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Abstract

It is a commonly held belief that enforcing invariance improves generalisation.
Although this approach enjoys widespread popularity, it is only very recently that
a rigorous theoretical demonstration of this benefit has been established. In this
work we build on the function space perspective of Elesedy and Zaidi [8] to derive
a strictly non-zero generalisation benefit of incorporating invariance in kernel ridge
regression when the target is invariant to the action of a compact group. We study
invariance enforced by feature averaging and find that generalisation is governed
by a notion of effective dimension that arises from the interplay between the kernel
and the group. In building towards this result, we find that the action of the group
induces an orthogonal decomposition of both the reproducing kernel Hilbert space
and its kernel, which may be of interest in its own right.

1 Introduction

Recently, there has been significant interest in models that are invariant to the action of a group
on their inputs. It is believed that engineering models in this way improves sample efficiency and
generalisation. Intuitively, if a task has an invariance, then a model that is constructed to be invariant
ahead of time should require fewer examples to generalise than one that must learn to be invariant.
Indeed, there are many application domains, such as fundamental physics or medical imaging, in
which the invariance is known a priori [28, 30]. Although this intuition is certainly not new (e.g. [31]),
it has inspired much recent work (for instance, see [34, 15]).

However, while implementations and practical applications abound, until very recently a rigorous
theoretical justification for invariance was missing. As pointed out in [8], many prior works such
as [27, 23] provide only worst-case guarantees on the performance of invariant algorithms. It follows
that these results do not rule out the possibility of modern training algorithms automatically favouring
invariant models, irrespective of the choice of architecture. Steps towards a more concrete theory of
the benefit of invariance have been taken by [8, 20] and our work is a continuation along the path set
by [8].

In this work we provide a precise characterisation of the generalisation benefit of invariance in
kernel ridge regression. In contrast to [27, 23], this proves a provably strict generalisation benefit for
invariant, feature-averaged models. In deriving this result, we provide insights into the structure of
reproducing kernel Hilbert spaces in relation to invariant functions that we believe will be useful for
analysing invariance in other kernel algorithms.

The use of feature averaging to produce invariant predictors enjoys both theoretical and practical
success [17, 9]. For the purposes of this work, feature averaging is defined as training a model
as normal (according to any algorithm) and then transforming the learned model to be invariant.
This transformation is done by orbit-averaging, which means projecting the model on the space of
invariant functions using the operator O introduced in Section 2.3.
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Kernel methods have a long been a mainstay of machine learning (see [29, Section 4.7] for a brief
historical overview). Kernels can be viewed as mapping the input data into a potentially infinite
dimensional feature space, which allows for analytically tractable inference with non-linear predictors.
While modern machine learning practice is dominated by neural networks, kernels remain at the core
of much of modern theory. The most notable instance of this is the theory surrounding the neural
tangent kernel [11], which states that the functions realised by an infinitely wide neural network
belong to an RKHS with a kernel determined by the network architecture. This relation has led to
many results on the theory of optimisation and generalisation of wide neural networks (e.g. [14, 3]).

1.1 Summary of Contributions

This paper builds towards Theorem 5 in Section 4, which gives a precise characterisation of the benefit
of incorporating invariance in kernel methods by feature averaging. We find that for a predictor from
a reproducing kernel Hilbert space (RKHS) H with kernel k, the benefit is O(dimeg(7 4)/n) where
dimegr(H 4) is a notion of effective dimension of an RKHS H 4 C H that arises from the interaction
between the kernel &k and the group. Lemma 3, given in Section 3, forms the basis of Theorem 5 and
shows that ‘H decomposes into an orthogonal direct sum H = Hg & H 4, where Hg is an RKHS
consisting of all of the invariant functions in H. We stress that while Theorem 5 is specialised to
kernel ridge regression, Lemma 3 holds regardless of training algorithm and could be used to explore
invariance in other kernel methods. In Section 2 we outline our assumptions and the ideas from [8]
on which we build. We discuss related works in Section 5.

2 Background and Preliminaries

In this section we provide a brief introduction to reproducing kernel Hilbert spaces (RKHS) and
the ideas we borrow from Elesedy and Zaidi [8]. Throughout this paper, 7 with be an RKHS with
kernel k. In Section 2.2 we state some topological and measurability assumptions that are needed
for our proofs. These conditions are benign, and the reader not interested in technicalities need take
from Section 2.2 only that y is G-invariant and that the kernel k is bounded and satisfies Eq. (1). We
defer some background results to Appendix A of the Supplementary Material.

