivity compared to a standard matrix87

factorization with the same rank. We also provide a more efficient, more general Kronecker-based88

representation. Unlike word2ket, it can be used in linear transformations anywhere in the model,89

an unlike PHM it also applies to embedding matrices. To represent an n×m matrix, our approach90

requires 2r
√
mn instead of r3 + nm/r parameters required by PHM. For example, for r = 16, the91

2



highest used by PHM, for a Transformer with hidden dimension of 512, each 512×2048 feed-forward92

matrix in the self-attention head would be reduced from 1 million parameters to 69,632 parameters93

by PHM, but to 16,384 by our approach.94

Kronecker product of two matrices is a concrete-basis representation of a finite-dimensional linear95

operator defined by a tensor product of two underlying linear operators. Thus, Kronecker-product-96

based representations, including PHM layers and ours, can be seen as special case of a more general97

family of higher-order tensor-product-based representations. Kronecker-based representation unfolds98

a n×m matrix from two smaller matrices, n1 ×m1 and n2 ×m2, with m = m1m2 and n = n1n2.99

In tensor-based representations, this is generalized to m =
∏o
j=1mj and n =

∏o
j=1 nj for some100

tensor order o, leading to unfolding the n×m matrix from an o-way tensor that is then decomposed101

using low rank leading to reduction in parameters. For example, the tensor-train representation [20]102

represents a matrix using a series of core tensors with matching ranks. Tensor decomposition has been103

used successfully in convolutional networks [21, 22] and recurrent networks [23]. In the context of104

language models, tensor-train representation has been used to construct tensorised embeddings [24],105

which use order-three tensor representation to obtain 60-fold reduction in embedding in a sequence-106

to-sequence Transformer, and also use order-six tensors to achieve almost 400-fold reduction in an107

LSTM model for sentiment analysis. Similarly, word2ket [15] uses order-four tensor representation108

to achieve more than 90,000-fold reduction in the embedding size for question-answering LSTM109

model. Beyond embeddings, Tensorized Transformer [25] uses block-term tensor decomposition –110

a combination of CP and Tucker decompositions – to reduce the multi-headed self-attention layer111

with nheads by a factor 1/nheads, leaving other layers intact; this allowed for reducing a 52M112

Transformer down to 21M trainable parameters. So far, none of the Kronecker- or tensor-product-113

based approaches have been applied comprehensively to all components of a Transformer model –114

embeddings, attention, and feed-forward layers.115

3 Limitations of Factorized Matrices in Deep Networks116

A simple approach for reducing the size and complexity of a model involves replacing each linear117

transformation n×mmatrixW with its factorized, low-rank representation involving an n×r matrix118

A and an r ×m matrix B, with the rank r � m,n. During training and inference, the product AB119

is used instead of W , essentially replacing W with a two linear layers, A stacked on B. In this way,120

the number of parameters reduces from nm needed to represent W to r(n+m) needed to represent121

A and B.122

One potential approach to use the factorized representation is to take an already trained model, and123

factorize each matrix Wj into its low-rank approximation Ŵj = AjBj using a method such as SVD.124

However, analyzing an idealized deep model with linear activations shows that errors from the layers125

add up [26], ‖
∏
jWj −

∏
j Ŵj‖ =

∑
j‖Wj − Ŵj‖. Instead, a typical approach is to train a model126

de novo in its factorized form, using randomly initialized matrices Aj and Bj , without attempting to127

approximate individual linear transformations of the non-factorized model. This is the approach we128

take here.129

Representing an n × m matrix W as a low-rank product AB limits the linear transformation –130

the output is constrained to be a low-dimensional subspace of Rn. Stacking rank-r factorized131

linear transformations into an idealized deep network with linear activations does not improve the132

expressiveness, the dimensionality of the space of possible outputs is still constrained by the smallest133

of the decomposed layers rank. While this may have regularizing effect for medium values of the134

rank, it may prevent from using very small ranks and thus from creating compact models.135

