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Abstract

Learning from label proportions (LLP) is a weakly supervised classification prob-1

lem where data points are grouped into bags, and the label proportions within2

each bag are observed instead of the instance-level labels. The task is to learn a3

classifier to predict the labels of future individual instances. Prior work on LLP4

for multi-class data has yet to develop a theoretically grounded algorithm. In this5

work, we propose an approach to LLP based on a reduction to learning with label6

noise, using the forward correction (FC) loss of Patrini et al. [30]. We establish an7

excess risk bound and generalization error analysis for our approach, while also8

extending the theory of the FC loss which may be of independent interest. Our9

approach demonstrates improved empirical performance in deep learning scenarios10

across multiple datasets and architectures, compared to the leading methods.11

1 Introduction12

In the weakly supervised problem of learning from label proportions (LLP), the learner is presented13

with bags of instances, where each bag is annotated with the proportions of the different classes in14

the bag. The learner’s objective is to produce a classifier that accurately assigns labels to individual15

instances in the future. LLP arises in various applications including high energy physics [7], election16

prediction [45], computer vision [4, 20], medical image analysis [2], remote sensing [8], activity17

recognition [32], and reproductive medicine [12].18

To date, most methods for LLP have addressed the setting of binary classification [50, 36, 39, 34,19

41, 44, 24, 37, 38], although multiclass methods have also recently been investigated [9, 22, 46].20

The dominant approach to LLP in the literature is “label proportion matching”: train a classifier to21

accurately reproduce the observed label proportions on the training data, perhaps with additional22

regularization. In the multiclass setting, the Kullback-Leibler (KL) divergence between the observed23

and predicted label proportions is adopted by the leading approaches to assess proportion matching.24

Unfortunately, while matching the observed label proportions is intuitive and can work well in some25

settings, it has little theoretical basis [50, 38], especially in the multiclass setting, and there are natural26

settings where it fails [50, 39].27

Recently, Scott and Zhang [39] demonstrated a principled approach to LLP with performance28

guarantees based on a reduction to learning with label noise (LLN) in the binary setting. Their basic29

strategy was to pair bags, and view each pair of bags as an LLN problem, where the observed label30

proportions are related to the “label flipping” or “noise transition” probabilities. Using an existing31

technique for LLN based on loss correction, which allows the learner to train directly on the noisy32

data, they formulated an overall objective based on a (weighted) sum of objectives for each pair of33

bags. They established generalization error analysis and consistency for the method, and also showed34

that in the context of kernel methods, their approach outperformed the leading kernel methods.35
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The objective of the present paper is to developed a theoretically grounded and practical approach to36

multiclass LLP, drawing inspiration from Scott and Zhang [39]. The primary challenge stems from37

the fact that Scott and Zhang [39] employed the so-called “backward correction” loss, which solves38

LLN by scaling the output of a loss function of interest according to the noise transition probabilities39

[28, 30, 35]. While this loss correction was demonstrated to work well for kernel methods in a binary40

setting, Patrini et al. [30] showed that it is poorly suited for multiclass deep learning settings . To41

remedy this, they proposed the “forward correction” loss, which scales the inputs to a loss function of42

interest according to the noise transition probabilities. They established Fisher consistency of the43

technique, and demonstrated its superiority empirically (see also [53]).44

The present work is thus inspired by Scott and Zhang [39] but uses the forward correction (FC)45

loss in a multiclass setting. This requires a number of technical modifications to the arguments of46

Scott and Zhang [39]. Most notably, it now becomes necessary to demonstrate that the FC loss is47

calibrated with respect to the 0-1 loss, a critical property needed for showing consistency. Such48

analysis is inherently not needed when using the backward correction, due to the way in which49

this correction yields an unbiased estimate of the uncorrupted risk. Furthermore, Scott and Zhang50

[39] adopt a probabilistic setting known as a “mutual contamination model”, whereas we adopt the51

more conventional setting based on a noise transition matrix. Finally, the multiclass setting involves52

new estimation challenges not present in the binary case. These factors mean that our work is not a53

straightforward extension of Scott and Zhang [39]. Indeed, the authors of a recent report acknowledge54

that it is “difficult to extend [the method of Scott and Zhang [39]] to multiclass classification" [16].55

Additional related work: Much work on LLP has focused on learning specific types of models,56

including support vector machines [36, 50, 47, 33, 5, 19, 40], probabilistic models [18, 13, 45, 32,57

12], random forests [41], neural networks [21, 1, 9, 22, 46], and clustering-based models, [3, 44].58

Many of these works develop learning criteria that are specific to the model being learned.59