2.1 RKHS Basics

A Hilbert space is an inner product space that is complete with respect to the norm topology induced
by the inner product. A reproducing kernel Hilbert space (RKHS) H is Hilbert space of real functions
f + X — R on which the evaluation functional J, : H — R with ,[f] = f(x) is continuous
Vx € X, or, equivalently is a bounded operator. The Reisz Representation Theorem tells us that there
is a unique function k, € H such that 5, [f] = (k., f)3 forany f € H, where (-, )3y : H X H — R
is the inner product on . We identify the function k : X x X — R with k(x,y) = (ky, k, )2 as the
reproducing kernel of H. Using the inner product representation, one can see that k is positive-definite
and symmetric. Conversely, the Moore-Aronszajn Theorem shows that for any positive-definite and
symmetric kernel k, there is a unique RKHS with reproducing kernel k. In addition, any Hilbert
space admitting a reproducing kernel is an RKHS. Finally, another characterisation of H is as the
completion of linear combinations of the form f.(z) = >, ¢;k(z, ;) for ¢1,...,¢, € R and
z1,...,ZTn € X. For (many) more details, see [29, Chapter 4].

2.2 Technical Setup and Assumptions

Let G be a compact group with Haar measure \. Let X’ be a non-empty Polish space admitting a
finite, G-invariant Borel measure p, with supp ¢ = X'. We normalise (X)) = A\(G) = 1, the latter is
possible because A is a Radon measure. We assume that G has a measurable action on X that we
will write as gx for g € G, x € X. A function f : X — R is G-invariant if f(gz) = f(z)Vz € X
Vg € G. Similarly, a measure i on X is G-invariant if Vg € G and any p-measurable B C X the
pushforward of p by the action of G equals p, i.e. (g.p)(B) = p(B). This means that if X ~ p then
gX ~uvg e qg.

Let k : X x X — R be a measurable kernel with RKHS H such that k(-, ) : X — R is continuous
for any v € X. Assume that sup,,c » k(z, ) = M}, < oo and note that this implies that & is bounded
since

k(z,2') = (kay ko )a < kallsllbar e = VE(z, 2)V/R(2!, 27) < My

Every f € H is p-measurable, bounded and continuous by [29, Lemmas 4.24 and 4.28] and in
addition H is separable using [29, Lemma 4.33]. These conditions allow the application of [29,
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Theorem 4.26] to relate # to Lo (X, 1) in the proofs building towards Lemma 3. We assume that the
kernel satisfies, for all x,y € X,

/ K(ge,y) dA(g) = / Kz, g) dA(g). )
g

g

For this it is sufficient to have k(gz, y) equal to k(z, gy) or k(z, g~ 'y) (the latter using unimodularity
of G). Highlighting two special cases: any inner product kernel k(z, 2') = k({x, 2’)) such that the
action of G is unitary with respect to (-, -) satisfies Eq. (1), as does any stationary kernel k(x, z') =
k(||x — 2'||) with norm that is preserved by G in the sense that ||gz — g2'|| = ||z — 2’| forany g € G,
r,r' € X.

2.3 Invariance from a Function Space Perspective

Given a function f : X — R we can define a corresponding orbit-averaged function Of : X — R
with values

Of(x) = /g f(gz) dA(g).

Of will exist whenever f is u-measurable. Note that O is a linear operator and Of is always G-
invariant. Interestingly, f is G-invariant only if f = O f. Elesedy and Zaidi [8] use these observations
to characterise invariant functions and study their generalisation properties. In short, this work
extends these insights to kernel methods. Along the way, we will make frequent use of the following
(well known) facts about O.

Lemma 1 ([8, Propositions 23 and 24]). A function f is G-invariant if and only if Of = f. This
implies that O is idempotent, so can have only two eigenvalues 0 and 1.

Lemma 2 ([8, Lemma 1]). O : Ly(X, ) — Lo(X, ) is well-defined and self-adjoint. Hence,
Lo (X, ) has the orthogonal decomposition

Ly(X,p)=S5So A
where S = {f € Lo(X, ) : fis Ginvariant} and A = {f € Lo(X,u) : Of = 0}.

In [8], S and A are referred to as the symmetric and anti-symmetric parts of Lo (X, ut). We will use
the same terminology.