4 Stacked Kronecker Product-based Representations136

For n = m, the standard factorized (n× r) (r ×m) → n × m representation is optimal among137

pairwise-product-based representations in the sense that all elements of a column of A are multiplied138

with each element of a row of B. For non-square matrices, for example matrix A is smaller than B, a139

more efficient all-pairs product representation can be made by increasing the size of A and decreasing140

the size of B.141
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In Shapeshifter, instead of the standard (n× r) (r ×m) → n ×m factorized representation, we142

rearrange the mn parameters of the original matrix W into a
√
mn×

√
mn matrix W ′, and then use143

a factorized representation of W ′ as a
√
mn× r matrix A and an r ×

√
mn matrix B:144 (√

nm× r
) (
r ×
√
nm
) multiply−−−−→

√
nm×

√
nm

reshape−−−−→
√
n×
√
m×

√
n×
√
m

transpose−−−−−→
√
n×
√
n×
√
m×

√
m

reshape−−−−→ n×m

This representation uses 2r
√
mn parameters instead of nm.145

We apply this representation to all matrices in attention and feed-forward layers in all multi-head146

attention blocks, and to the embedding matrices. For non-square matrices, the representation results147

in parameter saving compared to standard factorization with the same rank r. For square matrices, no148

parameter saving is achieved. However, as we show below, the way the matrix is decomposed allows149

for increased expressive power.150

For r = 1, the n×m matrix W arises from taking products of each element from
√
nm×1 matrix A151

with each element from 1×
√
nm matrix B. It is known to be equivalent [27] to a Kronecker product152

A⊗B involving
√
n×
√
mmatricesA, B resulting from reshaping the single-column and single-row153

matrices, respectively. Beyond r = 1, the representation is equivalent to representing W as sum of r154

Kronecker products, W =
∑r
j=1Aj ⊗Bj . Compared to the equivalent sum of Kronecker-products155

representation, using the matrix factorization representation avoids the explicit summation of r terms,156

resulting in simpler, more efficient implementations.157

4.1 Expressiveness of stacked Kronecker-product Layers158

Certain types of matrices can easily be expressed as a sum of Kronecker products, but not in a r-rank159

factorized matrix form. For example, identity mapping on Rn does not admit low-rank factorization,160

but it can be decomposed as a single Kronecker product of two smaller identity matrices. More161

broadly, the output of a sum of Kronecker products layer is not limited to r-dimensional subspace; a162

Kronecker product of two orthogonal matrices is an orthogonal matrix [28], thus even a single A⊗B163

term can model isomorphisms Rn → Rn. The converse is not true, most matrices require Kronecker164

representation with a high rank, and the question of approximating various types of matrices with a165

sum of Kronecker products has received ample attention [29, 30, 28, 31].166

Here, we focus on a different question – how does the expressive power of a stack of layers, each167

involving a sum of Kronecker products instead of generic linear transformation, grow with the168

network depth. We analyze an idealized network formed by a stack of Kronecker layers with linear169

activations. Given high-enough rank, a single layer is enough to represent any matrix. We first170

analyze what the depth needs to be if rank is restricted to two, and then investigate how quickly the171

depth can be reduced as the rank increases.172

Below, we use the following notation. Support supp(x) of vector x is a set of indices at which x173

is not null. We use [n] = {1, ..., n}. I is identity matrix. 1jk is a matrix with unity at row j and174

column k and null elsewhere; 1k is a shorthand for 1kk. To avoid ambiguity, we use square brackets175

for individual entries of a matrix or a vector; thus A[j, :] represents j-th row of matrix A, while Aj176

represents j-th matrix out of a series, as used above. For index set Z of cardinality k and a square177

matrixA, byA[Z] we represent a k×k submatrix ofA obtained by taking the intersection of columns178

and rows from set Z.179

We first define k-variant matrices, which will be a useful tool in exploring stacked factorized reshaped180

layers.181

Definition 1 (k-variant matrix). For an n × n orthogonal matrix U and an index set Z ⊂ [n], by182

writing UZ we indicate that both U and its inverse UT act as identity on all the dimensions not in set183