On the theoretical front, Quadrianto et al. [34] and Patrini et al. [30] initiated the learning theoretic60

study of LLP, introducing Rademacher style bounds for linear methods, but they do not address61

consistency w.r.t. a classification performance measure. Yu et al. [51] provides support for label62

proportion matching but only under the assumption that the bags are very pure. Saket [37] studies63

learnability of linear threshold functions. Recently Saket et al. [38] introduced a condition under64

which label proportion matching does provably well w.r.t. a squared error loss in the binary setting,65

and developed an associated algorithm. This method does not scale easily to large datasets, and further66

requires knowledge of how bags are grouped according to different bag-generating distributions.67

A handful of recent papers have studied multiclass LLP in deep learning scenarios. Dulac-Arnold et al.68

[9] study the KL loss for label proportion matching, and a variant based on optimal transport. Liu et al.69

[22, 23] examine an approach based on generative adversarial models. Tsai and Lin [46] study the use70

of a regularizer derived from semi-supervised learning. One challenge common to these approaches is71

that their implementations employ mini-batches of bags, which becomes computationally prohibitive72

for deep architectures when the batch size is still very small, e.g., 2 or 3. In contrast, our approach73

avoids this issue. Finally, a recent technical report presents a risk analysis for multiclass LLP under74

the assumption of fixed bag size, which we do not require [16]. Their method is not tractable for75

large bag sizes in which case they approximate their objective “using the bag-level loss proposed in76

the existing research."77

Contributions and Outline: Our contributions and the paper structure are summarized as follows.78

In Section 2, we review the FC loss as a solution to LLN. In Section 3, we extend the theory of the79

FC loss for LLN. In particular, we show that the FC loss is “uniformly calibrated” with respect to80

the 0-1 loss using the framework of Steinwart [43], establish an excess risk bound, and determine an81

explicit lower bound on the calibration function in terms of the noise transition matrix. In Section 4,82

we extend the results of Section 3 to the setting with multiple noise transition matrices, which form83

the basis of our approach to LLP. In particular, we establish an excess risk bound and generalization84

error analysis for learning with multiple noise transition matrices, which in turn enables proofs of85

consistency. In Section 5, we state the probabilistic model for reducing LLP to LLN with multiple86

different noise transition matrices and present the LLPFC algorithms. Experiments with deep neural87

networks are presented in Section 6, where we observe that our approach outperforms competing88

methods by a substantial margin. Proofs appear in the supplemental material.89
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2 Learning with Label Noise and the Forward Correction Loss90

This section sets notation and introduces the FC loss as a solution to learning with label noise. Let X91

be the feature space and Y = {1, 2, . . . , C} be the label space, C 2 N. We define the C-simplex as92

�C = {p 2 RC : pi � 0, 8i = 1, 2, . . . , C,
P

C

i=1 pi = 1} and denote its interior by �̊C . Let P be a93

probability measure on the space X ⇥ Y .94

Viewing P as the “clean” probability measure, a noisy probability measure with label-dependent95

label noise can be constructed from P in terms of a C ⇥ C column-stochastic matrix T , referred96

to as the noise transition matrix. Formally, we define a measure P̄T on X ⇥ Y ⇥ Y by requiring97

8 events A ⇢ X , P̄T (A ⇥ {i} ⇥ {j}) = P (A ⇥ {i})tj,i where tj,i is the element at the j-th row98

and i-th column of T . Let (X,Y, Ỹ ) have joint distribution P̄T where X is the feature vector, Y99

is the “clean” label, and Ỹ is the “noisy” label. Thus the element of T at row i and column j is100

ti,j = P̄T (Ỹ = i|Y = j). In addition, P is the marginal distribution of (X,Y ). Define PT to be the101

marginal distribution of (X, Ỹ ). Let F be the collection of all measurable functions from X to �C .102

The existence of a regular conditional distribution is guaranteed by the Disintegration Theorem (e.g.103

Theorem 6.4 in Kallenberg [14]) under suitable properties (e.g. when X is a Radon space). While104

the existence of regular conditional probability is beyond the scope of this paper, we assume fixed105

regular conditional distributions for Y and Ỹ given X exist, denoted by P (· | ·) : Y ⇥ X ! [0, 1]106

and PT (· | ·) : Y ⇥ X ! [0, 1], respectively. Given x 2 X , we define the probability vectors107

⌘(x) = [P (1 | x), . . . , P (C | x)]tr and ⌘T (x) = [PT (1 | x), . . . , PT (C | x)]tr where we use tr to108

denote transposition. It directly follows that ⌘T (x) = T⌘(x).109

We use R+ to denote the positive real numbers. The goal of LLN is to learn a classifier that optimizes110

a performance measure defined w.r.t. P , given access to corrupted training data (Xi, Ỹi)
i.i.d.
⇠ PT . In111

this work we assume T is known or can be estimated, as is the case when we apply LLN techniques112

to LLP (see Section 5). A more formal formulation of LLP is given in Section 5.113