The meaning of Lemma 2 is that any f € Lo(X, ) has a decomposition f = f 4+ f* where
f = Of is G-invariant and Of* = 0. A noteworthy consequence of this setup, as discussed
in [8], is a provably non-negative generalisation benefit for feature averaging. In particular, for
any predictor f € Lo(X, p), if the target f* € Lo(X, 1) is G-invariant then the test error R(f) =
Ex~ul(F(X) = f7(X))?] satisfies

R(f) = R(f) = lf 17,y = O-

The same holds if the target is corrupted by independent, zero mean (additive) noise.

3 Induced Structure of H

In this section we present Lemma 3, which is an analog of Lemma 2 for RKHSs. Lemma 3 shows that
for any compact group G and RKHS #, if the kernel for  satisfies the assumptions in Section 2.2,
then H can be viewed as being built from two orthogonal RKHSs, one consisting of invariant functions
and another of those that vanish when averaged over G. Later in the paper, this decomposition will
allow us to analyse the generalisation benefit of invariant predictors.

It may seem at first glance that Lemma 3 should follow immediately from Lemma 2, but this is not the
case. First, it is not obvious that for any f € H, its orbit averaged version O f is also in H. Moreover,
in contrast with Lo (X, 11), an explicit form for the inner product on # is not immediate, which means
that some work is needed to check that O is self-adjoint on H. These are important requirements for
the proofs of both Lemmas 2 and 3 and we establish them, along with O being continuous on 7, in
the Supplementary Material. The assumption that the kernel satisfies Eq. (1) plays a central role.

Lemma 3. H admits an orthogonal decomposition into symmetric and anti-symmetric parts

H=HsDHa
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where Hg = {f € H : fis G-invariant} and H4 = {f € H : Of = 0}. Moreover, H g is an RKHS
with kernel

ke.0) = | kr.on)axo)
and H 4 is an RKHS with kernel
kL(xa y) = k(ﬂ?,y) - %(Qﬁy)

Finally, k is G-invariant in both arguments.

Proof. From Lemma 1 we know that O is a projection operator. Since it is self-adjoint, O is even an
orthogonal projection on H: let hg have eigenvalue 1 and h 4 have eigenvalue 0 under O, then

(hs,ha)y = (Ohs,ha)y = (hs,Oha)y = 0.

Therefore, by linearity, for any f € H we can write f = f + f* where f = Of € Hg is G-invariant
and f+ = f — Of € H 4 and these terms are mutually orthogonal.

By the linearity of O, it is clear that g = O% is an inner product space. It is easy to show that
O being continuous implies H s is complete. Thus Hg is a Hilbert space, and an RKHS since the
evaluation functional is clearly continuous on Hg C H. For any hg € Hg we have

hs(z) = (hs,ke)n = (hs, Okz)y = (hs, ka)n

and the uniqueness afforded by the Reisz representation theorem tells us that the reproducing kernel
for Hg is k(x,y) = fg k(x,gy)dA(g). We have ||id — O| < 2 and we can do the same argument
to show that H 4 is an RKHS with reproducing kernel £* as claimed. Note that one can write
k*(x,y) = (k;, k; )2 so it must be positive-definite. The G-invariance of k(z,y) in both arguments
is immediate from Eq. (1) and Lemma 1. O]

As stated earlier, the perspective provided by Lemma 3 will support our analysis of generalisation.
Just as with Lemma 2, Lemma 3 says that any f € # can be written as f = f + f* where f is
G-invariant and O f+ = Q0 with (f, f+)3 = 0. As an aside, k happens to qualify as a Haar Integration
Kernel, a concept introduced by Haasdonk, Vossen, and Burkhardt [10]. We will see that a notion
of effective dimension of the RKHS # 4 with kernel &+ governs the generalisation gap between an
arbitrary predictor f and its invariant version O f. This effective dimension arises from the spectral
theory of an integral operator related to k, which we develop in the next section.

3.1 Spectral Representation and Effective Dimension

In this section we consider the spectrum of an integral operator related to the kernel k. This analysis
will ultimately allow us to define a notion of effective dimension of H 4 that we will later see is
important to the generalisation of invariant predictors. While the integral operator setup is standard,
the use of this technique to identify an effective dimension of H 4 is novel.

Define the integral operator Sy, : Lo(X, u) — H by

&ﬂm=AMawﬂwmm»

One way of viewing things is that Sy, assigns to every element in Lo (X, 1) a function in #. On
the other hand, every f € H is bounded so has || f|1,(x,.) < oo and belongs to some element
of Lo(X, ). We write ¢ : H — Lo(X, p) for the inclusion map that sends f to the element of
Lo (X, ) that contains f. In the Supplementary Material we show that ¢ is injective, so any element
of Ly(X, p) contains at most one f € H.