Z. That is, for each x ∈ Rn, supp(Ux− x) ⊆ Z and supp(UTx− x) ⊆ Z. If Z has cardinality at184

most k, we call UZ a k-variant matrix.185

The notion of k-variant matrices generalizes Givens rotation matrices [32] used for example in QR186

decomposition. A Givens rotation in n dimensions is any rotation that acts on a plane spanned by two187

of the n coordinate axes – it is thus 2-variant. QR decomposition can be used to show that each matrix188

can be represented as a product of 2-variant matrices. We will then show that 2-variant matrices, or189

more broadly, k-variant matrices for k ≤
√
n, can be represented using sum of Kronecker products.190
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Theorem 2 (Decomposition into layers involving Kronecker products). Let n = m2 for somem ∈ N.191

Any orthogonal n× n matrix U can be represented as192

U =

L∏
i=1

2∑
j=1

Aij ⊗Bij ,

where Aij and Bij are
√
n×
√
n matrices, and L = O

(
n2
)
.193

Proof. QR decomposition using Givens matrices will result in Q being a product of up to n(n− 1)/2194

Givens rotations, which are 2-variant, and R an upper triangular matrix which for orthogonal matrices195

is a diagonal matrix with +1 and −1 elements. The sign of any pair of −1 diagonal entries can be196

negated by a 2-variant matrix; at most n/2 such matrices are needed to convert the diagonal into197

identity, since there are at most n− 1 negative elements in R. In total, up to n2/2 2-variant matrices198

are needed to represent any given orthogonal matrix.199

Next, we set to show that any 2-variant matrix can be represented as a product of at most three200

matrices, each of the form A1 ⊗B1 +A2 ⊗B2, using m×m matrices.201

Let U{k,q} be an arbitrary 2-variant orthogonal m2 ×m2 matrix for arbitrary k, q ∈ [m2]. That is,202

y = U{k,q}x acts only on x[k] and x[q] to produce y[k] and y[q], for l 6= k, q we have y[l] = x[l].203

Consider two vectors, xA, xB ∈ Rm. Kronecker product of x = xA ⊗ xB of these two vectors is a204

vector x ∈ Rn with entries defined through products205

x[k] = xA[κ]xB [λ] for k = (κ− 1)m+ λ,

x[q] = xA[π]xB [ρ] for q = (π − 1)m+ ρ

for κ, λ, π, ρ ∈ [m].206

A matrixA⊗B acts on vectors x = xA⊗xB as (A⊗B)x = (AxA)⊗(BxB). For example, letB{λ,ρ}207

be a 2-variant matrix action on λ, ρ, then 1ν ⊗B{λ,ρ} is a acting on dimensions k = (ν − 1)m+ λ208

and q = (ν − 1)m+ ρ in the same way as B{λ,ρ} acts on dimensions λ and ρ, and producing either209

identity or null elsewhere, as shown below:210

[
0

1
0

]
⊗

[
α −β

1
β α

]
=



0
. . .

α −β
1

β α
. . .

0


.

First, consider k, q such that κ = π = ν for some ν ∈ [m]. Define a 2-variant B{λ,ρ} such that211

B[{λ, ρ}] = U [{k, q}], that is, B acts on λ, ρ in the same way as U acts on k, q. We then have212

U{k,q} = 1ν ⊗B{λ,ρ} + (I − 1ν)⊗ I.

A symmetric construction holds if λ = ρ = ν. In both cases, we can represent a 2-variant orthogonal213

matrix by A1 ⊗B1 +A2 ⊗B2.214

The general case of U{k,q} for κ 6= π and λ 6= ρ can be addressed by converting it into the case215

κ = π via transforming κ into π, applying the special case above, and then transforming π back into216

κ.217

We show that an orthogonal matrix V of the form V = C ⊗D + C ′ ⊗D′ exists such that218

U{k,q} = V T
(
1π ⊗B{λ,ρ} + (I − 1ν)⊗ I

)
V,

where B[{λ, ρ}] = U [{k, q}], the λ, ρ columns/rows of B are formed by taking submatrix of U219

defined by columns/rows k, q.220
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To construct V , set C = Pκ→π, a permutation matrix that moves κ to π, and D = 1λ. Also set221