When attempting to minimize the risk associated to the 0-1 loss and the clean distribution P , it114

is common to employ a smooth or convex surrogate loss. For LLN problems, the idea of a loss115

correction is to modify the surrogate loss so that when optimized using the noisy data, it still achieves116

the desired goal. Below, we introduce the forward correction loss, before which we need to define117

inner risk and proper loss. For this purpose we focus on loss functions of the form L : �C
⇥ Y ! R.118

Definition 1. Let L : �C
⇥ Y ! R be a loss function. The inner L-risk at x with probability119

measure P is CL,P,x : �C
! R, CL,P,x(q) := EY⇠P (·|x)L(q, Y ). The minimal inner L-risk at x120

with a probability measure P is C⇤

L,P,x
:= infq2�C CL,P,x(q).121

Definition 2. ` : �C
⇥ Y ! R is a proper loss if 8 probability measures P on X ⇥ Y , 8x 2122

X , C
⇤

`,P,x
= C`,P,x(⌘(x)), and a proper loss is called strictly proper if the minimizer of C`,P,x is123

unique for all x 2 X .124

Commonly used proper losses include the log loss `log(q, c) = � log qc, the square loss `sq(q, c) =125 P
C

c0=1( c=c0 � qc0)
2, and the 0-1 loss `01(q, c) = c 6=min{argmaxj qj}

, among which only the log126

loss and the square loss are strictly proper [49]. Here denotes the indicator function. Note that it is127

common to compose proper losses with inverted link functions, leading to familiar losses like the128

cross-entropy loss. Such losses are discussed further in Section 4.129

We are now ready to introduce the forward correction loss.130

Definition 3. Let ` be a strictly proper loss and let T be a noise transition matrix. Define the forward131

correction loss of ` as `T : �C
⇥ Y ! R, `T (q, c) := `(Tq, c).132

It follows from the definition that, if T is invertible, then the inner `T -risk under the distribution PT133

has a unique minimizer ⌘(x). Next we introduce the definition of L-risk and L-Bayes risk associated134

with a loss function L.135

Definition 4. Let L : �C
⇥ Y ! R and P be a probability measure. Define the L-risk of f with136

distribution P to be RL,P : F ! R, RL,P (f) := EP [L(f(X), Y )] and the L-Bayes risk to be137

R
⇤

L,P
:= inff2F RL,P (f).138
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We call RL,P (f)�R
⇤

L,P
the excess L-risk of f under distribution P . Given a proper loss `, Theorem139

2 of Patrini et al. [30] establishes Fisher consistency of the FC loss, meaning the minimizer of `-risk140

under the clean distribution P is the same as the minimizer of `T -risk under noisy distribution PT :141

argmin
f2F

RL,P (f) = argmin
f2F

R`T ,PT (f). Next, we present a stronger result relating the142

excess `T -risk under the noisy distribution PT to the excess 0-1 risk under the clean distribution P .143

3 Calibration Analysis for the Forward Correction Loss144

Our objective in this section is to show that when L is the 0-1 loss and ` is a continuous strictly145

proper surrogate loss, there exists a strictly increasing, invertible function ✓ with ✓(0) = 0 such that146

8f 2 F and 8 distributions P , ✓
�
RL,P (f)�R

⇤

L,P

�
 R`T ,PT (f)�R

⇤

`T ,PT
. Given such a bound,147

it follows that consistency w.r.t the surrogate risk implies consistency w.r.t. the target risk. The148

results in this section are standalone results for the FC loss that may be of independent interest, and149

will be extended in the next section in relation to LLP.150

The following theorem guarantees the existence of such function ✓, given that T is invertible.151

Theorem 5. Let ` be a continuous strictly proper loss and T be an invertible column-stochastic152

matrix. Let L be the 0-1 loss. Assume R
⇤

`T ,PT
< 1. Then 9✓ : [0, 1] ! [0,1] that is153

strictly increasing and continuous, satisfying ✓(0) = 0, such that 8f 2 F ,RL,P (f) � R
⇤

L,P
154

✓
�1
⇣
R`T ,PT (f)�R

⇤

`T ,PT

⌘
.155

The function ✓ depends on ` and T . The following proposition provides a convex lower bound on ✓156

for the commonly used log loss `log(q, c) = � log qc. Let M 2 RC⇥C be a matrix and let k · k be a157

norm on RC . The subordinate matrix norm induced by k · k is kMk := sup
x2RC :x 6=0

kMxk

kxk
. When158

k · k is the 1-norm on RC , the induced norm is denoted kMk1, referred to as the matrix 1-norm, and159

can be computed as kMk1 = max1jC

P
C

i=1 |M(i, j)| [10].160

Proposition 6. Let T 2 RC⇥C be an invertible, column-stochastic matrix. Define ✓
T
: [0,1] !161

[0,1] by ✓
T
(✏) = 1

2
✏
2

kT�1k2
1
. If L is the 0/1 loss, ` is the log loss, then for all f 2 F and distributions162