One can define T}, : Lo(X, 1) — Lo(X, ) by T, = ¢ o Sk, and [29, Theorem 4.27] says that T}, is
compact, positive, self-adjoint and trace-class. In addition, Lo (X, ) is separable by [7, Proposition
3.4.5], because X is Polish and p is a Borel measure, so has a countable orthonormal basis. Hence,
by the Spectral Theorem, there exists a countable orthonormal basis {é;} for Lo(X, 1) such that
Tie; = A\jé; where A\; > Ao > --- > 0 are the eigenvalues of T},. Moreover, since ¢ is injective, for
each of the ¢; for which \; > 0 there is a unique e; € H such that te; = ¢€; and Sie; = \je;.
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Now, since tk, € La(X, i) we have
thy = Z<kaaéi>L2(X,p)éi = Z Skez Z)\ 6, €. (2
From now on we permit ourself to drop the ¢ to reduce clutter. We use the above to define
J(@,y) = (kay ky) Loy 3@, Y) = (kay ky)pye and 55 (2,y) = (b k) Ly (e,

These quantities will appear again in our analysis of the generalisation of invariant kernel methods.
Indeed, we will see later in this section that E[j* (X, X)] is a type of effective dimension of H 4.
Following Eq. (2), one finds the series representations given below in Lemma 4.

The reader may have noticed that our setup is very similar to the one provided by Mercer’s theorem.
However, we do not assume compactness of X and so (the classical form of) Mercer’s Theorem does
not apply. In particular, the set {e;} (even when scaled appropriately) need not form an orthonormal
basis in H. This aspect of our work is a feature, rather than a bug: the loosening of the compactness
condition allows application to common settings such as X = R™.

Lemma 4. We have ~
j=i+it
Furthermore, let &; = Oe; and e; = e; — €; then
= Nei(@)ei(y), Jlx,y)=> Aei(2)e(y), and ji(z,y) = Mef(z)ef(y).

Finally, the function Y, \?¢; ® ej : X x X — R vanishes everywhere.

Proof. We show in the Supplementary Material that @ and Sy commute on Ly (X, i) and O is
self-adjoint on Lo (X, ;1) by Lemma 1, so O and ¢ (the adjoint of Sy by [29, Theorem 4.26]) must
also commute. The first comment is then immediate from the observation thatif a € Hg and b € H 4
one has
(La, by, (x ) = (1O, 1b) 1, (x ) = (Ora, 1) 1, x ) = (L@, tOb) 1, (x ) = 0.
‘We also have both of
<L];Jx, éi>L2(X,,u) = <Lkgg, Oéi>L2(X,H) = S5, 0¢; = OSie; = \ie;
and
(thy, i) Ly(xp) = (the, (id —0)€) Ly (x,u) = Sk(id —0)é; = (id —O0)Ské; = Nie; .

Therefore tk, = Y, \ié;(z)é; and tk: = >, A\je; (x)é;. Taking inner products on Lo (X, 1) gives
the remaining results. O

Before turning to generalisation, we describe how the above quantities can be used to define a measure
effective dimension. We define
dimegr(H) = E[j(X, X)]

where X ~ pu. Applying Fubini’s theorem, we find
dimere(H) = Y A E[ei(X)*]) = Y Nlleill, v = DA

The series converges by the comparison test because A; > 0 and ), A\; = Tr(T}) < co. We have
dimeg(H) = Tr(T7) and we can think of this (very informally) as taking Lo (X, i), pushing it
through H twice using T}, and then measuring its size. Now because j = j + j* we get

dimeff(H) = dimeff(HS) + dimeff(HA)

with
dineg (1) = D214 0 = THI) ~ TH(OT?)

where é; = te;. Again, very 1nf0rma11y, this can be thought of as pushing Lo (X, 1) through H 4
twice and measuring the size of the output. In the next section we will consider the generalisation of
kernel ridge regression and find that dim.g(#H 4) plays a critical role.
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4 Generalisation

In this section we apply the theory developed in Section 3 to study the impact of invariance on kernel
ridge regression with an invariant target. We analyse the generalisation benefit of feature averaging,
finding a strict benefit when the target is G-invariant.