C ′ = I and D′ = I − 1λ. Columns of C ⊗D and C ′ ⊗D are linearly independent, and each of the222

two matrices is orthogonal, thus V is orthogonal.223

Consider x = xA ⊗ xB , we then have224

x′ = V x = Pκ→πxA ⊗ 1λxB + IxA ⊗ (I − 1λ)xB .
The first term will use the permutation to move xA[κ] to position π, where it will be multiplied by225

xB [λ], and placed at x′[k′] for k′ = (π − 1)m+ λ; all other entries xA[·]xB [λ] will be rearranged226

as well by the permutation. For m = 3, λ = 2, κ = 1, π = 2, the transformation that moves227

x[k = 2] = x[(κ − 1)m + λ] = α1β2 into x′[k′ = 5] = x′[(π − 1)m + λ] and thus brings it into228

position ready for the special case, is illustrated below229 [
0 1 0
1 0 0
0 0 1

][
α1

α2

α3

]
⊗

[
0 0 0
0 1 0
0 0 0

][
β1
β2
β3

]
=

[
α2

α1

α3

]
⊗

[
0
β2
0

]
=

= [0 α2β2 0 0 α1β2 0 0 α3β2 0]
T
.

The second term will preserve xA[·]xB [·] for all entries of xB except λ; this includes ρ, since in230

the general case λ 6= ρ. The k, q entries of x will be now at k′, q entries of x′, and applying231

1π ⊗ B{λ,ρ} + (I − 1ν)⊗ I on x′ will be equivalent to acting on positions k, q of x. The inverse232

orthogonal transformation V T will restore the transformed values at positions k′, q, as well as all233

other entries xA[·]xB [λ], back to their original positions. The transformation V T is of the same form234

as V , except using P−1κ→π instead of Pκ→π , since the other matrices involved in V are diagonal with235

unit-magnitude entries. In summary, in the general case, m×m matrices Aij and Bij exist such that236

any 2-variant orthogonal matrix can be represented as
∏3
i=1

∑2
j=1Aij ⊗Bij .237

Together, any orthogonal n = m2 dimensional matrix U can be decomposed into238

U =
∏3n2/2
i=1

∑2
j=1Aij ⊗Bij .239

Corollary 3. Any linear n ×m matrix W can be represented as a product of a finite sequence of240

sums of two Kronecker products of dne × dme matrices followed by selecting an n×m submatrix.241

Proof. The result immediately follows by considering an orthogonal matrix with dimension242

max(dne2 × dme2), observing that an arbitrary, possibly rank-deficient diagonal matrix D can be243

decomposed as a product of a series of matrices of the form 1k⊗(I−(D[j, k]−1)1j)+(I−1k)⊗I ,244

one per diagonal entry D[j, k], which allows for producing arbitrary rank-deficient square matrices,245

from which non-square matrices can be selected.246

The above theorem shows that stacking layers represented compactly as (
√
nm× r) (r ×

√
nm) for247

r = 2 increases the expressive power of the network. In the idealized case with linear activation248

function, adding such layers allows the network to eventually produce arbitrary Rm → Rn linear249

transformations, unlike stacking standard factorized layers (n× r) (r ×m), which always maps into250

an r-dimensional subspace irrespective of the number of layers.251

With rank r = 2, we may need as many as 3n2/2 layers to represent an orthogonal n× n matrix. On252

the other extreme, only one layer is needed if the rank is n, since arbitrary n× n matrix can be seen253

as a concatenation of n tiles of size
√
n×
√
n. As long as we define n indicator

√
n×
√
n matrices254

1jk and use them as tile position selectors, we can use a sum of Kronecker products of the selection255

with the corresponding tile to produce the matrix. In between these extremes, the number of layers256

needed to increase the expressiveness of the network to allow arbitrary transformations depends on257

the rank r in the Shapeshifter representation in the following way.258

Theorem 4 (Depth-rank tradeoff for deep models involving Kronecker products). Let n = m2 for259