P , RL,P (f)�R
⇤

L,P
 ✓

�1
T

⇣
R`T ,PT (f)�R

⇤

`T ,PT

⌘
=
p
2kT�1

k1

q
R`T ,PT (f)�R

⇤

`T ,PT
163

The factor kT�1
k1 may be viewed as a constant that captures the overall amount of label noise.164

The more noise, the larger the constant. For example, let I and N be the identity and the all 1/C’s165

matrices, respectively. Let ↵ 2 [0, 1] and T = (1�↵)I +↵N . Thus, ↵ = 0 represents the noise-free166

case and ↵ = 1 the noise-only case. It is easy to verify that T�1 = (1 � ↵)�1(I � ↵N) and167

kT
�1
k1 = (1� ↵)�1(1 + (1� 2/C)↵).168

4 Learning with Multiple Noise Transition Matrices169

Our algorithm for LLP, formally stated in subsection 5.4, reduces the problem of LLP to LLN by170

partitioning bags into groups and modeling each group as an LLN problem. Since each group has its171

own noise transition matrix, this leads to a new problem that we refer to as learning with multiple172

noise transition matrices (LMNTM). In this section, we show how to extend the calibration analysis173

of section 3 to this setting. In addition, we offer a generalization error bound that justifies an empirical174

risk minimization learning procedure based on a weighted sum of FC losses.175

4.1 Learning with Multiple Noise Transition Matrices176

We first define the LMNTM problem formally. For all n 2 N, denote Nn = {1, 2, . . . , n}. Consider177

a clean distribution P on X ⇥ Y and a finite sequence of noise transition matrices T1, T2, . . . , TN .178

For each i we denote the noisy prior as the ↵i 2 �̊C where, 8c 2 Y , ↵i(c) = PTi(Ỹ = c).179

We assume the ↵i’s are known for theoretical analysis. In practice, ↵i is estimable as discussed180

below. In LMNTM, we observe data points S =
�
Xi,c,j : i 2 NN , c 2 Y, j 2 Nni,c

 
where181

Xi,c,j

i.i.d.
⇠ PTi(· | c), and ni,c 2 N is the number of data points drawn from the class conditional182
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distribution PTi(· | c). Assume all Xi,c,j’s are mutually independent. We make additional remarks183

on this setting in subsection D.1 in the appendix.184

4.2 An Risk for LMNTM185

The following result extends Theorem 5 to LMNTM. It establishes that the risk eR`,P,T , which can be186

estimated from LMNTM training data, is a valid surrogate risk. This type of result is not needed for187

the backward correction approach of Scott and Zhang [39].188

Theorem 7. Let L be the 0-1 loss and N 2 N. Consider a sequence of invertible column-stochastic189

matrices T = {Ti}
N

i=1 and a continuous strictly proper loss function `. Let w = (wi)
N

i=1 2 �N .190

Define eR`,P,T : F ! R by eR`,P,T (f) :=
P

N

i=1 wiR`Ti ,PTi
(f) and eR⇤

`,P,T
= inff2F

eR`,P,T (f).191

Assume 8i 2 {1, 2, . . . , N},R
⇤

`Ti ,PTi
< 1. Then 9 a strictly increasing continuous function ✓ :192

[0, 1]! [0,1] with ✓(0) = 0 s.t. for all P , 8f 2 F , ✓
�
RL,P (f)�R

⇤

L,P

�
 eR`,P,T (f)� eR⇤

`,P,T
.193

The weights wi allow the user flexibility, for example, to place different weights on noisier or larger194

subsets of data. Unlike Scott and Zhang [39], however, because the weights appear in both our excess195

risk bound and generalization error bound, it is not straightforward to optimize them a priori.196

4.3 Generalization Error Bound197

The aggregate risk eR`,P,T is desirable because it can naturally be estimated from the given data. We198

propose the empirical risk199

R̂w,S(f) =
NX

i=1

wi

CX

c=1

↵i(c)

ni,c

ni,cX

j=1

`Ti(f(Xi,c,j), c). (1)

It should be noted that R̂w,S(f) is an unbiased estimate of R̃`,P,T (f). Here we establish a general-200

ization error bound for this estimate, that is, we show that the empirical risk concentrates around the201

risk uniformly. Our results build on Rademacher complexity analysis.202

To state the bound, we must first introduce the notion of a proper composite loss [49]. This stems203

from the fact that in practice, a function f outputting values in �C is typically obtained by composing204

a RC-valued function (such as a neural network with C output layer nodes), with another function205

RC
! �C such as the softmax function. Thus, let  : U ⇢ �C

! V be an invertible function where206

V is a subset of a normed space, referred to as an invertible link function. Consider G ⇢  � F :=207