4.1 Kernel Ridge Regression
Given input/output pairs {(z;,y;) : ¢ = 1,...,n} where z; € X and y; € R, kernel ridge regression
(KRR) returns a predictor that solves the optimisation problem

n

argmin C(f) where C(f)= Z(f(l‘z) — i)+ pllfll5 3)

fen i=1

and p > 0 is the regularisation parameter. KRR can be thought of as performing ridge regression with
a possibly infinite dimensional feature space H. The representer theorem tells us that the solution to
this problem is of the form f(z) = Y_." | a;k,, (z) where a € R™ solves

argmin{HY—KOzH% +paTKO¢} 4)
acRn™

and Y € R” is the typical row-stacking of the training outputs with Y; = y;. K is the typical kernel
Gram matrix with K;; = k(z;, ;). We consider solutions of the form' o = (K + pI)~'Y which
results in the predictor

F(@) = ko(X) T (K + pI) 'Y
where k,(X) € R™ is the vector with components k,(X); = ky(z;). We will compare the
generalisation performance of this predictor with that of its averaged version

f=k(X)" (K +pI)7'Y € Hs.
To do this we look at the generalisation gap.

4.2 Generalisation Gap
The generalisation gap is a quantity that compares the expected test performances of two predictors

on a given task. Given a distribution (X,Y") ~ IP and loss function [ defining a supervised learning
task, we define the generalisation gap between two predictors f and f’ to be

Af, ) =EI(f(X), V)] = E[(f(X),Y)]
where the expectation is conditional on the given realisations of f, f if the predictors are random. In
this paper we consider /(a, b) = (a — b)? the squared-error loss and we will assume Y = f*(X) + &
for some target function f* where £ is has mean 0 and is independent of X. In this case, the
generalisation gap reduces to

A(f, ) = E[(f(X) = f*(X)?] = E[(f (X) = £(X))?].

Clearly, if A(f, f') > 0 then we expect strictly better test performance from f than f’.

4.3 Generalisation Benefit of Feature Averaging

We are now in a position to give our main result, which is a characterisation of the generalisation
benefit of invariance in kernel methods. This is in some sense a generalisation of [8, Theorem 6]
and we will return to this comparison later. We emphasise that Theorem 5 holds under quite general
conditions that cover the majority of practical applications.

Theorem 5. Let the training databe {(X;,Y;) : ¢ =1,...,n} withY; = f*(X;) +&; where X ~ p,
f* € La(X, ) is G-invariant and {&; : i = 1,..., n} are independent, with E[¢;] = 0 and E[¢2] = 0.
Let f = argmin 4, C(f) be the solution to Eq. (3) and let f = O f € H be the result of applying
feature averaging to f, then the generalisation gap with the squared-error loss satisfies

E[A(f, f)] > o dimerr(Ha) + 2, ANaA(F)% (88)%) Lo( )

T (VM + p//n)?
"When K is a positive definite matrix this will be the only solution. If K is singular then 3¢ € R™ with
>, Kijeic; = |12, cika, I3 = 050 2, cika, is identically 0 and Vf € H we get -, ¢ f(z:) = 0 (see [18,

Section 4.6.2]). Clearly, this can’t happen if H is sufficiently expressive. In any case, the chosen « is the
minimum in Euclidean norm of all possible solutions.
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where the squares are to be interpreted pointwise as (h)?(x) = h(z)? and

dimer(Ha) = Tr(T) — Tr((OT3)?) = E[j*(X, X)] = > Adlléall?, e, = 0
is the effective dimension of H 4.

Proof. Let J* be the Gram matrix with components .J;; = j*(X;, X;) let u € R™ have components
u; = f*(x;). We can use Lemma 2 to get

A(f, f) = El(kx (X) (K + p]) 'Y )*| X, Y]
where k(X)) € R™ with k (X); = k2 (X;). Let £ € R™ have components &; = &; then one finds
E[A(f, )IX] = El(kx (X) " (K + pI) " 0)*| X] + E[(kx (X) " (K + pI)7'€)*| X]
=u' (K + pI) ' JH(K + pI) tu+o? Tr (J*(K + pI)~?)
where the first equality follows because £ has mean 0 and the second comes from the trace trick.

Let A\min(A) be the smallest eigenvalue of a matrix A. Consider the first term
wT (K + pI)™ T (K + pI) ™ u > Apin (K + pD) ™) 0T J

> - TJL
_(Mkn—i—p)?u U

- m D2 NS (X (Xiea (X)) f7(X5).

where the second inequality follows from || Ao, < nmax;; A;; for n x n matrix A and the last

line comes from Lemma 4. Now E[f*(X)el (X)] = (tf*, €,) 1,(x,u) 50 the above terms vanish in

expectation when 4 # j and (temporarily suspending suspicion regarding the infinite sum) it follows
that

Efu' (K + pI) " JH(K + pI)"'u] > m Za:/\i<b(f*)27 (€a)?) LX)

where the squares are interpreted pointwise (h)?(x) = h(z)2.