some m ∈ N, and let r ≤ m. Any orthogonal n× n matrix U can be represented as a product of a260

sequence of sums of two Kronecker products of m×m matrices,261

U =

L∏
i=1

r∑
j=1

Aij ⊗Bij ,

where Aij and Bij are
√
n×
√
n matrices, and L = O

(
n2/r

)
.262
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Proof. Instead of 2-variant orthogonal matrices, we use r-variant ones. Consider r = 3, with U{k,q,t},263

and with k = (κ− 1)m+ λ, q = (π − 1)m+ ρ, and t = (τ − 1)m+ υ. We now have two groups264

of indices, κ, π, τ and λ, ρ, υ. If κ = π = τ = ν for some ν, we have a special case as in Theorem 2265

U{k,q,s} = 1ν ⊗B{λ,ρ,υ} + (I − 1ν)⊗ I;
we have a similar special case if λ = ρ = υ.266

The general case involves no equality in either of the two groups. Then, we can proceed similarly267

as for 2-variant general case, but we need a permutation matrix Pκ→τ and separately a permutation268

matrix Pπ→τ , which allow us to define269

x′ = V x = Pκ→τxA ⊗ 1λxB + Pπ→τxA ⊗ 1ρxB + IxA ⊗ (I − 1λ − 1ρ)xB .
Here, V is an orthogonal transformation that uses a sum of three Kronecker products as a trans-270

formation that maps the general case to the κ = π = τ case. The construction naturally extends271

into higher r as long as r ≤ m, the number of diagonal entries in matrices A: we need V to be a272

sum of r Kronecker products involving distinct dimensions of A. In summary, we need less than273 ∏3
i=1

∑r
j=1Aij ⊗Bij to represent arbitrary r-variant orthogonal matrix. A product of two k-variant274

matrices is at most 2k-variant. Grouping r/2 Givens rotations or, more generally, 2-variant matrices275

can result in at most a r-variant matrix, thus we need at most L = O
(
3n2/r

)
layers, each involving276

a Kronecker product of rank at most r.277

As is common in theoretical work on deep networks, the results are limited to idealized multilayer278

models with linear activations. However, they can provide insights into networks with nonlinearities;279

for example, activations such as ReLU that are linear on large part of their input will lead to piece-wise280

linear network, and the results above hold in a piece-wise fashion.281

5 Experimental Results282

We validate the approach on machine translation using sequence-to-sequence models. The experi-283

ments were performed on a single V100 (longest run: 6 days) or A100 GPU (longest run: 1 day).284

We used Transformer [1], with embedding and encoder/decoder layers replaced with compact repre-285

sentations. We compare our approach to two recently proposed approaches for reducing model size:286

DeLighT [12] and PHM Layers [16]. DeLighT uses separate vocabulary for the source language287

encoder embeddings, and a different vocabulary for the target language decoder embedding and288

output layer. PHM Layers, like its predecessor Quaternion Transformer [17], uses the same Byte-Pair289

Encoding [33] in both encoder and decoder. To facilitate comparisons, we follow both approaches290

and train two Shapeshifter variants, one with separate embeddings and one with single embedding.291

In Shapeshifter, we use small rank for all matrices in the multi-head self-attention blocks. For292

embedding matrices, which are much larger and can be reduced more effectively, we use higher rank,293

while aiming to keep the total size of factorized embeddings below the total size of the rest of the294

factorized encoder/decoder.295

5.1 Comparison with PHM Layers296

In comparisons with PHM layers [16], we use T5-small Transformer [34], which shares a single297

embedding matrix in both the encoder and the decoder. We use Huggingface Transformers [35] for298

PyTorch [36] implementation. We evaluate the approach on IWLSLT’14 German-to-English (De-En)299

[37] and WMT’18 English-to-Romanian (En-Ro) [38] datasets. For the first dataset we use learning300

rate 2e-3 with batch size of 128, while for the larger En-Ro dataset we use 3e-3 with batch size of301