{ � f : f 2 F}, and observe that 8g 2 G, 
�1
� g 2 F . In practice,  is fixed and we seek to learn208

g 2 G that leads to an f 2 F with a risk close to the Bayes risk. An example of  �1 is the softmax209

function so that  : U ! V, i(p) = log pi �
1
C

P
C

k=1 log pk, ( 
�1)

i
(s) = e

siPC
k=1 e

sk
where U is210

the interior of �C and V =
n
s 2 RC :

P
C

i=1 si = 0
o

. This motivates the following definition.211

Definition 8 (Proper Composite Loss). Given an invertible link function  : U ⇢ �C
! V , we define212

the proper composite loss �` of a proper loss ` : �C
⇥ Y ! R to be �` : V ⇥ Y ! R, �`(v, c) =213

`
�
 
�1(v), c

�
.214

For example, when ` is the log loss and  �1 is the softmax function, �` is the cross-entropy (or215

multinomial logistic) loss. With this notation, we are now able to state our generalization error bound216

for LMNTM. We study two popular choices of function classes, the reproducing kernel Hilbert space217

(RKHS) and the multilayer perceptron (MLP).218

Definition 9. Let k be a symmetric positive definite (SPD) kernel, and let H be the associated219

reproducing kernel Hilbert space (RKHS). Assume k is bounded by K, meaning 8x, kk(·, x)k
H
 K.220

Let Gk

K,R
denote the ball of radius R in H. Define G1 = G

k

K,R
⇥ G

k

K,R
⇥ · · ·⇥ G

k

K,R
(C copies).221

We follow Zhang et al. [54] and define real-valued MLPs inductively:222

Definition 10. Define N1 =
�
x! hx, vi : v 2 Rd

, kvk2  �
 

, and for m > 2, inductively define223

Nm =
n
x!

P
d

j=1 vjµ(fj(x)) : v 2 Rd
, kvk1  �, fj 2 Nm�1

o
, where � 2 R+ and µ is a 1-224

Lipschitz activation function. Define an MLP which outputs a vector in RC by G2 = Nm ⇥Nm ⇥225

· · ·⇥Nm (C copies). We additionally assume that the choice of µ satisfies 8m 2 N, 0 2 µ �Nm.226
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Theorem 11. Let T1, T2, . . . , TN be a finite sequence of invertible column-stochastic matrices. Let
` be a proper loss such that 8i, c the function �`Ti

(·, c) is Lipschitz continuous w.r.t. the 2-norm.
Let S be the set of data points as defined in Section 4.1 Assume sup

x2X ,g2Gq
kg(x)k2  Aq for

some constant Aq, 8q 2 {1, 2}. Let R̂w,S(g) :=
P

N

i=1 wi

P
C

c=1
↵i(c)
ni,c

Pni,c

j=1 �`Ti
(g(Xi,c,j), c),

eR(g) := eR`,P,T

�
 
�1
� g

�
= ES

h
R̂w,S(g)

i
. Then for each q 2 {1, 2}, 8� 2 [0, 1], with probability

at least 1� �,

sup
g2Gq

���R̂w,S(g)� eR(g)
���  (max

i

(
���`Ti

��Aq +
���`Ti

��
0
)

r
2 log

2

�
+ CBq max

i

���`Ti

��)

vuut
NX

i=1

CX

c=1

w
2
i

ni,c

.

where Bq is a constant depending on Gq ,
���`Ti

��
0
= maxc

���`Ti
(0, c)

��, and
���`Ti

�� is the smallest real227

number such that it is a Lipschitz constant of �`Ti
(·, c), 8i, c.228

It should be noted that Theorem 11 is a special case of of Lemma 26 which extends the notion of229

Rademacher complexity to the LMNTM setting and applies to arbitrary function classes. Lemma 26230

is presented in the appendix.231

Let HMi denote the harmonic mean of ni,1, . . . , ni,C , i.e., HMi = CPC
c=1

1
ni,c

. The term232

qP
N

i=1

P
C

c=1
w

2
i

ni,c
could be written as

q
C
P

N

i=1
w

2
i

HMi
and is optimized by wi = HMiPN

m=1 HMm
,233

leading to
qP

N

i=1

P
C

c=1
w

2
i

ni,c
=
q

CPN
i=1 HMi

. The term
q

CPN
i=1 HMi

vanishes (needed to establish234

consistency) when N goes to infinity, or when 9i s.t. 8c, ni,c goes to infinity. For the special case235

where all bags have the same size n and all weights wi are 1/N ,
qP

N

i=1

P
C

c=1
w

2
i

ni,c
=
q

C

Nn
. Thus,236

consistency is possible even if bag size remains bounded.237

Assuming ` is the log loss and  �1 is the softmax function, we next study the constants
���`Ti

�� and238 ���`Ti

��
0
.239

Proposition 12. Let ` be the log loss,  �1 be the softmax function, and T be a column-stochastic240

matrix. Then |�`T | 
p
2.241

The constant |�`T |0 = maxc|�`T (0, c)| = maxc� log
⇣

1
C

P
C

j=1 tc,j

⌘
. The invertibility of T guar-242

antees
P

C

j=1 tc,j is positive and hence the finiteness of |�`T |0. However, if we have a “bad" T ,243
P