Interchanging the sum and the expectation above is valid by Fubini’s theorem [12, Theorem 1.27]
(interpreting the index « as having the counting measure, which is o-finite) as long as

D ONRE(Xi)eh(Xi)ea (X) f7(X;)] < o0 5

for all 4, . When ¢ # j we have established that this holds, while when ¢ = j we look at each term
individually. We have

E[f*(X)?ea(X)?] < l1€alZ, 200 ess sup fr@)? < ess Sup fr@)? < oo

since
108all7, 2 ) + 1€l T2 = N€alll, e =1

by Lemma 2. Hence the series in Eq. (5) converges if > A2 converges. Recall from Section 3.1 that
T}, is positive and trace-class, so Za Ao < 00and A\, > 0 Va, so Za )\i < 00 by the comparison
test and we’re safe.

Moving to the second term, we have
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and then
1 1 —
ZETe(J)] ==Y E el (X)e: (X;
S = L3R S e e )|
= Z M2NERNT e )

D IR ) D (IR
= Te(T}}) — Te(T;0)

with the sums converging and the expectations being okay by virtue of the above. O

Theorem 5 shows that feature averaging is provably beneficial in terms of generalisation if the mean
of the target distribution is invariant. One might think that, given enough training examples, the
solution f to Eq. (3) would learn to be G-invariant. Theorem 5 shows that this cannot happen unless
the number of examples dominates the effective dimension of H 4.

The role of dimeg(#H 4) mirrors that of dim A in [8, Theorem 6], where A is H 4 when k is the linear
kernel. In this sense, Theorem 5 can be seen as a generalisation of [8, Theorem 6]. It is for this reason
that we believe that, although the constant M}, in the denominator is likely not optimal, the O(1/n)
rate that matches [8] is tight. We leave a more precise analysis of the constants to future work.

Finally, we must be careful to state that our setting does not directly reduce to that of [8, Theorem 6]
for two reasons. First, [8, Theorem 6] considers G invariant linear models without regularisation. This
may turn out to be accessible by a p — 07 limit (the so called ridgeless limit) of Theorem 5. More
importantly, linear regression is equivalent to kernel regression with the linear kernel. However, the
linear kernel can be unbounded (e.g. on R), so does not meet our technical conditions in Section 2.2.
We therefore conjecture that the boundedness assumption on k can be removed.

5 Related Work

Incorporating invariance into machine learning models is not a new idea. The majority of
modern applications concern neural networks, but earlier work has used kernels [10], support
vector machines [24] and polynomial feature spaces [25, 26]. Indeed, early work also considered
invariant neural networks [31], using methods that seem to have been rediscovered in [22]. Modern
implementations include invariant/equivariant convolutional architectures [4, 6] that are inspired by
concepts from mathematical physics and harmonic analysis [13, 5]. Some of these models even enjoy
universal approximation properties [19, 33].

The earliest attempt at theoretical justification for invariance of which we are aware is [1], which
roughly states that enforcing invariance cannot increase the VC dimension of a model. Anselmi
et al. [2] and Mroueh, Voinea, and Poggio [21] propose heuristic arguments for improved sample
complexity of invariant models. Sokolic et al. [27] build on the work of Xu and Mannor [32] to obtain
a generalisation bound for certain types of classifiers that are invariant to a finite set of transformations,
while Sannai and Imaizumi [23] obtain a bound for models that are invariant to finite permutation
groups. The PAC Bayes formulation is considered in [16, 17].

The above works guarantee only a worst-case improvement and it was not until very recently
that Elesedy and Zaidi [8] derived a strict benefit for invariant/equivariant models. Our work is similar
to [8] in that we provide a provably strict benefit, but differs in its application to kernels and RKHSs
as opposed to linear models. Also very recently, Mei, Misiakiewicz, and Montanari [20] analyse the
generalisation benefit of invariance in kernels and random feature models. Our results differ from [20]
in some key aspects. First, Mei, Misiakiewicz, and Montanari [20] focus kernel ridge regression with
an invariant inner product kernel whereas we study symmetrised predictors from general kernels.
Second, they obtain an expression for the generalisation error that is conditional on the training data
and in terms of the projection of the predictor onto a space of high degree polynomials, while we are
able to integrate against the training data and express the generalisation benefit directly in terms of
properties of the kernel and the RKHS.
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