192. We used LAMB optimizer [39] with inverse square root scheduler, dropout 0.1, no weight decay,302

and 0.1 label-smoothed cross entropy loss.303

To facilitate comparison of our results with PHM Layers approach under the same conditions, we304

reimplemented the approach and applied it to T5-Small Transformer that we used as basis for305

experiments with our method. The small increase in size of the PHM Transformer observed in our306

re-implementation of PHM layers compared to the parameter size provided in the literature [16]307

(3.2M vs 2.9M parameters) results from the fact that the underlying T5 Transformer that we build on308

uses three separate dhid × dhid matrices for self-attention query, key, and value weights for all heads,309

while the Transformer used in [16] stores all three as a single, concatenated dhid × 3dhid matrix.310
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Table 1: Results on the WMT’18 English-to-Romanian (En-Ro) dataset [38]. Model performance
measured using BLEU [40] on dev set. We also list total number of model parameters, its breakdown
into number of parameters in the encoder-decoder multi-headed self-attention and feed-forward
layers, and separately in the all the embedding in the model. We also express the parameter reduction
as a percentage and as a fold change compared to the size of the corresponding Transformer model.
Shapeshifter rencoder / rembedding denotes encoder/decoder and embedding ranks.

Model Total Enc./Dec. Emb. Pct. Fold BLEU

Transformer [1], from [16] – 44M – – – 22.79
PHM-Tm n = 16 [16] – 2.9M – – – 19.63
*Transformer [1] 60.5M 44M 16.5M 100.0 1 24.30
*PHM-Tm n = 16 [16] 19.6M 3.2M 16.5M 32.4 3.08 22.38
*Shapeshifter 24/256 5.2M 3.1M 2.1M 8.62 11.59 22.56
*Shapeshifter 16/256 4.2M 2.1M 2.1M 6.95 14.39 22.12
* denotes our experimental results, other results taken from the referenced paper.
– denotes the information was not available in the referenced paper.

Table 2: Results on the IWSLT’14 German-to-English (De-En) dataset [37].

Model Total Enc./Dec. Emb. Pct. Fold BLEU

Transformer [1], from [16] – 44M – – – 36.68
PHM-Tm n = 16 [16] – 2.9M – – – 33.89
*Transformer [1] 60.5M 44M 16.5M 100.0 1 36.72
*PHM-Tm n = 16 [16] 19.6M 3.2M 16.5M 32.4 3.08 36.49
*Shapeshifter 16/256 4.2M 2.1M 2.1M 6.95 14.39 36.36

Transformer [1], from [12] 42M – – 100.0 1 34.3
DeLighT [12] 14M – – 35.5 2.82 33.8
*Transformer [1] 39.5M 31.5M 7.9M 100.0 1 35.43
*Shapeshifter 64/256 9.3M 7.2M 2.1M 23.6 4.24 35.43

The results presented in Tables 1 and 2 indicate that while our full models are four times smaller than311

full PHM models, they offer very similar on-task performance. The parameter reduction comes not312

only from factorized embeddings in Shapeshifter, but also from matrices inside the attention blocks in313

encoder/decoder: both Shapeshifter 16 / 256 and PHM n = 16 use a sum of 16 Kronecker products314

to represent a matrix, yet PHM results in a 1.5 times larger encoder/decoder when applied to the same315

exact base architecture.316

5.2 Comparison with DeLighT317

Following DeLighT [12], we use Transformer models as implemented in fairseq [41]. We benchmark318

the Shapeshifter models on four datasets: IWSLT’14 German-to-English (De-En) [37], WMT’16319

English-to-Romanian (En-Ro) [42], WMT’14 English-to-German (En-De) [43], and WMT’14320

English-to-French (En-Fr) [43]. The specific Transformer architecture used by DeLighT, and also321

in our experiments, varies depending on the dataset. For the WMT’14 En-De we used 12 trans-322

formers blocks with 4 attention heads, 512 as the embedding dimension and 1024 for the fan out323

fully-connected layer. For the other three datasets we used 12 transformers blocks with 8 attention324

heads, 512 as the embedding dimension and 2048 for the fan out fully-connected layer. For the325

training setup we have used Adam optimizer, learning rate of 5e-4, inverse square root scheduler with326