C

j=1 tc,j could be arbitrarily close to 0 leading to a large |�`T |0.244

Following Theorem 11, if the function class G has a universal approximation property, such as an245

RKHS associated to a universal kernel, or an MLP with increasing number of nodes, consistency for246

LMNTM via (regularized) minimization of R̂w,S(g) can be shown by leveraging standard techniques,247

provided N !1 (bag size may remain bounded). Then the excess risk bound in Theorem 7 would248

automatically imply consistency with respect to 0-1 loss.249

5 The LLPFC algorithms250

In this section, we define a probabilistic model for LLP, show how LLP reduces to LMNTM, and251

introduce algorithms that we refer to as the LLPFC algorithms.252

5.1 Probabilistic Model for LLP253

Given a measure P on the space X ⇥ Y , let {Pc : c 2 Y} denote the class-conditional distributions254

of X , i.e., 8 events A ⇢ X , Pc(A) = P (A | Y = c). Let �(c) = P (Y = c), 8c 2 Y and call � =255

(�(1), . . . ,�(C)) the clean prior. Assume 8c 2 Y,�(c) 6= 0. Given z = (z(1), . . . , z(C)) 2 �C , let256

Pz be the probability measure on X ⇥ Y s.t. 8 events A ⇢ X , 8i 2 Y, Pz(A⇥ {i}) = z(i)Pi(A).257

Thus Pz has the same class-conditional distributions as P but a variable prior z.258

We first define a model for a single bag. Given z 2 �C , we say that bag b is governed by259

z 2 �C if b is a collection of feature vectors
�
Xj : j 2 N|b|

 
annotated by label proportion260
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Figure 1: The gray triangle
represents the probability sim-
plex �3. The squares rep-
resent �1, �2, and �3. The
cross is �. The ternary graph
on the left visualizes an ex-
ample where Assumption 13
holds. The one on the right
visualizes an example where
Assumption 13 fails.

ẑ = (ẑ(1), ẑ(2), . . . , ẑ(C)), where |b| denotes the cardinality of the bag, each Xj is paired with261

an unobserved label Yj s.t. (Xj , Yj)
iid
⇠ Pz , and ẑ(c) = 1

|b|

P
|b|

j=1 Yj=c. Note EPz [ẑ] = z and262

Pz(Yj = c) = z(c). We think of z as the true label proportion and ẑ as the empirical label proportion.263

Using this model for individual bags, we now formally state a model for LLP. Given bags {bk},264

let each bk be governed by �k. Each bk is a collection of feature vectors
�
X

k

j
: j 2 N|bk|

 
where265

(Xk

j
, Y

k

j
)

i.i.d.
⇠ P�k and Y

k

j
is unknown. Further assume the X

k

j
’s are independent for all k and j.266

In practice, �k is unknown and we observe �̂k with �̂k(c) = 1
|bk|

P
|bk|

j=1 Y
k
j =c

instead. The goal is267

learn an f that minimizes the risk RL,P = E(X,Y )⇠P [L(f(X), Y )] where L is the 0-1 loss, given268

access to the training data {(bk, �̂k)}.269

5.2 The Case of C Bags: Reduction to LLN270

To explain our reduction of LLP to LLN, we first consider the case of exactly C bags b1, b2, . . . , bC ,271

governed by respective (unobserved) �1, . . . , �C 2 �C , and annotated with label proportions272

�̂1, . . . �̂C . Define � 2 RC⇥C by �(i, j) = �i(j), and let �tr denote the transpose of �. Re-273

call that � is the class prior associated to P . To model LLP with C bags as an LLN problem, we274

make the following assumption on � and �:275

Assumption 13. 9 unique ↵ 2 �̊C
s.t. �tr

↵ = �.276

We write ↵ = (↵(1), . . . ,↵(C)). Assumption 13 is equivalent to: {�1, . . . , �C} is a linearly277

independent set and � is in the interior of the convex hull of {�1, . . . , �C}. Ternary plots in Figure278

5.2 visualize examples where assumption 13 holds and fails when C = 3. Intuitively, assumption279

13 is more likely to hold when {�i : i 2 NC} are more “spread out” in �C , in which case it is more280

likely for � to reside in the convex hull of {�i : i 2 NC}.281

To reduce LLP with C bags to LLN, we simply propose to assign the “noisy label” Ỹ = i to all282

elements of bag bi and to construct a noise transition matrix T with T (i, j) = �i(j)↵(i)
�(j) . Assumption283

13 ensures T is indeed a column-stochastic matrix. Thus, the probability measure P̄T on X ⇥ Y ⇥ Y284

satisfies ↵(i) = P̄T (Ỹ = i) and P�i(·) = P̄T (· | Ỹ = i), which further implies �i(c) = P̄T (Y = c |285