15K warmup steps, dropout 0.3, weight decay of 1e-4, and 0.1 label-smoothed cross entropy loss.327

Compared to the smallest of the DeLighT models available for each dataset, as summarized in Tables328

2–4, the Shapeshifter models have between 1.5 and 4 times fewer parameters, yet offer similar quality;329

Shapeshifter achieves higher score than DeLighT on two datasets, and lower score on two other330

datasets.331
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Table 3: Results on the WMT’16 English-to-Romanian (En-Ro) dataset [42] .

Model Total Enc./Dec. Emb. Pct. Fold BLEU

Transformer [1], from [12] 62.0M 44.1M 17.9M 100.0 1 34.3
DeLighT [12] 22.0M – – 35.5 2.82 34.3
*Transformer [1] 62.0M 44.1M 17.9M 100.0 1 33.89
*Shapeshifter 24/256 5.4M 3.1M 2.2M 8.6 11.63 32.48

Table 4: Results on the WMT’14 English-to-German and -French datasets [43].

Model Total Enc./Dec. Emb. Pct. Fold BLEU
En-De En-Fr

Transformer [1], from [12] 62.0M 44.1M 17.9M 100.0 1 27.3 39.2
DeLighT [12] 37M – – 59.6 1.68 27.6 39.6
*Shapeshifter 64/256 10.7M 8.2M 2.5M 17.2 5.7 26.6 40.78

5.3 Comparison with Standard Low-rank Factorization332

To validate experimentally the theoretical results from Section 4.1 concerning the increased expres-333

siveness of the factorization type used in Shapeshifter compared to standard n× r, r ×m low-rank334

factorization, we trained models factorized this way using the same encoder/decoder rank of 16,335

and the same embedding rank of 256 as in Shapeshifter. We used one small dataset, IWSLT’14336

German-to-English, and one large, WMT’18 English-to-Romanian. The results in Table 5 show that337

the size of the model is reduced substantially in the Kronecker-based approach compared to standard338

low-rank representation. The reduction comes mostly from the embedding, which involve non-square339

matrices. Despite more than two-times larger number of parameters, standard low-rank representation340

shows much higher loss on the training set, with no significant difference in terms of generalization341

outside of the training set, confirming that the difference between the two representations results from342

increased expressiveness of a stack of low-rank Kronecker-product-based layers.343

Table 5: Comparison with standard low-rank representation. Factorized models are trained de
novo on a small (IWSLT’14 De-En) and a large (WMT’18 En-Ro) dataset.

Dataset Factorization type Total Enc/Dec Emb. BLEU Train Loss Dev Loss

De-En Shapeshifter 16 / 256 4.2M 2.1M 2.1M 36.36 2.59 2.67
De-En Low-rank 16 / 256 10.6M 2.2M 8.4M 26.68 2.97 2.99

Ro-En Shapeshifter 16 / 256 4.2M 2.2M 2.1M 22.12 2.19 3.09
Ro-En Low-rank 16 / 256 10.6M 2.2M 8.4M 17.47 2.32 3.37

6 Conclusion344

Our theoretical and experimental results show that deep models composed of stacked low-rank345

Kronecker-product-based representations are more expressive, yet smaller, than equivalent models346

that use standard low-rank factorized matrix representations. These observations help solve a puzzle347

of how recent methods such as word2ket [15] and PHM layers [16] achieve their impressive parameter348

reduction rates for embeddings and for encoder/decoder layers, respectively, despite training models349

de novo, without the help of an existing large model serving as a blueprint for compression or pruning,350

or as a teacher for knowledge distillation. Building on these results, we provide a comprehensive351

approach that works both for the embeddings and for the encoder/decoder, using more effective352

way to exploit Kronecker products for factorized representations. Experimental comparisons with353

state-of-the-art model reduction approaches, not only PHM but also recently proposed DeLighT [12],354

on a range of machine translation problems, show that the approach offers similar translation quality355

with much fewer parameters.356
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