Ỹ = i). We confirm these facts in Section E in the appendix. Such construction transforms LLP with286

C bags into LLN with an estimable noise transition matrix T . Each element of a bag can then be287

viewed as a triplet (X,Y, Ỹ ), with Y unobserved, such that (X,Y ) is drawn from P�Ỹ
.288

After assigning the noisy labels, we have a dataset
S

C

c=1

��
X

c

j
, c
�
: j 2 N|bc|

 
along with the289

noise transition matrix T . This allows us to leverage the forward correction loss `T to mini-290

mize the objective R`T ,PT (f) = EPT

h
`T (f(X), Ỹ )

i
which can be estimated by the empirical291

risk
P

C

c=1
↵(c)
|bc|

P
|bc|

j=1 `T

�
f(Xc

j
), c

�
.292

5.3 The General Case: Reduction to LMNTM293

More generally, consider LLP with NC bags, N 2 N. We propose to randomly partition the bags294

into N groups, each with C bags indexed from 1 to C. Let ki,c denote the index of the c-th bag in the295

7



Algorithm 1 LLPFC-ideal

1: Input: {(bk, �k)}
NC

k=1 and w 2 �N where
bk =

�
X

k

j
: j 2 N|bk|

 
.

2: Randomly partition the bags into N groups
{Gi}

N

i=1 s.t. Gi =
�
(bki,c , �ki,c) : c 2 Y

 

and {ki,c : i 2 NN , c 2 Y} = NNC .
3: for i = 1 : N do
4: �i  [�ki,1 , �ki,2 , . . . , �ki,C ]

tr

5: ↵i  ��tr

i
�

6: for c1 = 1 : C, c2 = 1 : C do
7: Ti(c1, c2) 

�ki,c1
(c2)↵i(c1)

�(c2)

8: end for
9: end for

10: Train f with the empirical objective (1)
11: Return: the trained model f .

i-th group. Thus, bki,c is the c-th bag in the i-th group and it is governed by �ki,c . For i 2 NN , define296

the matrix �i 2 RC⇥C by �i(c1, c2) = �ki,c1
(c2), 8c1, c2 2 Y . We make the following assumption297

on the �i’s and �:298

Assumption 14. For each i 2 NN , 9 unique ↵i 2 �̊C
s.t. �tr

i
↵i = �.299

Thus, every group i can be modeled as above as an LLN problem with noise transition matrix Ti300

where Ti(c1, c2) =
�ki,c1

(c2)↵i(c1)

�(c2)
. Data points in the bag assigned with noisy label c in the i-th301

group can be viewed as drawn i.i.d. from the class conditional distribution PTi(· | c). This problem302

now maps directly to LMNTM as described in Section 4.1, and satisfies the associated performance303

guarantees. In the next subsection, we spell out the associated algorithm.304

5.4 Algorithm305

As above, assume we have NC bags where N 2 N. Let each bag bk be governed by �k 2 �C and306

be annotated by label proportion �̂k. Denote the size of bk by |bk|. We first present the LLPFC-ideal307

algorithm in an ideal setting where �, the �k’s and the ↵i’s are known precisely and Assumption 14308

holds. We then present the real-world adaptations LLPFC-uniform and LLPFC-approx in practical309

settings where these assumptions might not hold.310

The LLPFC-ideal algorithm is presented in Algorithm 1. We follow the idea in section 5.3 to partition311

the bags into N groups of C bags, and model each group as an LLN problem. In Algorithm 1, we312

assume �k and � are known and Assumption 14 holds so that ↵i 2 �̊C for every i. The theoretical313

analysis in Section 4 is immediately applicable to the LLPFC-ideal algorithm. We partition the314

bags by uniformly randomly partitioning the set of indices NNC into disjoint subsets {ki,c : c 2 Y},315

i 2 NN , where ki,c denotes the index of the c-th bag in the i-th group. Hence, the c-th bag in the i-th316

group is denoted as bki,c and it is governed by �ki,c . Following our convention, in Algorithms 1, 2,317

and 3, we denote the element at c1-th row and c2-th column in a matrix T by T (c1, c2) and the c1-th318

element in vector v by v(c1). We denote the inverse transpose of �i by �i
�tr.319

In practice, when �k is unknown, we replace �k with �̂k as a plug-in method. Hence, we work with320

�̂ =
PNC

k=1|bk|�̂kPNC
k=1 |bk|

and �̂i = [�̂ki,1 , �̂ki,2 , . . . , �̂ki,C ]
tr instead of � and �i in Algorithm 1, respectively.321

Here �̂ is the label proportion of all training data points and we use it as an estimate of the clean prior �.322

Likewise, ↵i = ��tr

i
� in Algorithm 1 should be replaced with ↵̂i = �̂�tr

i
�̂ and we would like to use323

�̂i, �̂, and ↵̂i to calculate T̂i as an estimate of Ti. For this to make sense, we need ↵̂i = �̂�tr

i
�̂ 2 �̊C ,324

which is equivalent to �̂ being in the interior of the convex hull of
�
�̂ki,c : c 2 Y

 
for all i. However,325

this may not be the case in practice. Thus, we consider two heuristics to estimate T̂i as real-world326

adaptations of the LLPFC-ideal algorithm. The first, called LLPFC-uniform, is presented in Algorithm327

2 in the Appendix which sets ↵̂i by counting the occurrences of the noisy labels. This is motivated by328

our model wherein ↵i is the noisy class prior for the i-th group. The second, called LLPFC-approx, is329

presented in Algorithm 3 in the Appendix and sets ↵̂i to be the solution of argmin
↵2�C

����̂ � �̂i↵

���
2

2
.330

Both real-world adaptations perform reasonably well in experiments.331

8



6 Experiments332

We compare against three previous works that have studied LLP applying deep learning to image333

data: Dulac-Arnold et al. [9] study the KL loss described in the introduction, and a novel loss334

based on optimal transport. They find that KL performs just as well as the novel loss. Liu et al.335

[22] employ the KL loss within a generative adversarial framework (LLPGAN). Tsai and Lin [46]336

propose augmenting the KL loss with a regularizer from semi-supervised learning and show improved337

performance (LLPVAT). We compare both LLPFC-uniform and LLPFC-approx against the KL loss,338

LLPGAN, and LLPVAT to clearly establish which empirical objective is better. Recent papers on339

multiclass LLP for which code is not available were not included [23, 16].340

We generate bags with fixed, equal sizes in {32, 64, 128, 256, 512, 1024, 2048}. To generate each341

bag, we first sample a label proportion � from the uniform distribution on �C . Then we sample data342

points from a benchmark dataset without replacement using a multinomial distribution with parameter343

�. It should be noted that Tsai and Lin [46], Dulac-Arnold et al. [9], and Liu et al. [22] generate bags344

by shuffling all data points and making every B data points a bag where B is a fixed bag size. Their345

method is equivalent to sampling data points without replacement using a multinomial distribution346

with a fixed parameter � =
�

1
C
,
1
C
, . . . ,

1
C

 
. As noted by Scott and Zhang [39], this leads to bags347

with very similar label proportions which makes the learning task much more challenging. All models348

are trained on a single Nvidia Tesla v100 GPU with 16GB RAM. We repeat each experiment 5 times349

and report the mean test accuracy and standard deviation.350

For the comparison against KL and LLPVAT, we perform experiments on three benchmark image351

datasets: the “letter” split of EMNIST [6], SVHN [29], and CIFAR10 [17]. To show that our approach352

is robust to the choice of architecture, we experiment with three different networks: Wide ResNet-16-353

4 [52], ResNet18 [11], and VGG16 [42]. We train these networks with the parameters suggested in354

the original papers. The test accuracies are reported in Tables 1, 2, and 3 in the appendix.355

Since convergence in the GAN framework is sensitive to the choice of architecture and hyperparam-356

eters, we compare LLPFC against LLPGAN using the architecture proposed in the original paper357

along with the hyperparameters suggested in their code1. It should be noted that for LLPFC we only358

use the discriminator for classification and did not use the generator to augment data. Since Liu359

et al. [22] only provide hyperparameters for colored images, we perform experiments on SVHN and360

CIFAR10 only. The test accuracies are reported in Table 4 in the appendix.361

LLPFC-uniform and LLPFC-approx substantially outperform the competitors in a clear majority362

of settings. In a few settings, the competitors perform better, but LLPFC is not far behind. On the363

other hand, in many settings, the competitors perform very poorly. Quantitatively, comparing mean364

accuracies across all models and bag sizes, min(llpfc-uniform, llpfc-approx) - max(kl, llpgan, llpvat)365

> 22% on CIFAR10, > 27 % on SVHN, and > 28 % on EMNIST. In addition, all three competitors366

perform gradient descent with minibatches of bags and the GPU could potentially run out of memory367

when the bag size is large. Our implementation, which also uses stochastic optimization (with random368

regrouping of bags at every epoch), does not suffer from this phenomenon. Full experimental details369

are in an appendix.370

7 Conclusions and Future Work371

We propose a theoretically supported approach to LLP by reducing it to learning with label noise372

and using the forward correction (FC) loss. An excess risk bound and generalization error analysis373

are established. Our approach outperforms leading existing methods in deep learning scenarios374

across multiple datasets and architectures. A limitation of our approach is that the theory makes375

an assumption that may not be valid in practice. Future research directions include optimizing the376

grouping of bags and adapting LLPFC to other objectives beyond accuracy.377

1https://github.com/liujiabin008/LLP-GAN
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